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3. THE BASICS OF MICROLOCAL ANALYSIS

In this section we discuss basic properties of pseudodifferential and scattering
pseudodifferential operators, introduced in this generality by Melrose [30], formerly
discussed by Parenti and Shubin on R™ [41, 37], where it can be also considered an
example of Hormander’s Weyl calculus [27]. These operators generalize differential
operators of the form

(3.1) A= > anD*, with a, € C*(R"),

la|<m

as we show below in (3.30). Indeed, the conditions on the coefficients a,, are relaxed
to be ‘symbolic’, so that for instance ag(z) = ¢(2)|z|~*, ¢ = 0 near the origin, =1
near infinity is allowed. Thus, in particular operators such as A + V', where V is
the Coulomb potential, without its singularity at the origin, fit into this framework.
(The singularity at the origin would make the problem into an elliptic b-problem,
such as those discussed in Section 6, near 0, but we do not discuss this here.)

More generally, we can consider Riemannian metrics g with g;; € C*°(R") such
that for all z € R”, >i; 9ij(2)¢i¢; = 0 implies ¢ = 0, i.e. g is positive definite on
the compact manifold R”. Then, with V as above and with ¢ € C, Ag+V —ois
of the form (3.1) with m = 2.

The extension of this class to scattering pseudodifferential operators allows one
to construct approximate inverses (parametrices), showing Fredholm properties, for
operators that are elliptic in this class. Ellipticity here also encodes behavior at
spatial infinity, so for instance A+V —o, where V may be Coulomb type with p > 0,
is elliptic for o € C\ [0, 00), but is not elliptic for o € [0,00). It also allows one to
develop tools to study non-elliptic operators. For instance, the limiting absorption
principle, i.e. the existence of the limits
R(o £i0) = lim (A+V — (o £ie))~!
e—0+
for V real valued and ¢ > 0 fits very nicely into this framework.

3.1. The outline. Since there are technicalities along the way, we give an outline

of this section first. First, for m,¢,¢' € R, §,8" € [0,1/2), we define two kinds of
function spaces,

Sy5H(R™R™) € STOL(R™R™) € C(R?™),
as well as analogues on R3™:
S{t (R™RYR™) € S (R™ R™R™) € C=(R%).
The elements of these spaces are called symbols; the important point is the behavior

of these symbols at infinity. Here the spaces become larger with increasing m, /¢
and /¢, and § = 0 = ¢’ gives the standard classes also denoted by

So (R R*) = S™(R™R"), SLo(R™R") = ¢ (R R"),
and similarly for the R3" versions. The cases § = 0 = &' are by far the most

important ones. We have projections 7y, g : R3® — R2?", with 7 dropping the
second factor of R3” and mr dropping the first factor:

WL(sz/aC) = (Z>C)7 ’/TR(sz/aC) = (Z/aC);
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the subscripts L and R refer to z, resp. z’, being the left, resp. right, ‘base’ or
‘position’ variable. (The variable ¢ will be the ‘dual’ or ‘momentum’ variable.)
Then 77,7} pull-back elements of the R2™ spaces to the corresponding R3" spaces
(with ¢4 = ¢, 5 =0, resp, ¢ = ¢, {1 = 0). With S denoting Schwartz functions on
R™, 8§’ denoting tempered distributions on R™, and £ denoting continuous linear
operators, we define an oscillatory integral map:

I: SRR RY) — L(S,S),
and also show by duality that

I: 82 (R R RY) — L(S, ),
and that the range of I is closed under Fréchet space or L?-based adjoints. The
compositions

qr =1Iomy, qr =107k,

are called the left and right quantization maps. Now, it turns out that I is redun-
dant, and its range on S(%’/Zl’b (R™; R™; R™), resp. Sg’§1’22 (R™; R™; R™), is that of
qr, on ngg,g(R"; R™), resp. S;Z’f;(R”; R™) with £ = {1 + {3; the analogous statement

also holds with qr replaced by gr. This is called left, resp. right, reduction; see
Proposition 3.5. One defines pseudodifferential operators, ¥ 5, ;, resp. U5 to be

the range of g7, (or equivalently gr) on the spaces SZ{%,@(R"; R™), resp. ngg(R”, R™),
and writes

0067

ol = g e = W
Once this reducibility is shown it is stralghtforward to see (using the general I,
which is why it is 1ntroduced) that A € W 5,, Be \112”6,Z implies AB € UJ'5™ e

i.e. that \115 o= Up o0y 5, is an order-filtered algebra, with the analogous state-

ments holding for ¥’ go as well. One also shows that composition is commutative

to leading order, i.e.

)

Ae UMy, Be Uy = [A,B]= AB — BA g W™ -1 T20 0 -2,

)

the analogous statement here is
Ae U™ BeU ! = [A,B]= AB -~ BA e w100

i.e. the gain is only in the first order. This is conveniently encoded by the principal
symbol maps

:srfég NS 55/ /S:;ﬂ(;/ 1+2§,€71+25” oot : \I}:;,’Z /Sm 14296, Z,
which are multiplicative (homomorphisms of filtered algebras); the leading order
commutativity of pseudodifferential operators correspond to the commutativity of
function spaces under multiplication. Here 4,0’ are suppressed in the principal
symbol notation. An immediate consequence is the elliptic parametrix construction:
for operators A € \I/gf‘(;? with invertible principal symbol, which are called elliptic,

one can construct an approximate inverse B € \Ilé_g,l’_e such that AB—1d, BA—1d :

S’ — 8§ are continuous, i.e. completely regularizing. In the case of A € \I/OO 50 We
only have that AB —Id,BA —1Id : & — C*°(R"), i.e. are smoothing, but do not
give decay at infinity. Since completely regularizing operators are compact from
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any weighted Sobolev space to any other weighted Sobolev space, and since we
show that (recalling the weighted Sobolev spaces from Section 2)

Ae Ul = AeL(H™ H ™)

for all r,s € R (so analogous statements hold for \I!g”éf C @Z’g), we deduce that

elliptic A € \I/gigf are Fredholm on any weighted Sobolev space, with the nullspace
of both A and A* lying in S(R™), and is independent of the choice of the weighted
Sobolev space. In particular, if A € \1/3”597 m > 0, elliptic, is symmetric with respect

to the L? inner product, then one immediately concludes that A +iId is invertible
as a map H™Y — L2, and thus A is self-adjoint with domain H™0.

R» x OR" OR™ x OR™

OR” x R"

R x {0}

{0} x R"

FIGURE 3. The product compactified phase space, ] Wiﬁ. The
whole boundary O(R™ x R") = (R™ x JR") U (OR™ x R") carries
WEF'(A), while only R" x 9R" carries WF._ ,(A).

Another important directions we explore is microlocalization, by introducing the
notion of the operator wave front set, WF'(A), or WF._(A), which measures where
in phase space A is ‘trivial’. Thus, while 0y, ¢, 0oo.m, ¢ capture the leading order
behavior of operators, i.e. their behavior modulo one order lower operators, WF’(A)
and WF/_ ,(A) give the locations where A is not residual, i.e. in > resp.
W > 5o for instance the emptiness of WF'(A) implies A € ¥~°~°°. One should
think of these of these as an analogue of the singular support of distributions, which
measures where a distribution is not C°°, except that its location will not be in the
base space R™, but rather at infinity in phase space, R™ x R™. To make this concrete,
it is useful to compactify R”™ x R™ to R x R”, see Figure 3; then for A € ¥™*,
WEF'(A) C O(R™ x R™) while for A € WY, WF._ ,(A) C R™ x R™. Then one can
perform a microlocal version of the elliptic parametrix construction, i.e. one that is
localized, in the sense of WF’, near points at which the operator A is elliptic; this
is a first step towards understanding non-elliptic operators.

It turns out that it is convenient to generalize the class of operators considered
here to allow their orders m and ¢ vary, namely m = m is a function on OR” x R®
and ¢ = | a function on R™ x OR", so at different points microlocally one has
an operator of different order. This is the reason we consider 9,6’ > 0 here; we
naturally end up with the classes Sg"’(;’/e and S’z’_g where 6,0’ can be taken to be
arbitrarily small but positive. (There is also the possibility of taking logarithmic
weight losses below, but we do not discuss it here.)
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3.2. The definition of pseudodifferential operators and oscillatory inte-
grals. We now go through the details. Thus, starting with R", we consider oper-
ators of the form

(3.2)
Au(z) = (I(a)u)(z) = (27r)_"/ =Nz, 2 (') dz', u e S(R™),
R™ xR"™
where a is a product-type symbol of class Sgtg?l’b, m, b1l € R, 5,8 € [0,1/2),

i.e. differentiation in z, resp. 2z’

variables:
1,0 .
a 65375,1 Z(RZ;R?,,R?)
<= a € C™(R} x R}, x RY),

[D2DED]a] < Capy () 171 ()21 ((2) () b0l 22

, resp. (, provides extra decay in the respective

with
(a, B,7) = lal + 8] + ||
and
(y=@a+]- P2
One writes
lallgm.ee2 = ST sup(e) ThFlele) IRl () 4 (21)) 7Y @B

la|+|8]+|vI<SN
y <C>—m+h\—6\(aﬁﬁ)||D§D5,Dza|;
z

as N runs over N, these give a family of seminorms on S™*1+¢2  giving it a Fréchet
topology.

Note that the orders on S are reversed compared to the order of the factors,
i.e. z,2/,(; this is done in part to conform with the usual notation. Moreover,
((z) + (/)2 1(@BM] can be replaced by ((z,2/))0 (@Ml Also, z and 2’ play an
equivalent role since as mentioned before, and as we show below, one can even
eliminate, say, the z’ dependence. In fact, it turns out that the behavior of a is
essentially irrelevant in the region where <<;,>> is not bounded between M~ and M,
M > 1 is any fixed number, in that if one cuts a off to be supported outside such
a set, one obtains an element of Wy 5™, see (3.24), but since this is due to the
oscillatory nature of the integral in (, this is not obvious at this point. However,

we already point out that fixing some y € C°(R), x = 1 on [%,2], supported in

[%, 4], for a € ngé/zl,zg we have the decomposition as

(3.3) a=a;+az, ap = X<<<j>>>a7 as = (1 — X<<<j/>>>)a,
with a; depending continuously on a in the Sgﬁ;?l’ez topology; below (3.24) shows
that the contribution of as is essentially irrelevant in the sense stated above.

In fact, in the beginning it is better to start with a larger (at least if 6’ = 0)
class of symbols, without extra decay in the z, z’ variables upon differentiation: for
0 €10,1/2),

a € STl (R R RY) <=a € CP(R] x R x RY),
|D2 DY DYa| < Capy(2)" (/)12 () P+l @8,
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One writes
Hallsggmw = Z sup(z) " ()Tt (¢)TmH IOl )l ‘D?Df/DZaL
lal+[B]+lyISN
For ¢; = ¢5 = 0, this is Hormander’s uniform symbol class of type 1 — 4,6 (i.e. p,d
with p =1 —¢). Note that
spite sz
and the inclusion map
Lr St oy gmiats
is continuous, with

HaHS il’EQ,N < ||a||S’;‘V'Ld[1‘£27N

for all N.
Note that £; < £, m < m' implies

m, Ll L2 m’,€y,05
55’5/ - 55,5’ 5

and similarly with S,,. Further, if § < 5, 8 < ¢ then

m, Ll ,L2 m,ly,Lo
Ss.60 CSS)S, :

One writes
—00,01,0 L1,0 —00,01,— 1,8
S(;,;/o . :mmeRSg%/l % 557:5)/0 b :ﬂmG]R,ZzGRS:;L/I %
and similarly again with S.,. Notice that for all §,d" € [0,1/2),

e = S

while S;?;’O’O consists of C* functions on Rg)"z, which are bounded with all deriva-
tives, and take values in S(R™). Thus, these residual spaces are independent of

3,0’. One also writes

00,00,00 __ m,Ly,0
5,8! = Um,ty,6,eRS5 5

Further, note that S5 > forms a commutative filtered *-algebra in the sense that

in addition to Sg%’,zl’& being a vector space for each m, {1, {5, closed under complex
conjugation, the (function-theoretic, i.e. pointwise) product (which is commutative)
satisfies

a €SIt he Syt o ab e Sy
as follows from Leibniz’ rule. Similarly S35 forms a commutative filtered *-
algebra as well. Notice also that for ¢’ = 0,

(3.4) ac S(’;ndfhfz - D?DEIDZG Esgn(;WH&'(&’&"Y)I’&7‘a|’£27|6|,

while for general ¢’, the a; piece, as defined in (3.3), satisfies

(35) @ € S50 = D2DP,DYay ey ALl ()] talf
8! z 2! 8! 3

where by the support property of ay, §'|(«, 3,7)| could also be shifted to the last

order (and recall that as will be shown to be essentially irrelevant). The analogue of

(3.4) also holds for S75°7'%, in which case ¢; and /» are unaffected by derivatives.
It is also useful to note the following lemma:



15

. NSV T1,01,0
Lemma 3.1. For m' > m, the residual spaces S_ 5" = NmerSL, 5", resp.
S(;(;’,O’zl’b = ﬁmeRS(%’fl’ez, are dense in Sg:?’ez, resp. ng}’,el’zz, in the topology of

m’ 01,02 m’,0y,0o
Soos 7, resp. Sg g .

Proof. Let x € C2°(R™) be such that 0 < x <1, x(¢) =1 for |¢|] <1, x(¢) =0 for
IC] > 2, and let a;(z,2',¢) = x(¢/j)a(z, 7, (), where a € S£:§1’€2. Then
DeDYDY(a; —a) = Y Cuj” MI(DE(x = 1))(¢/5)(DE DY Dia)(z, 2, ),
putv=y

with C),, combinatorial constants. The p = 0 term is supported in |{| > j, the
i # 0 terms are supported in j < [{] < 2j. Correspondingly, for © = 0, the
summand is bounded by

(3.6) Con (G =PI 2 ()1 (2,

while for p # 0, j ~ |¢| on the support, so the summand is bounded by a constant
multiple of

o (Yl =l 8@ B )yt
Multiplying by
<C>_m/+h|—5\(a,ﬁn)\ <z>_él (z>_627

in either case we obtain a quantity bounded by a constant multiple of ({ >’(m,*m).
Since the difference is supported in |¢| > j, and since m’ > m, this goes to 0 as

j — 00, proving the claim.
m,ly,lo

The proof for a € Sy is similar, with (3.6) replaced by

(38) Con (G PHI B ()0 (3, )12,
and (3.7) replaced by
(3.9) ()™ =8l B )l ) e ()2 (5 51))O (@B
so multiplication by
<(>—m’+lv\—5l(aﬁw)l<Z>—21 (2)7((z, Z/))—ﬁ’l(aﬂw)l’
gives the desired result. O

As examples, recall that if a is a polynomial of order ¢1,¢5 and m in the three
variables, then certainly a € S"f1:¢2 = S(szl’b. More interestingly, if a € C*(R"™ x

R" x R7) = C(R™") then a € $°00 = S50, s0
a € <Z>Z1 <z>€2 <C>mcoo((@)3) —~ae Sm,él,éz _ S(T(’)Zl’&‘
Such a are called classical symbols; one writes

Sm’zl’b _ <Z>Z1 <Z>£2 <<>mcoo((W)3)

cl

Thus, Sgg,&’& is a CW(WS)—module. A particular example is a = |z|7P¢(z), where
¢ = 0 near 0, ¢ = 1 near oo, then a € S77%9 such an a can be thought of as a
potential which may decay only slowly at infinity; p = 1 would give the Coulomb
potential without its singularity at the origin.

On the flipside, we can rewrite the estimates for S™-¢1:¢2:

/| < lal, 18| < 181, '] < v = 2% D))" DL Dlal < Cagy (2)() ()™
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Since z;0;, and 0., generate all C* vector fields over C*°(R") which are tangent to
OR™, whose set is denoted by W, (R™), we can rewrite this equivalently as follows:

let Vi, € Vo(R™), j =1,2,3, N; € N (possibly 0) and 1 < k < N; acting in the jth
factor, then

3 Nj
(=)&) 2O [T T Viwa € £
j=1k=1

This could be further rephrased, in terms of vector fields on @3, tangent to all
boundary faces: if V; are such, 1 < j < N (possibly N = 0), then

()7 (N2 "™V, .. Vva € L.

Since one can use any vector fields tangent to the various boundary faces, in any
product decomposition [0,1),-1 x S*~! near the boundary of each factor R™, one
automatically has smoothness in the various angular variables; in the radial vari-
ables one has iterated regularity with respect to rd,.. We contrast this conormal or

symbolic regularity with the classical regularity a € Sgl’fl’ez, which means

Vi Vn(z)"9) "2 "™a € L™

for all vector fields on Wg, without the tangency requirement. In particular, in
terms of a product decomposition [0, 1),-1 x S*~! near the boundary of each factor
R™, one has smoothness in the various angular variables and in the radial variables,
i.e. one has iterated regularity with respect to 9,.

We are also interested in the generalization of this setting in which the orders
m, {1, {5 are allowed to vary. Concretely, to set this up, suppose that m,l; € S%09
are real valued symbols. We write

m |17| n n n
a 656’(’5, 2(IRZ;IRZ,;]RC)
<= a € C*(R} x RY, x RY),
[D2D2 DYl < Cagy (o) 7o) 2™ ((2) 4 (1)) 000,

Notice that replacing m by m’ where m — m’ € 790 for some ¢ > 0 does not
change the class since (¢)™~™ = e(m=m)1og(Q) "and (m — m’)log(¢) is a bounded
function in this case. Since we are interested only in m,1; € C*°(R" x R™ x R"), we
regard m as a function on R™ x R x 9R", and take an arbitrary (smooth) extension
to R? x R" x R7; we proceed similarly with the £;. Thus, with

m =supm, {; =suply,

where the sup may be taken over the appropriate boundary of the compactification
only, we have

= ngglﬂz =qc Sglé,el’b.
One can also define
a € ST (R RY;RY) <=a € C°(RY x RY, x RY),
|D2 DY, D}al < Cagn (=) (/)2 ()1 HoN@82)]

so with m, ¢; as above

m,l,l2

m, L ,02
00,0 .

00,8

aes =a€S
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However, these variable order space provide more precise information than simply
taking m = supm, etc., much like the S™%+*2 spaces provide more precise infor-
mation that S7-‘12. Further, we note that we introduced the subscript § and ¢’
(limiting the gains under differentiation) since the function b = ()™ = e™°8{<) is
in S(r;(,)o,o for all § > 0, but not for § = 0. Indeed, differentiating in, say, z;, gives

Dz;b = (Dz;m)(10g{(0))(C)"™,

so there is a logarithmic loss (unless m is constant). On the other hand, we formally
state the regularity result as a lemma:

Lemma 3.2. Let b(z,2,¢) = (()™*#). Then b e S5y"° for all § > 0.

Proof. Observe that f = mlog(¢) € S%0 for all € > 0 since this holds for log(¢),
and as m € %00, Further, if f € €12 with 0 < €g, €1, € < 1 then

e_fD?Df,DZef c S—M'*-fo|(a>5ﬁ)\,—\a|+€1|(0<,B7“/)|7—\5\+62|(a>5ﬁ)\7

as follows by induction on || + |B| + |v|- Indeed, it holds when «, 3,~ all vanish.
Further,

e /D, (D?DI,Dle!) = D. (e~ DEDL DYel) + (D, f) (e~ DD DYe?),

J
and e*ng‘Df,DZef e S—hlteol(efml—lalt+el(e.fy)—Ifl+el(@B] by the induc-
tive hypothesis, and then the first term on the right hand side improves the second
order by 1 keeping all others unchanged, while D, f € Seoer—le2 5o the second
term on the right hand side adds ep,e; — 1, €3 to the orders, while |a| is increased
by 1 in both cases. The argument is symmetric for all other derivatives, giving the
conclusion. Applying this with €; = €3 = 0, ¢g = €, € > 0 arbitrary, we deduce that
for all § > 0 (namely, we take ¢ = §), ({)™ € ngéo,o indeed. O

We still have, analogously to the constant order setting, that

U ’ ’ ’ ’
m,ly,l2 m”, 13, m—+m’, 17,12 +15

a65676/ 5 b636,5;1,2:>ab65575/ 5
and for 6’ =0
(3.10) ac S:Snéll,b - pepP DZ“ ES;“(;WHM(OA@W)LH*|a\;|2*|ﬁ|
s z 72 s )
while for general ¢, the a; piece, as defined in (3.3), satisfies

(3.11) ay € S(r;néh,lz = DocDﬁ Dzal ES;(;WHM(%BK‘/)LH—|a\+5/|(a7377)|7|2—|ﬂ|
s ’ z Z/ s !’ )

where by the support property of ay, ¢'|(«, 3,7)| could also be shifted to the last
order). The analogue of (3.10) also holds for S, in which case |; and Iy are
unaffected by derivatives.

Having discussed symbols in some detail, we now turn to operators, starting with
the constant order So s-type setting. Note that unless m < —n, the integral (3.2)

with a € Sg”gl’@ is not absolutely convergent; if m < —n, it is, with the result
Au € C(R™), and for M > {3 + n,

sup | (z) " Au(z)| < Cllallgmer.ez gllulls,0.a,

where C' is a universal constant (independent of a and u) and

lullsear =D D sup|z’D2ul

lo| <k |B|<M
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are the Schwartz seminorms. However, if m < —n, one can also integrate by parts
as usual in 2/, noting that (14 A,/ )e’¢ (372 = (()2e¢(272) 50

Au(z) = (27)~" / (2N (1 4 AL )N =gz, ¢)u(2') dC de’
(3.12) Rt
a7 [ NG A a2 O u() A

Expanding (1 + A,V (a(z,2', ) u(z")), one deduces that
(3.13)
|+ AN (alz, 2/, Qu())] < ()7 ()M 2 lall o pyllulls 2nar,

so for just m +2NJ§ < —n + 2N, i.e.
2(1=0)N > m +n,

the right hand side of (3.12) is integrable, and defining Au € C(R"™) to be the

result,
(3.14) sup \<z>_€1Au(2)| < C||a\|sm,z1,52 2]\,||u\|3,21\f,]\4.
00,8 4

This gives an extension of A = I(a) t S’m’él’é2 Since S_oo’él’é2 is dense in Sm’el’62

in the topology of Sm Gl for m/! > m, and since for m < —n, the expressions
(3.12) for various N are all equal, the continuity property (3.14) shows that A is
independent of the choice of N provided m < —n + 2(1 — §)N (since one can then
take m’ € (m,—n+2(1—9)N), and use the m’-continuity and density statements).

Now at least Au € C(R™), with a suitable bound, is defined, but in fact it is in
S(R™). To see this, first note that Dz"‘eic('z’zl) = (%, so for N sufficiently large, so
that m + |o| < —n + 2(1 — §)N, differentiating under the integral sign and using
the Leibniz rule,

(ranE) = Y O [ DA

Y+HA<a
(1+ AN (D2a(z, 2, Q) u(2)) d¢ d’

D e I S

YH+ALa

(3.15)

(1+ AN (Dla(z, 2, Q) u(z')) d¢ d,

with C, ) combinatorial constants, so by (3.13) with a replaced by D2a, with M >
n + ly still,

—L
sup [(2) 7 (D Au)(2)] < Cllallgmerta oy o lulls 2
Further, ZjeiC»(z—z’) = Z;.eiC'(z_zl) + Dg_eiC-(z—z/) S0
j )

,Bei(.(z—z’):(z/_’_DC) i¢-(z—2") _ Z C,u,l/ ;,LDV i (z— 2)7
utv<p
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so integration by parts in { gives
(3.16)

Dt = Y Y Ol [ e

YHA<a ptv<p R xR
DL(CHO) N1+ AN (Dla(z, 2, ) u(Z))) d dz’

Z Z Z C’y,\CWCl,/V/,(QW)—n/ iC(z=2")

Y+ALa p+rv<p v/ +v' <v R» xR™»
DZI (O )1+ Az’)N(DZ”D?a(Z, 2 Q) u(z")))d¢ d.

Thus with
M >n+/{y+|B] and m + |y — [V/| = 2N + (2N + || + |\])6 < —n,
the latter of which is implied by
m+ |al+|B]d < —n+2(1 — 0)N,
we have

sup [(2) "1 2P DY Au(z)| < C||a\|sz,§1,e272N+|a‘ llulls 2N,

with C independent of a, u. Now for ¢; < 0, (z)~% can simply be dropped, while
for £1 > 0 the (z)~% factor can be absorbed into a sum z° terms with |8/| < M’
where M’ > /1, so we obtain that for

M' > max(0,¢1), M >n+{lo+ |8+ M, m+|a|+ (8] < —n+2(1—06)N

we have

sup|2# D2 Au(2)] < Cllall sy, oy llls 2800,
mevt,

so Au € S(R™), and the map A : § — S is continuous, and in fact the stronger
continuity property, namely that

Sg’,gl’& x 83 (a,u) = I{a)ue S

is continuous, holds. Thus, we have the first claim of the following lemma, as well
as the second in case ¢’ = 0:

Lemma 3.3. The maps
Sg:gl’zz xS 3 (a,u) — I(a)u € S,
S;’fg,ﬁl’gz x 83 (a,u) — I(a)u € S,
are continuous.

Proof. To deal with general (not necessarily vanishing) ¢’ € [0,1/2), proceed by
using x € C°(R), x = 1 on [3,2], supported in [},4]. Then we can write a €
Sm,fl,ez

s, a8
(2) (2)
e o (D) = (1))
with a; depending continuously on a in the S;tg,el’e? topology. Now, since

(z) ~ () ~ ((2,2))
on supp a1, and since differentiation is local, a; satisfies estimates

|Dij,Dga1| < Cam(z)el*b_“’“"'5'*5"(0"5’7)‘ ()1l
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Denoting the corresponding seminorms by ||| gm.c, 4, ,, temporarily, note that a
5,8 3

in Sgg,lﬁb depends continuously on a. The right hand side of (3.13) becomes

{2yt 2NOT Gy =M YMA2NG | | oty lull s 23,00
575/ k)

so for M > n and m + 2N < —n + 2N the right hand side of (3.12) is integrable,
and (3.14) becomes

(317)  supl(2) T M) < Clarlgrria p lullsanar
57 7 k)

In fact, using (z) ~ (z’) on supp a1, taking M > n+40; +05+2N5+|B|, m+2Né§ <
—n+ 2N (i.e. first choose N sufficiently large, then M sufficiently large), this even
gives

sup |2” Aju(z)] < Cllallgmerea 5y llulls v

To deal with derivatives, use (3.15) and note that the integrand is bounded by a
constant multiple of

sup

<<Z>£1+22+2N5’+|)\\6’ <Z/>7M<€>m+2N672N+|7|+|)\|6
[vI+IA=]al

llas ||g;rf(;fl,e2’2N+|a‘ [l S,2N,M)7

which in turn is bounded by

sup

<Z>Z1+Z2+2N6'+\a|6' <Z/>7M<<>m+2N672N+|o¢\ ||al ||,§
[YI+IAI=]e °

Ttbéf1=f2,2N+|a| Hu||572N7M’

so in view of the support of a; first choosing N such that m+2N§—2N +|a| < —n
and then M such that M > n + {1 + {2 + 2N + |a|6’ + | ], the estimate

sup |2° D¢ Ayu(z)| < C||G1H§;"éf1”~’272N||u‘ S2N,M

follows, with C independent of a1, u. This shows that a; satisfies the conclusion of
the lemma.
Now, to deal with as, integrate by parts in ¢, starting with (3.12) for As = I(as)
in place of A = I(a), using
ei(zfz')( _ <Z - Z/>72(1 + Ac)ei(zfz'){’

so first for m < —n
(3.18)

Asu(z) = (2m) ™" / e

R7 xR
(14 A% (O (1 + AN (aa(2, 2, Q u(2))) ) dC a2/

_ Z Cvuy(27r)—n /RHX]RH ei@(z—z')<z . Z/>_2K(Dg<<>_2N)

Il Iv1<2K
(1 + AZ’)N(DZaQ(zv Z/a C) u(zl)) dc dZ,,

where éw are combinatorial constants. On the support of ag,

(z=2) 2 C'({) + (<)
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for some C’ > 0, and now the integrand on the right hand hand side is bounded by
a constant multiple of

<Z>€1 <ZI>Z27M<(Z Z/)>72K+(2N+2K)6' <C>72N+m+(2N+2K)§

)

||a2| S;"‘(;flvz272N+2KHUHS,QN,M'

For a given (3, we can now even take M = 0, and take IV, K so that
2NG§ — (1= §)2K < —n — |B] — €1 — Lo
and
—(1—=0)2N 4+ 2Kd+m < —n;
to see that such a choice exists, take K = N, in which case sufficiently large NV
works as 1 — 2§,1 — 26’ > 0. We then deduce

sup |zﬁA2u(z)| < CHa”S;n(;,Zl’ZQ,QN—&-QK||u||$’2N’M'

To deal with derivatives, we again use a calculation similar to (3.15) to obtain that

D?AQ’LL(Z) = Z C’yﬁ/\ Z é}J«V (27T)_n

YRt A< |+l <2K
[ e D -y D) )
R™ xR™

(1+ A)N(DEDRas(z, 7', ) u(z")) d¢ dz'.

(3.19)

Since
Di(z— V2K <Oz — /) 72K

(indeed, one even has a bound C(z — 2’)~2X~1#l) so now the integrand on the right
hand hand side is bounded by a constant multiple of

<Z>Z1 <Z,>Z27M<(Z, Z/)>72K+(2N+2K+\a|)6' <C>72N+m+(2N+2K+\a|)6

||a2| S;"(;fl’2272N+2K+\o¢| ”u”S,QN,Mv
which gives
sup |2” D¢ Aqu(z)| < C||a2||sgflafz,2N+2K+‘a|Hulls,zN,M
when M = 0, and take N, K so that
2NG' — (1= §)2K + &' |a| < —n — |B] — b1 — £
and
—(1—=0)2N +2K5+m+ |ald < —n,
which can be arranged exactly as in the o = 0 case above. This completes the proof
of the lemma. 0

Note that for such an A with m < —n to start, u € S, ¢ € S,
/Au(z)(b(z) dz = /u(z')(/ei(fo'(zlfz)a(z,z’,()qﬁ(z) dzd() dz’
= /u(z’)(/eic'(zlfz)a(z,z’,fC)gb(z) dde) dz'
— [ua®e) )z,
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where b(z,2',() = a(2’,2,—(), s0 b € Sg’ff’[l. Let j to be the transposition map

j(z,2,¢) = (¢, 2,C), p the reflection map p(z,2’,¢{) = (2,2, —(), so p* : Sz’?’éz —
S£:§1527 §* Sg,,gl,fz N Soﬂ:):f;fz-ll
first for m < —n,

are continuous for all m,¢;,¢5. We then have at

[tt@wo= [t oo,

so both sides being continuous trilinear maps Sz’?’b xS xS — Cfor all m, 0y, s,
by the density of S;?;”E“EQ in Sg”?’zr“ in the S:;:;fl’b topology for m’ > m, the
identity extends to all m. Thus, the Fréchet space adjoint, I(a)" : S’ — &', defined
by

(I(@)¢)(u) = ¢(I(a)u), p€S', ueS,
satisfies

I(a)Tg = I(p*j*a)p, ¢ €S,

i.e. by the weak-* density of S in &', I(a)' is the unique continuous extension of
I(p*j*a) from S to &'; one simply writes I(p*j*a) = I(a) even as maps S’ — S'.
Since p*j*p*j*a = a, we deduce that for any a, I(a) = I(p*j*a)l : S’ — &' is
continuous.

Here we used the bilinear distributional pairing; if one uses the sesquilinear L2-
pairing, one has

/ Au(2)p(2) dz = / u(2) / et ('=2)q(z, 2/ O)p(z) dz d¢ dz’
~ [u) U d.

b(z,2',¢) = a(z', z,¢), so using * to denote the corresponding (Hilbert-space-type)
adjoint

(3.20) (I(a))" = I(cj"a),

where c¢ is the complex conjugation map.

Note that if a € Sg%’,z“h then cj*a € ngg,&’el, thus the adjoint of operators given
by our scattering symbols is still in the same class, with {5 and ¢; reversed.

While we have two indices ¢; and ¢ for growth in the spatial variables, this is
actually redundant, ¢; + ¢5 is the relevant quantity, as we have already seen signs
of in the proof of Lemma 3.3 in the case of Sgg,el’@: for the a; term the orders were
interchangeable due to support properties, while the as term was irrelevant.

Lemma 3.4. Given ¢ € R, the range of the map a — I(a) is independent of the
choice of 1 and €y as long as {1 + {2 = {.

Definition 3.1. We now define
m, £ n m,L,
UIGR™) = {I(a) : a €SS}
and
m,{ ny _ . m, 0,07 .
Uiy (R") ={I(a): a€ S5}

we could have used Sg’fsl’éz, resp. Sg’?g,él’zz instead for any 1, f with ¢; + {5 = £.
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Proof. To see this lemma for SO"Z):? ’22, we note as in the proof of Lemma 3.3 that
(14 Ap)eie=#)C = (7 — 2)26i(>=2)C 50 at first for m < —n, as usual, for a €
Smll,@z

00,0 )
(3.21)

(@) = @ [ (o= )1+ AN @ ale ()

= m [ ) Y (1 A Vel ) ) = (T0)u)(2),
nR™
where
(3.22) b(z,2,0) = (z = 2) 2N (1 + A)Na(z, 7, €).
Notice that
(3.23) (2)2 =142 < 1+ (|2 — 2| +]2])? < 14+2|2' 2+ 2|z —2|? < 2(2—2)2(2")?,
and the analogous inequality also holds with z and 2’ interchanged, and
DEDB (2 — /)N < Cuplz — 2/) 72,

so for any m, 01, £y, a € 875" with b defined by (3.22) satisfies b € Sz’?“’lrs
for —2N < s < 2N, and the map

Wl,fl,éz m,Z1+s,€2—s
Ses P2a—beS s

is continuous, hence I(a) = I(b) holds for all m,#1,% (as it holds for m < —n).
Given any s, choosing sufficiently large IV, shows that the range of I on Sg:gl’éz
only depends on 1 + /5.

Now, if a € Sg?é’,zl’& then b defined by (3.22) is usually not in Sg}’,eﬁs’frs, as
derivatives in z and 2z’ do not typically give extra decay when hitting (z — 2/) =2V,
However, for the decomposition a = a; + as used in the proof of Lemma 3.3, on
the support of the as piece derivatives of (z — 2/)~2" have the required decay
(indeed, one has decay in (z,z’) jointly upon differentiation in either z or z’), so
the corresponding by satisfies by € ngg,zl_s’@_s, if s+ s < 2N(1—¢") (with ¢
coming from the ¢ derivatives), while the a; piece the weights ¢; and {5 are directly
equivalent as (z) ~ (z’) on suppa;. O

We use this opportunity to remark that for the as piece I(az) of I(a) in fact one
has

(3.24) I(a2) € Npw prer ¥y’ = U530~

We have already seen above that the analogue of this holds with m/ = m fixed,
I € R. In order to see that m' can be taken arbitrary as well, note that due to the
support of as, we can use Agei(z_z/)'c =|z— z’\zei(z_z,)'c and integrate by parts in
¢ (noting that the diagonal singularity of |z — 2’| =2 is irrelevant due to the support
of as) to see that

(3.25)

(Hapu)() = Cr) " [ o= VAN e, 2 O u()

= (2m)"" /R . e (2 — 2T AN ay(2, 2/, Q) ulz') d2' = (I(ba)u)(2),
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where
(326) bQ(Z; ,2:/7 C) = |Z — Z/|_2NA2V(Z2(Z, Zl, C) c Sgnj(l*(;)QN,llfs,ngs’

if s+ 5 < 2N(1—4'). This shows (3.24). The analogue also holds on ™%,

00,0
—00,—00

namely in that case the similarly defined as gives rise to I(az) € U_5

3.3. Left and right reduction. One very useful property of \Ilglolé(R”) is that it
is in fact exactly the range of I acting on symbols of a special form, namely those
independent of 2’. Thus, let

a € STLRYRY) «—=a € C(RY x RY),
|DS DYal < Con(z)"(¢)m IFoI;

so with
mr Ry X RY x R — RY X Ry
the projection map dropping z’, a € S’O”Z’f;(RZ; R7) if and only if
mra € SO (RY; RYRY).

As usual, the seminorms

lallgme =" > sup(z)=*(¢)~ Il DE DY gl
le|+|vI<N

give a Fréchet topology. With mg the projecting dropping the z variables, one also
has a € ST5(R™; R") if and only if 7ha € STF (R RY; RY).
Then:

Proposition 3.5. For any { = ¢ + {5 and a € SZ’?’& (RZ; R RE) there exists

2"
a unique ay € Sg:g(RQ;R?) such that I(a) = I(mjar); one writes qp, = I o7} :
Sg:g — \I/Zé% Here ay, is called the left reduced symbol of I(a), and qr, is the left
quantization map.
Similarly, for any £ = €1+ 05 and a € SO"Z)"?’ZQ (RZ; RQ,;R?) there exists a unique
ar € S

m, L
00,8

\Ilg’fs. Here ag is called the right reduced symbol of I(a), and qgr is the right
quantization map.

Moreover, the maps a — ar,a — agr are continuous.

Further, with ¢ : R x R™ — R” x R"™ x R" the inclusion map as the diagonal in
the first two factors, i.e. 1(z,¢) = (z,2,(),

(RZ;RE) such that I(a) = I(mpar); one writes qp = I o 7p ¢ S;Z:f; —

ilal
(3.27) ar, ~ Z Z—'L*DZD?m
al

and

with the summation asymptotic in ¢, i.e. ws modulo S;o?;”é; see (3.35).

If instead a € Sgné’,[l’&, then the conclusions hold with ar,ar € ngé/z} with the

asymptotic summation being asymptotic both in z and in (, i.e. is modulo ST 7.

In the case of variable orders, stated for Sgl’sl,l’b only:
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Corollary 3.6. Ifa € Sg:(’sl,l’b then ar,ar € Sg:(’;l,, where

I(z,¢) = li(z,2,() + la(2, 2, Q).

This corollary is an immediate consequence of the asymptotic expansion in

Proposition 3.5, for the ath term there is in Sgn(;(l_%)‘al’l_(l_%/)‘al.

Notice that for a € Sg’,g,

(3.25) w(@ulz) = @0 [ a0 (Fu) O dd
for m < —n, but now, for u € S, the right hand side extends continuously to Sg:g
for all m, so one could have directly defined ¢r,(a) directly for all m. Similarly,

(3.29) qr(a)u = F 1 e a2, Q) ul2) dz"),
R‘!L
where now the right hand side makes sense directly as a tempered distribution
for all m. However, relating qr, and gr, as well as performing other important
calculations, would be rather hard without having defined the map I in general,
via a continuity/regularization argument! Note that for a € S °~°°, in either
case, one deduces that directly that gr(a)u and qr(a)u are in S.
We remark that if @ € S™* is a polynomial in ¢, i.e. a(z,() = > laj<m %a(2)C7,
then one can pull the factors a,(z) out of the integral (3.28), and thus (*F = FD*
and the Fourier inversion formula yields

qr(a)u(z) = Y aa(2)(Du)(2),
lal<m

i.e., with a, acting as multiplication operators,

(3.30) qr(a) = Y aoD"

lor|<m
Similarly,
qr(@)u(z) = Y (D*(aqu))(2),
loe|<m

qr(a) = Z D%ay,.
lo|<m

So differential operators of order m on R™ with coefficients in S*(R") lie in U™
In particular, differential operators with coefficients in C°°(R™) lie in ¥™°(R").

We now prove Proposition 3.5; we only consider the left reduction, i.e. the L
subscript case, as the R case is completely analogous. First, we note that the
uniqueness is straightforward. Any operator A = I(a), a € Sg:?’b, has a Schwartz
kernel, K4 € &’ (as it is a continuous linear map & — S, thus § — §’). When
m < —n, the Schwartz kernel satisfies
(3.31)

Ka(¢®u) = / (Au)(2)¢(2) dz = (2m) ™" / eCC a2, 2 O ulz') ¢(2) dC d' dz
- / (Fla) (2,2, 2 = 2 )u(2)¢(2) d2' dz,
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where F- ! is the inverse Fourier transform in the third variable, C. (Fs5 Lis a
logically better, but less self-explanatory, notation.) Thus, for such a, K4 is the
polynomially bounded function (hence tempered distribution) given by

(3.32) F,(z,7) = (.Fgla)(z,z’,z — )= (Fyla)(z,7,2 — 7).

Ifa e SOO s5» then, with 2 denoting that the inverse Fourier transform is in the

second blOt we have
Fﬁza(z,z’) = (]:2_1(1)(2,2 -2 = (G’*}"Q_la)(z,z’)

where G : R?™ — R?" is the invertible linear map G(z,2’) = (2,2 — 2’), thus one
can pull back tempered distributions by it. Thus,

K[(ﬂ.za) = G*]-"{la,

and correspondingly
a=Fo(G™) Kins ),

first for m < —n, but then as both sides are continuous maps S’z’g — &', this

m[l

identity holds in general. In particular, given a € S 2 there exists at most one

a€ Sg)gﬁez such that I(7ja) = I(a), for
(3.33) a=Fo(G ) Kz

then.

Now for existence. In principle (3.33) solves this problem, but then one needs to
show that the a it provides, i.e. ay, in the notation of the proposition, is not merely
a tempered distribution, but is in an appropriate symbol class. So we proceed
differently.

For the following discussion it is useful to replace a by aq; recall that I(as2) €
U5~ in this case, thus does not affect the argument below. Thus, to minimize
subscripts, we simply write a below, but we actually apply the argument to a;.
With the notation of the proposition, one expands a in Taylor series in 2z’ around
the diagonal z’ = z, with the integral remainder term:

(3.34)
(Z/ — Z)a !
a(z,2,0 = ). T«az/)aa)(z,z@ + Ry (z,2,0)
|a|<N—1 ’
1

Ru(e 2,0 = 3 NE=2 / (1= )N=1((0.)%a) (2, (1 — 1)z + 2/, C) dt
la|=N 0

Now, for m < —n, a € Sg:gl’ez', as (z] —zj)e iC(z=2") = = —D, et (z=2"),

(15 = 2)ayu)() = (20) " [ (~De)e a2, ¢)ul) ' dC
= 20" [ €D a) (e, O ule') d d¢ = (1D a)u)(2).

(Notice that for any m, for a € Sorg’gl’KZ’, we have (2} — zj)a € SOTZ’?H’K?H, D¢,a e
Sm 1+4, Zl’e"’, with the map from a to these being continuous.) As for any m,m/,
m < m/,

Sg:?’ez x 83 (a,u) = I((zj — zj)a)u € S
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and
SQ:?’ZQ x 83 (a,u) = I(D¢;a)u € S

are both continuous bilinear maps when Sm’él’zz

St e density of S_75’ At iy S5 182 i) the topology of Sm Ll form! > m

00,0
and the above computatlon show that

I((2' = 2)%a) = I(D¢a)

is equipped with the topology of

m[l 52

for all m and a € S
Thus, for a as in (3.34),

)= Y H(D)" oka) + I(RY)

la|<N-1

Ry(z2,0)= Y N / (1= )N H(Dg(0.)a) (2, (1 — t)z + t2',{) dt

la|=N

But keeping in mind the support properties of a (recall that it stands for the a;
piecel),

(DC)a * aa 6 S (1 26)|O(| él,éz 6 S 1 25)N 51752

)

with the map
Sm 1,82 5q— (DC)a *a ac S (1 268)| x| ,l1+£2

continuous, and similarly with R/. Since (DC)”‘L*[)?,Q is independent of z’, and for
this the original a and a; give exactly the same expression, this proves the following
weaker version of Proposition 3.5: for all a € Somof;l > and for all N there exists

ay € S’Z:?JFZ? such that
I(a) — I(an) = I(Ry), Ry €S" 1 )N, bs

Notice that if a € 5?5?1’62 then writing @ = a1 + a2, we already know by (3.24)
m’ e,

that for any m’, £}, {5 we can write I(az) = I(b2), b2 € S5 5/ '"*, while for a; the

analogous conclusions to the Sonz’?’ez setting hold but with

(D()QL*aa/al c 5?67(1*25)\a|751+52*(1*25)\0¢|,

c g™ —(1—28)N,£1 —(1—28") Nl
N 6,0’ :

An asymptotic summation argument allows one to improve this. This notion
means the following: suppose a; € S (1 2035 for 7 € N. Then there exists
a € Sm '5 such that

N—-1
(3.35) a— Y a; e TN

§=0
To see this, we take y € C°(R™) with x(¢) = 1 for |¢] > 2, x(¢) = 0 for || < 1.
For 0 < €; < 1 to be determined, but with ¢; — 0, consider

20 =Y x(e;Q)a;(z 0);
j=0
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the sum is finite for (z,¢) with || < R, with only the finitely many terms with
€ = R~ contributing. Thus, a is C*; the question is convergence in s 67 and
the property (3.35). But by Leibniz’ rule,

(DEDfa)( ZZC (DX (e,¢)(DE T Dlay)(%,€).

7=0~v<ac
To get convergence of the tail in Sm (1=20)N.¢
of
(3.36)

(GO ol (4 (D2 D3 (3 w(esa(=,0)))

j=N
_ Z Z Ca7<4>—6|'y|6§j*N)(1*25)<<<>|'y|+(N—j)(1—26)EEN*J')O*Q‘SH’"Y‘(DWX)(EJ.C))
Jj=Ny<a

(@—m+<1—26>j+<1—6>(\a|—M)—é\m (2)"Y(DE DY aj) (2, C));

, we need to estimate the sup norm

we used the above expansion. For v = 0, we use (| > e}l on supp x(¢;.), so for
j >N (as 6 €]0,1/2)),

N—j)(1—26 i
eg J)(1-2 )<<>(N H(1—28) _ (6 Jr62|<| )1 28) (N J)/2<17

while for v # 0 we use €; L<el< 2¢; on supp(D7x)(€;.), s0
on supp(D7x)(¢;.) for all v # 0, and thus for j > N,

<C>M+(N—j)(1726)6§N—j)(1—25)+|7| < 5l71/2

there. Thus, adding up the terms with |a| + |5| = M as required by the symbolic
seminorms, there are constants Cpy > 0 (arising from finitely many combinatorial
constants, from suprema of finitely many derivatives of x and from finite powers of

51/ 2) such that the series is absolutely summable, and hence convergent, if for all
M

o0

Z CMGj”aj”Smfs(lfQé)j,Z’M
>N+ (1-25)-1 -

converges; here ¢; is from e(J N)(1-29) < €; on the right hand side of (3.36), taking
advantage of 5 > N + (1 —25)~! in our sum. Now, if ||aj||sm—(1—25)j,£ v < R,
0,8 ?
where R; s are specified constants, then one can arrange the convergence by for
instance requiring that for j > M, the corresponding summand is < 277, i.e. that
for j > M,
€6 <2770 Ry

Note that for each j this is finitely many constraints (as only the values of M with
M < j matter), which can thus be satisfied. Correspondingly, the tail of the series

converges for each N in S7 (1 QJ)Ne, and thus a € Sg’g and also (3.35) holds.
This gives a continuous asymptotic summation map on arbitrary bounded subsets
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of the product of the symbol spaces. (One can make the map globally defined and
continuous by letting €; to be the minimum of, say,

2_j01;[1(1 + ||aj stn7(1726)j,l’M)_1,

over M =0,1,...,7 — 1, but this is actually not important below.)
Now, let

i~ Z V0%a € ST

asymptotic summation can be done so that the map a +— a is continuous. Then

a—ay €S (1 R N, and thus

I(a) — I(a) € NN (ST SA=20)N L)

Ifac S(%’,él’éz then with

. 1 R,
@~ Z a(DC)O‘L*BS,G S
(03

where we asymptotically sum both in the z and in the ¢ variables (this can be done
at the same time, adding a factor of x(e;z2)),

I(a) —I(a) € ﬂNI(Sg(;T(l*z‘S)N’“’42*(1*25')]"),
The following lemma then finishes the proof of Proposition 3.5:

Lemma 3.7. Supposeb € Sm’él’Z2 satisfies I(b) € NNI(ST; Nel’ez) i.e. for all N €

N there is by € ST N0t such that 1(b) = I(by). Then there exists ¢ € S5
such that I(c) = I(b). Moreover, if there are continuous maps jny : b — bN, then
the map b — ¢ is continuous.

Suppose instead b € Sgng,gl’z2 satz’sﬁes I1(b) € ﬁ]\;I(Sgné,NZI’Z2 Ny, i.e. for all
N € N there is by € Sg"(;,Nel’e2 such that I(b) = I(by). Then there exists
¢ € 877 such that I(c) = I(b). Moreover, if there are continuous maps jy :
b — by, then the map b — ¢ is continuous.

Proof. The idea of the proof is to use (3.33), as in the present setting the Schwartz
kernel can be shown to be well-behaved, so (3.33) immediately gives the appropriate
symbolic properties of ¢. Thus, we note that for all N there is by € Sm Nt1to
such that I(b) = I(by), so taking N such that m — N < —n, (3.31)-(3.32) glve that
the Schwartz kernel (which is independent of N) is the continuous polynomially
bounded function

Koy (2,2') = (]:C_le)(z,z’,z —2');

taking m — N < —n — k, this is in fact C* with polynomial bounds up to the kth
derivatives. Correspondingly, it satisfies, for |a|+[B]+d|y| < k, and writing D' for
the ath derivative in the jth slot, M for the multiplication by the ath coordinate
in the jth slot,

(2)7(2) 2 (2 = ) DEDL Kby (2, 2)
= ()7 ()2 M3 (Dy + D3)*(Dy — D3)*(F5'bn)) (2,2, 2 — &)
= (‘F3:1<>;£1<>5£2Dg(D1 + M3)(X(D2 _ Mg)ﬁbN) (Z,Z/,Z _ Z/).
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As
()1 7()2 2 DY(D1 + M3)* (Do — M) by
is bounded in Cs (R™ X R”;Ll(RZ’)) by a seminorm of by as |a| + |B] + 0|y| < k,
m— N < —n — k, where C, stands for bounded continuous functions,
F5 1)1 ()2 # D (D1 + My)* (D2 — M) by
is bounded in Co (R™ x R™ x R™) by a seminorm of by, hence the same holds for
the pullback by the map (z,2’) — (z,2’,z — 2’). Since N is arbitrary, we can take
arbitrary «, 8, and deduce that
sup|(2) " ()~ (z — #/) (D DL K ) (2, 2')] < oc.
Using (3.23) and that v is arbitrary, we deduce that
(3.37) sup [(z) "7 (2 — 2) YD DY K ()| < oo.
Since we want Ky = Kj), we need
(Fole)(z,2 — 2') = Ky (2, 7)),
ie. with w =2z — 2/,
(‘72_10)(2710) = KI(b)(Zv z = ’LU)
Now, a linear change of variables for K gives that
sup |(2) "2 (D2 DB Fyle)(z,w)| < oo,
so (z)"f =2 D2F; e is Schwartz in w, uniformly in 2, and thus (z) =1~ D%c is

Schwartz in the second variable, ¢, uniformly in z, ie. ¢ € S;’g”[ﬁz"’. This also

shows that any seminorm of ¢ depends only on the seminorms of by for some N,
and does so continuously, and thus depends on b continuously.

The argument in the case of S(%’,el’@ is completely analogous, but now even
()= )2 () (= — ) DEDE K o) (2.2)

= ()77 ()2 MEMZ (D1 + D3)* (D2 — D3)P(F5 'bw)) (2,2, 2 = 2)

= (Fy N ()3 P MY DY (D1 + M3)*(Dy — M3)Pby) (2,2, 2 — '),
with the result that

sup [{2) = (/) 2 (/) (z — 2/ (D DS K ) (2, )] < .
Using (3.23) and that +, u are arbitrary, we deduce that
sup | (/)" (z — 2)Y DI D5 K| < oc.

This gives K@) € S (R?"), and the argument is finished as before. This completes
the proof of Lemma 3.7. (]

As already mentioned, this completes the proof of Proposition 3.5.

As a corollary of the lemma, we note that elements of \II;OO:;’Z have a C*>® Schwartz
kernel, of the form C*>°(RZ;S(RZ)), and thus give continuous linear maps &' —
C>®(R™), i.e. are smoothing. Note that this does not mean decay at infinity. On
the other hand, elements of ¥~°°7°° are completely reqularizing, as their Schwartz
kernel is in S(R?"), and thus they give maps S’ — S. Note that maps S’ — S are
actually compact on all polynomially weighted Sobolev spaces H™*.

The isomorphism gz, : Sg’f; — \I/Zl’fs can be used to topologize \I/g’f;. Since
qu oqr, qzl o qr are continuous, this is the same topology as that induced by qg.
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W
™ then t*a —ap,tfa —ag €

142 1426’
, while if a € S;n&,flfz then t*a —ay,t*a — ag € Sgné/ +26,61+£2—1428"

VVe thus make the following definition:

3.4. The principal symbol. Note that if a € S
Sm 1425,01 445

Definition 3.2. The principal symbol 0'00 mye(qr(a)) in € 6 of qr(a), a € Soo 5
is the equivalence class [a] of a in S /Sm 1426,6

The joint principal symbol o, ¢(qr(a )) in Uy 5.4 ¢ of qr(a), a € ngg,z, is the equiv-

1+2 1 2’
alence class [a] of a in 5'55,/5'(%/ 2061420

In case the orders are variable, the prlnmpal symbols

Ooom,i(qr(a)), resp. om,i(qr(a)),
are defined analogously in S J/Sm 1200 esp. Sy, 5//5:3“5/1”6' 1+28"
Thus, the principal symbol also satisfies

To0,m,0(qr(0)) = [loc, om.e(qr(a)) = [a],
with analogues for variable orders.

For a € C*°(R" x R*) C §%°, there is a natural identification of the equivalence
class, namely the restriction of a to (R™ x R™) can be identified with its equivalence
class, namely changing a by any element of C*°(R" x R™) which vanishes on the
boundary, and thus is in S~ ! does not affect the equivalence class, so the map
a — [a] descends to alygmymm) — [a], and the result is injective. Note that R™ x

R7 is a manifold with corners with two boundary hypersurfaces, OR® x R" and
R™ x OR™, so equivalently one can restrict to each of these separately, and keep in
mind that the restrictions must agree at the corner, JR™ x 9R"; see Figure 3. The
restrictions to these two hypersurfaces are denoted by

Tfiber,0,0(qL(a)) = algm  omn
and
Obase,0,0 (QL (a)) = a‘@WX]RTV
with the subscript indicating whether we are considering the part of og o at ‘fiber
infinity’, i.e. as |(| — oo, or ‘base infinity’, i.e. as |z| — oo.
In the case of 0, a common way of understanding it is in terms of the R*-action
by dilations on the second factor of R™ x (R™\ {0}):

RT x R™ x (R"\ {0}) 3 (t,2,¢) = (2, 1) € R™ x (R™\ {0}).

The quotient of R™ \ {0} by the R action can be identified with the unit sphere
S*~1: every orbit of the RT-action intersects the sphere in exactly one point. A
different identification of this quotient (which is actually more relevant from the
perspective of where our analysis actually takes place) is the sphere at infinity, IR".
Thus, homogeneous degree zero C* functions on R” x (R™\ {0}) are identified with
either C>°(R™ x S"~1) or C°°(R™ x JR™). So one can correspondingly identify the
principal symbol of A = gz (ar), ar € C*(R™ x R"), as a function on R x S"~1,
or instead as a homogeneous degree zero function on R™ x (R™\ {0}).
Returning to o, for

a=(2)Y¢)™a, a € C®(R™ x R"),
one cannot simply restrict a to the boundary, though as (given £ and m) a and a are
in a bijective correspondence, one could restrict a and call it the principal symbol,
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i.e. the actual principal symbol, as we defined it, is given by any C*® extension of
this restriction times (2)¢(¢)™. In a more geometric context this is not quite natural
(depends on the differentials of choices of boundary defining functions, here (z)~!
and (¢)~!, at the boundary). Taking £ = 0 as it is the most common case, in terms
of the R action on the second factor, it is more common then to view the part of
the principal symbol corresponding to R" x 9R™ as a homogeneous degree m function
on R™ x (R™\ {0}). In terms of @ and its identification with a homogeneous degree
zero function on R™ x (R™ \ {0}), the part of the principal symbol corresponding
to R™ x OR™ is

Uﬁbcr,m,O(A) = |C|WLa
On the other hand, the part of the principal symbol corresponding to OR™ x R
can be described by simply restricting to 0R” x R™, with the result being symbolic
in the second variable:
O—base,m,()(A) = <C>md|6R7><]R"'

Concretely, if A is a differential operator, A = 3" a,D?, a, € C>®°(R"), then the
two parts of the principal symbol under this identification are

(3.38) Tiberm0(A)(2,0) = Y aal(2)¢, (2,¢) € R" x (R™\ {0}),
|al=m

and

(3.39) Tpasem,0(A)(2,0) = D aa(2)C*, (2,¢) € OR" x R™,
la|<m

As an example, if g is a Riemannian metric on R" with g;; € C>(R™), then for
Ve ()10 (R,

(3.40) H=As+V -0

has principal symbol in these two senses given by

Ofiber,2,0 = ZgijCiij Obase,2,0 = Zgij@(j —o.

In the case of o (as opposed to 04 ), one could apply a similar construction
for the restriction of the symbol of A = gz (ar) to dR™ x R”; it is then either a
homogeneous degree zero function on (R™ \ {0}) x R™ where the action is in the
first factor, or a function on S?~! x R”; the last version would be rarely considered.
Thus, two different point of views would be needed for describing ¢ in terms of
homogeneous functions, which is the reason for this being a less useful point of
view in this case than in that of 0.

That the principal symbol captures the leading order behavior of pseudodiffer-
ential operators is given in the following proposition.

Proposition 3.8. The sequences

m—1+426,¢ m, ¢ m, b m—1+426,¢
00— = U = S5/ — 0,

00,0 00,6
resp.
142601426 ¢ 0 am—14260—1+26"
0 — WP P22 5 gl — STy /Sy RIS 0,

are short exact sequences of topological vector spaces.
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!
Here 1 : \Ijgné,uzé,e 14260, \I!:;ng is the inclusion map and

Cqm,L m,l ; am—1+28,0—14+25"
Omyet WUss — Ss 5 /55,5/
is the principal symbol map, with analogous definitions in the case of Vg s.

The analogous statements also hold if m = m, £ =1 are variable.

This is essentially tautological, given the short exact sequence

—1426,6—1+26" 3 4 —1426,6—1+26"
0— S5, +20,6-14207 sgﬁ(;? — sgfgf’/sgfg, F2L1F2T g
! ! ’ ’
and the isomorphisms qr, s ¢ : Sg},’é — \Ifgfé}e with m’ = m,m —1+25, ¢ =

£,/—142¢', and that these are consistent with the inclusion ¢g : 53"671”6’[71%6/ —

Sgng,e, i.e. that one has a commutative diagram gz, ¢ 0ts = £ 0 gL m—1425,6—1425"-

3.5. The operator wave front set. We also define operator wave front sets,
for which variable orders are irrelevant. We first start with the microsupport of
symbols:

Definition 3.3. Suppose a € Sgg?(R"; R™). We say that o € 9(R™ x R™) is not in
esssupp(a) if there is a neighborhood U of a in R™ x R” such that alyn®n xre) is
S = §7°°7% (i.e. satisfies Schwartz estimates in U).

Similarly, for a € SQ?(R”; R™) we say that o € R x 9R™ is not in esssupp,,, 4(a)
if there is a neighborhood U of « in R? x R” such that alunmn xrr) 18 S;ocj;’g (i.e.
satisfies the corresponding symbol estimates in U).

In either case, esssupp is called the microsupport, or essential support, of a.

Now for operators we define the wave front set in terms of the microsupport of
their left amplitudes ay,.

Definition 3.4. Suppose that A € \I/g?(;?, A =qr(ar). We write
WF'(A) = esssupp(a),

i.e. we say that o € 9(R"™ x R™) is not in WF'(A), the wave front set of A, if there
is a neighborhood U of o in R™ x R™ such that ap|yngnxrn is S = ST (i.e.
satisfies Schwartz estimates in U).

Similarly, for A € U™ we write WEF, ,(A) = esssupp,, ,(A).

00,87

Note that directly from the definition, the complement of esssupp, and thus the
wave front set, is open, i.e. the wave front set itself is closed. Further, even for
WEF._ ,, £ is only relevant for v € OR™ x dR™; one commonly simply writes WF/,_,
or indeed WF’. While the principal symbol captures the leading order behavior
of a pseudodifferential operator, the (complement of the) wave front set captures
where it is (not) ‘trivial’.

As an example, if a € C*°(R® x R™), A = qr,(a), then WF'(A) C supp aNd(R™ x
R™), since certainly in the complement of supp a, a vanishes, and is thus a symbol
of order —oo, —oo. However, notice that the containment is not an equality, as e.g.
a € S(R?") which never vanishes on R?" (e.g. a Gaussian) has support everywhere,
but WF'(gz(a)) = (). Thus, the more precise statement is that o ¢ WEF'(A) for
such a, A, if o has a neighborhood U in 9(R™ x R™) on which the full Taylor series
of a vanishes.
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Again, as in the case of the principal symbol, one could consider WF:><> ¢ asubset
of R™ x (R™\ {0}) which is invariant under the R*-action (dilations in the second

factor), i.e. which is conic; this is the standard point of view. The corresponding
statement for WF’ is, as in the case of the principal symbol, more awkward, and is
thus less common.

In view of Proposition 3.5, oneicougalso use ap Wﬁl A = gr(ag) in place of
ay, in the definition. Also, as (R™ x R") and R™ x JR™ are compact, so symbol
estimates corresponding to an open cover imply symbol estimates everywhere, we
have:

Lemma 3.9. IfA € U and WF'(A) = 0, then A € U0

IfAeY” 5 and WF._ ,(A) =0, then A € U >*.

The analogues also hold in variable order spaces.

We also have from (3.20) that
Proposition 3.10. If A € \Il:lo’f; then A* € \Ilz’g and

Too,m t(A") = 0oo,me(A), WFL(A") = WF (A).

If A€Wy then A* € U and

ome(A*) = ome(A), WF'(A") = WF'(4).
The analogues also hold in variable order spaces.

We can also strengthen the surjectivity part of Proposition 3.8:

Proposition 3.11. Fora € Sm '5 there exists A € \IJOO s With 0o m 0(A) = [a] and
WEF._(A) C esssupp, a

Similarly, for a € S(S 3 there evists A € Wi'; 5/ with 0., ¢(A) = [a] and WF'(A) C
esssupp a.

The analogues also hold in variable order spaces.

Indeed, taking A = g, (a) or A = qr(a) will do the job.

3.6. Composition and commutators. The most important part of a treatment
of pseudodifferential operators is their properties under composition and commu-
tators:

Proposition 3.12. If Ac 7 Bec U7 then AB € \I/m“n S ,

o0 5’ 0, 6 ’
Ooco,m+m/ 440" (AB) = Uoo,m,@(A)Uoo,m’,Z’ (B)a
and
WF’ ' (AB) € WF'_(A) N WF'_(B).
IFAe Uy, Bewys’, then AB e W™ and

Om+m/ e+ (AB) = Gm,Z(A)Um/,Z/(B):
and
F/(AB) - WF'(A) N WF'(B).

The analogues also hold in variable order spaces.
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Thus, ¥, and ¥ are order-filtered *-algebras, and in case of ¥.,, composition
is commutative to leading order in terms of the differential order, m, while in the
case of U, it is commutative to leading order in both the differential and the growth
orders m and /.

Proof. This proposition is proved easily using Proposition 3.5, taking advantage of
(3.28) and (3.29). To do so, first assume a,b € S °~°, then

(g2 (a)an(b)u) )
_ )" ei{-za P —1 (1
= [ a0 (FENC |

=(2m)™" / ) / e a2, b, Qul#) d2' dC = (I(e)u)(2),

e (2 ) u(2) dz’)) d¢

with
c(z,2,¢) = a(z,Q)b(¢', () € ST
However, with ¢ = ¢(a,b) so defined, the map
ST ST S (a,0) - c e SEE
is continuous, so as both trilinear maps

(a,b,u) = qr(a)qr(b)u, (a,b,u)— I(c(a,bd))u
are continuous
STEX ST xS =S
for all m,m’, £, ¢, it follows that
q.(a)qr(b) = I(c(a,b)).

Since qr,, gr are isomorphisms, the closedness of ¥ 6 under composition is im-
mediate, as is the continuity of compomtlon As for the principal symbol, this
statement follows since for B € U™ ¢ if B = qr(b), then oo s ¢ (B) = b, and

00,0 7

then by (3.27), I(c(a,b)) = qr(cr) with ¢, —ab € Sm+m ~1F20.648 The wave front
set statement is also immediate in view of (3.27).

In the case of ¥, the same arguments go through, but corresponding to the
improvement in (3.27), ¢, —ab € S&TmLHZé’HZLH%/. O

Going one order farther in the asymptotic expansion of compositions, one im-
mediately obtains the principal symbol of the commutators. Here we recall the
Poisson bracket on RY x R, identified with T*R":

n

{a’ b} = Z ((8Cja)(8z]- b) - (8Zja)(8Cj b)) :

j=1

Proposition 3.13. If Ac ¥, Becu™

00,07

then [A, B] € WQSWL/_1+2§’E+Z/, and

0, 6 ’
Ooco,m+m’—1425,04¢ (AB) - T{Uoo,m,f (A), Ooo,m’ ¢ (B)}
IfA€ Uy, Be Wy, then [A, B € Gmtm/ ~1H206+0-1525" g g

Omtm/ 1426040 —1+25 (AB) = 2{O’m,£(A)7 om0 (B)}.

The analogues also hold in variable order spaces.
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3.7. Ellipticity. We now turn to the simplest consequences of the machinery we
built up, such as the parametrix construction for elliptic operators.
Definition 3.5. We say that A is elliptic in \IIZ;’,Q resp. \Ilg?(gf, if [a] oo, resp. [al, is in-

vertible, i.e. if there exists [b] oo € S0 /S 20 vesp. [b] € Syt /Sy RO

00,0
with [a]oo[blee = [1] in S92 /S22, vesp. [a][b] = [1] in S5 /S5 5207120
More generally, we make the analogous definition if m = m, [ = | are variable.

These definitions are equivalent to the statements that there exist ¢ >0, R > 0
such that

(3.41) la| > e(z)(¢)™, ¢>0,[¢| > R,
resp.
(3.42) la| > ¢(2)X(Q)™, ¢>0,[¢|+ 2| > R;

indeed, if a satisfies this, the reciprocal is easily seen to satisfy the appropriate
conditions in |[¢| > R, resp. |z|+|¢| > R, and the multiplying by a cutoff, identically
1 near infinity, in , resp. (z,(), gives b. Conversely, if b exists, upper bounds for
|b| give the desired lower bounds for |al.

Concretely, if A =3, <, aaD* as in (3.1), then under the identification of the
part of the principal symbol at R” x OR" with a homogeneous degree m function
on R™ x (R™\ {0}), while identifying the principal symbol at OR™ x R™ as an mth
order symbol on OR" x R, ellipticity means:

ZERT(A0= D aa® #0,

|a]=m
and
z € OR",( € R* = Z aoC* # 0.
la]<m

For H=A,+V — o as in (3.40), ellipticity means
(2,¢) € R™ x (R"\{0}), C#0=>g:(2)Gi¢; #0,
(2,¢) € OR™ x R" = Zgz‘jCz'Cj -0 #0.

Now the first is just the statement that ¢ is a Riemannian metric on R™ in the
uniform sense we discussed; the second holds if and only if o ¢ [0,00). Note that
if Ve S7?(R™) instead, p € (0,1), then V does affect the principal symbol in the
second sense, but it does not affect ellipticity.

If A is elliptic in \I/:;Léf (with the variable order case going through without
changes), say, then one can construct a parametrix B with a residual, or completely
regularizing, error, i.e. B € ‘115_7:;,”4 such that

(3.43)

AB —1d, BA —1d € U=~
Indeed, one takes any By with 0_,, _¢(By) being the inverse for o, ¢(A), so
00,0(ABy — 1d) = oy ¢(A)o 1, —e(Bo) — 1 =0,

thus Eg = ABy —Id € \I/géfr%’71+26’. Now, ABy = Id+Ey, so one wants
to invert Id+FE, approximately; this can be done by a finite Neumann series,
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Id+ Y% [ (—1)/E, then

N
(Id+Eo)(Id+ Y (~1)/Ej) — 1d € wy 2N FD- (=200 (VD)

j=1

This can be improved by writing Eg = gr.(e;), then computing the asymptotic sum
o0
~ i —1426,—1428"
e~ Z(_l)jej S 56,5/ ’
j=1

taking £ = qr(¢), (Id+Eo)(Id +E) — Id € U=~ 50 B = By(Id +FE) provides
a right parametrix: E = AB —1Id € U727 A left parametrix B’ can be
constructed similarly, and the standard identities showing the identity of left and
right inverses in a semigroup, as applied to the quotient by completely regularizing
operators, shows that B — B’ € ¥~°7°° 50 one may simply replace B’ by B.
Indeed, if B’A =1d+F’,

B'=B'(AB—-E)=(B'AB-BE=B-EB-BE,

3.44
( ) B'E,EB' € ¥~

Notice that all of the constructions can be done uniformly as long as (3.42) is
satisfied for a fixed ¢ and R, i.e. one can construct the maps A — B, E such that
they are continuous from the set of elliptic operators to \Ifé_g?’_é resp. Uo7

If A€ \I/g’g then the same argument only gains in the first order, m, so one

obtains a parametrix B € \IJ;OWS’_Z with errors E, E’ € W >0,
We have thus proved:

Proposition 3.14. If A € \I/g'_féf is elliptic then there exists B € \If;gf’_é such
that AB — 1d, BA —1d € U=~ Further, the maps A — B € \I/;gf’*e and
A AB —1Id,BA —1d € U~°=%° can be taken to be continuous from the set of
elliptic operators in \Ilg?éf (an open subset of \I/gfég), equipped with the \Il:;f(gf topology.

IfAe \If?o’fs is elliptic then there exists B € \IJ;O%’_Z such that AB—Id, BA—1Id €
\I/;fg’o. Again, the maps A — B € ‘11;07?:5’_@ and A AB —1d,BA—-1d € \Il;sg’o
can be taken to be continuous from the set of elliptic operators in \Ilgno’fs.

The analogous variable order statements also hold.

IfAe \I'gnéf elliptic is invertible in the weak sense that there exist G : S — &’
continuous such that GA =1d : § — § and AG = 1d : § — S then (i.e. the

left hand side, which a priori maps into &', actually maps into S with the claimed
equality), with B a parametrix for A, BA—1d = E;,, AB —1d = Fk,

G=G(AB—FER)=B—GEp=B— (BA— E,)GER = B — BER + E;GEp,

with the first two terms on the right in \Ifg)g?"_z, resp. U7 and the last term is
residual as well since it is a continuous linear map &’ — &, and thus has Schwartz
kernel in S(R2?"), thus is in U=~ Hence G € ¥~™ ¢ and G — B € U~°%~>,
Thus, the inverses of actually invertible elliptic operators are pseudodifferential
operators themselves.

As a corollary we have elliptic regularity:
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Proposition 3.15. If A € \I/g?(;g (or more generally A € \Ilgjg,) is elliptic and
Au € S for some u € 8’ thenu € S.

Proof. Let B be a parametrix for A with BA —1Id = E € U7°7°°, Then
u=Idu = (BA— E)u = B(Au) — Eu,

and Fu € S as F is completely regularizing while Au € § by assumption, hence
B(Au) € S as well. O

3.8. L? and Sobolev boundedness. We can now discuss Hérmander’s proof of

L2-boundedness of elements of \Ilg’g,, or indeed \Ilg’oo s+ Via a square root construction.

Lemma 3.16. Suppose that A € \Ilgégé is elliptic, symmetric (A* = A) with princi-
pal symbol that has a positive (bounded below by a positive constant) representative
a. Then there exists B € \I/(;’OO(S such that B is symmetric and A = B? + E with
E € U >0  The maps A — B € \Ilg;fg and A — E € ¥ 29 can be taken
continuous from the set of A satisfying these constraints (equipped with the \Ilgéo 5

topology).

The same result holds with the (0o, d) subscript replaced by (9,8”), but with E €
Yoo oo,
Proof. Let by = +/a; one easily checks that by € S%°. Let By e \11200 s have principal
symbol by, and let By = %(Bo + BS), so By still has principal symbol by and is
symmetric. Then A — B3 has vanishing principal symbol, so Fy = A — B2 €
\11;01’;26’0, providing the first step in the construction.
In general, for j € N, suppose one has found B; € \Ilggfé symmetric such that

E; = A- sz € \I/;o(g_%)(jﬂ)’o; we have shown this for j = 0. Let e; be the

principal symbol of E;, and let b1 = —ﬁej € S;o(;fm)(jﬂ)’o; this uses by elliptic.
Let BjJrl € \I!;O(i;%)(ﬁl)’o have principal symbol b;;1, B}, = %(Bj+1 + E;+1),

Bji1=DB; + B}H, so Bjy1 is symmetric. Further, the principal symbol of
A— BQ‘+1 =A- (Bj + B§‘+1)2 =A- BJQ‘ - Bj ;‘+1 - B}+1Bj - (B§'+1)2

J
—(1-26)(j+1),0
—_Ej—Bj ; 1—B§ 1BJ—(B_; 1)26\11 ()5 )(G+1)

1—29)
5

is ej — 2bpbj11 = 0,80 Ej 1 = A— By2‘+1 € 111;0(7 (jH)’O, providing the inductive

steps. One can finish up by asymptotically summing, as in the elliptic case. 0

Proposition 3.17. Elements A € \112505 are bounded on L?.
Further, if a is a representative of 0oc0,0(A) and C > inf __g 11260 supla + 7|
0,8

then there exists E € W >*Y such that
[AullL> < Cllullz2 + [(Eu, u)].
Moreover, the map A — E € W >0 can be taken to be continuous, and thus the

inclusion \Ilgéoé — L(L?) is continuous.

Proof. We reduce the proof to the boundedness of elements of ¥ °°? on L?, which
is in easy consequence of Schur’s lemma since by (3.37), the Schwartz kernel of
elements of this space is a bounded continuous function in z with values in S(R?)
(hence with values in L*(R?,)), and similarly with z and 2’ interchanged.
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0,0
00,87

Now, suppose that A € ¥ so its principal symbol has a bounded represen-

tative a; let M > sup |a|. Then M? — |a|? € S&% is bounded below by a positive
constant, and is thus elliptic. By Lemma 3.16, there exists B € \112;3 s Symmetric
such that M? — A*A = B2+ E, E € ¥ >0, Then, first for v € S, with inner
products and norms the standard L? ones,
(M?u,u) = || Au))? + || Bu||* + (Bu, u),
i.e. with ||E||z(z2) the L? bound of E, which is finite as discussed above,
[Aul]* < M2[full® + | B z2) llul*.

Since S is dense in L2, this implies that A has a unique continuous extension to
L?; one still denotes it by A. Since S is also dense in &', and the inclusion L? — &’
is continuous, this extension is the restriction of A acting on §’. This proves the
first part of the proposition.

For the second part we simply replace a by a + r, choosing r € such
that C' > sup|a + r|, then we can take M = C in the argument above to complete

the proof. O

—1426,0
Soo,é

While elements of \I/g:g, are in \Ilgé? 5 for 0’ = 0 and are thus L2-bounded, it is
useful to make the bound more explicit there as well, in addition to generalizing to
6" > 0:

Proposition 3.18. Elements A € \Ilg’g, are bounded on L.

Further, if a is a representative of 09 0(A) and C > inf
then there exists E2 € W™~ such that
(3.45) |Au|| 2 < Cllu|z + |{Fu,u)]|.

Moreover, the map A — E € W™°%7° can be taken to be continuous.
Concretely, if A= qr(a) with a € C*(R™ x R™), then for any

_1425,—1425’ SUP |Q + T
TES'(M,+ Tl pl ‘

)

C > sup ’a|a(RﬁxRﬁ)
(3.45) holds.
Proof. This is the same argument as above, but constructing B in \Ilg:g,. [

We now recall that the weighted Sobolev spaces are
(3.46) H" ={ued8: (z)'ue H}, |ul|lgsr = |{z)"u| g
Further, with
Ay =F N Few? cul,
the standard Sobolev spaces are
H® = {u: Ayuc L*} with |Jul|gs = ||[A%ul|z:.
We note here that
UMﬁNGRHM’N =S
Thus, Ay, = As(2)" : H*" — L? is an isometry, with inverse A’ | = (2)""A_:
L? — H*". Hence, the boundedness of some A € \IIT;% as a map H%" — H"' s
equivalent to the boundedness on L? of Ay AN 5

A = A/—S/,—T‘/ (AS/JJAA/_

, as

A

s,—r)
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But Ay AN € \Ilg? ST 96 we conclude that

—5,—7r

Proposition 3.19. An operator A € ‘I/;Z’fs is bounded H>" — H¥"' ifm=s— ¢
and b=r—1" (thusif m <s—s" and L <r—1').

This gives a quantified version of elliptic regularity:

Proposition 3.20. If A € \Ilg"(gf is elliptic and Au € H*" for some u € S’ then
we Hstmr e In fact, for any M, N there is C > 0 such that

lallyresmrve < Ol Al e+l grasn):

If A € \IJ;"o’fs is elliptic and Au € H®" for some v € H*"™ ¢ Lk € R, then
uw € HTmr+ I fact, for any k there is C > 0 such that

[ull et rse < CU[ A fror + [l grrse)-

The point of the quantitative estimate is to allow M, N very negative, so e.g.
Hestmr+l o gMN §s compact. One thinks of |Jul| g~ as a ‘trivial’ term corre-
spondingly.

In the case of \I';Z’f; ellipticity is too weak of a notion to gain decay at infinity;
one simply has a uniform gain of Sobolev regularity.

Proof. Suppose A € \I/gltgf. Let B € \Ilgg,l’fe be a parametrix for A with BA —1Id =
E € $7°7°° Then

u=1Idu = (BA+ E)u = B(Au) + Eu,

and Eu € S while Au € H*" by assumption, hence B(Au) € H*™"+¢ as claimed.
The bound in the proposition follows from E : HM-N — Hs+m7+¢ heing bounded.

If Ae \11’;’7%, and B € \IJ;OT;’_Z is a parametrix, so BA —Id = E € V>0 then
the same argument gives, using £ : H*"+¢ — Hs+tm7+¢ hounded, the conclusion
that u € H57™ 7+ as well as the estimate. O

An immediate corollary is:

Proposition 3.21. Any elliptic A € \Ifgf(;{ is Fredholm as a map H®" — Hs—m-"—{
for all m,£,s,r € R, i.e. has closed range, finite dimensional nullspace and the
range has finite codimension. Further, the nullspace is a subspace of S, while the
annihilator of the range in HS~™"=% in the dual space H*T"™ "+t is also in
S. Correspondingly, the nullspace of A as well as the annihilator of its range is
independent of r,s; if A is invertible for one value of r,s, then it is invertible for
all.

Proof. If B is a parametrix for A, then B € L(H*~™"¢ H*") and E;, = BA —
Id,Er = AB —1d € U=°°°_ Thus Er,Er map H*", resp. H*~"™"~¢ to S con-
tinuously, and are thus compact as maps in L(H*"), resp. L(H*~™"~*). Then
standard arguments give the Fredholm property.

The property of the nullspace being in § is elliptic regularity. If v is in the
annihilator as stated, i.e. (v, Au) = 0 for all w € H®" then (A*v,u) = 0 for all
u € H>" so A*v =0in H™%~". As A* has principal symbol a, elliptic regularity
shows that v € S. |

Corollary 3.22. Suppose m,f >0, A € \I/g'?éf is symmetric on L? and is elliptic.
Then A is self-adjoint with domain H™*.



41

Proof. Tt suffices to show that A — o : H™¢ — L? are invertible for o € C \ R. As
m,{ > 0, these are elliptic regardless of o, thus Fredholm as stated, with nullspace
and cokernel, identified as the kernel of A*, in §. But the symmetry of A shows

that for u in the kernel, 0 = Im{(A4 — o)u,u) = —Imo|lul|?, so u = 0, hence the
kernel is trivial. Thus, the kernel of A* = A is also trivial, so A is surjective, thus
the desired invertibility follows. O

Corollary 3.23. Suppose m > 0, { > 0, A € \yg’gff is symmetric on L* and
Ofiber,m.£(A), T€SP. Obase,m e(A), is elliptic if m > 0, resp. £ > 0. Then A is self-
adjoint with domain H™*.

Proof. We have already dealt with m,¢ > 0; m,¢ = 0 is standard, so it remains to
deal with m > 0, £ =0 as m =0, £ > 0 is similar. Again, it suffices to show that
A— o : H™" — L? are invertible for & € C \ R. The principal symbol has a real
representative a (simply take the real part of any representative) and by ellipticity
at fiber infinity there exist co, R > 0 such that |a| > ¢o|¢|™ if |(| > R. We claim
that
la — o* = |a — Reo|> + | Tma|? > ¢(C)*™, ¢ > 0.

Indeed, for |a| > 2|Reo|, |a — Rea|?> > (la] — |Rea|)? > |a]?/4, so for [¢| >
R with ¢o|¢|™ > 2|Reo| the inequality follows. On the other hand, otherwise
] < max(R, (2¢; | Rea|)'/™), so ¢ is bounded, and then the Im o term gives the

desired inequality. So A — o is elliptic when Imo # 0, thus Fredholm as stated,
with nullspace and cokernel in §. Again, the symmetry of A shows that for u in

the kernel, 0 = Im((A — o)u,u) = —Imo|jul|?, so u = 0, hence the kernel of A — o
is trivial. Thus, the kernel of A* = A is also trivial, so A is surjective, thus the
desired invertibility follows. ([

We summarize our results so far for the Schrodinger operators:

Proposition 3.24. Let g be a Riemannian metric, g;; € C*> (R™), positive definite
on R", V € S7P(R™) with p > 0. Let H = Ay + V. Then for o € C\ [0,00),
H — o : H® — H*27" is Fredholm for all v, s, with nullspace in S. If V is
real-valued, then H is self-adjoint.

3.9. Variable order Sobolev spaces. We can now define variable order Sobolev
spaces.

Definition 3.6. Let A ¢ Wg}g, be elliptic, m > m, | > ¢. Let H™' be subspace of
H™* given by

H™ ={uec H™": Auc L?},
with norm

el s = Ml e + (| Aul|Z

Then H™! is easily seen to be a complete space, thus a Hilbert space, which
in the case of m,| being constant equal to m’, ¢, simply gives H™* Indeed, if
{u;}52, is Cauchy in H™! then it is Cauchy in H™*, so it converges to some
u € H™* in addition Au; is Cauchy in L? so converges to some v € L?. But
A: S8 — 8 is continuous, so Au; — Auin &', so v = Au € L?, thus u € H™'.
Further, as Au; — Au in L?, the completeness of H ™! follows.
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Moreover, different choices of both A and (m, ¢) are equlvalent in the sense that
they give the same space with equivalent norms: if Ae \115 6, is elliptic as well,

writing B € ¥s5 " as a parametrix, with E = BA —1Id € U, 5™,

Au = A(BA) — AEu = (AB)Au — (AE)u
with AB € \Ifgjg/, AE € W55, we deduce that Au € L2, and ||Au|?® <
C(||lull?m.c + ||Aul|2.), showing that the A-based norm is bounded by the A-based
norm. A similar argument gives the converse estimate, thus the equivalence of

norms.
‘We conclude

Proposition 3.25. An operator A € \If?(’;l, is bounded H*" — H*" ifm =s—¢
andl=r—r" (thusifm<s—s and | <r—r).

Proof. Let s,r be such that s <s,r <randm >m, { > . SuchanAE\I/mé,C

\I/mé, maps H" to H*™"¢ continuously. Further, if A € U$ 350 A e \IlS 5. are
elliptic, then with B € U5 BA-1d=FE¢€ s 50, then

A'Au = (A'AB)Au — (A’ AE)u,

with A’AB € \115 3 and A’AF ¢ W55, thus bounded on L?, giving the conclu-
sion. O

One then has a Fredholm and a self-adjointness statement as above for the
variable order setting.

3.10. Microlocalization. The elliptic parametrix construction can be microlocal-
ized, i.e. if the principal symbol of A is only assumed to be elliptic on (hence near)
a closed subset K of O(R™ x R™), one still can construct a microlocal parametrix B,
i.e. one whose errors BA —1d, AB —Id as a parametrix have wave front set disjoint
from K. To make this precise, first we define microlocal ellipticity:

Definition 3.7. We say that A € ¥" 5,, om.e(A) = [a], is elliptic at o € I(R™ x R™)
if o has a neighborhood U in R™ x R™ such that a|yngr»xr~ is elliptic, i.e. satisfies
(3.42) on U. We say that A is elliptic on a subset K of 9(R™ x R") if it is elliptic
at each point of K. The elliptic set Ell(A) is the set of points at which A is elliptic;
the characteristic set Char(A) is its complement.

We say that A € \Iloo ss Ooo.m.0(A) = [a], is elliptic at a« € R™ x 9R™ if a has a
neighborhood U in R™ x R™ such that a|ynr»xr~ is elliptic, i.e. satisfies (3.41) on
U. We say that A is elliptic on a subset K of R x OR™ if it is elliptic at each point
of K. One defines Ello(A), Chary (A) analogously to the above definition.

We also make the analogous definitions if m = m, £ = | are variable.

If Ae oy 5, 5, is elliptic on a closed (hence compact) K, then a covering argument
shows that a satisfies (3.42) on a neighborhood of K. A similar statement holds
for A € \Il’;’g.

Proposition 3.26. IfA € \115 5, (or A € \115 5,) is elliptic on a compact set K then
there exists B € \115 5 (resp. Be ‘1/5’5, ) such that Ef, = BA-1d, Er = AB-1d
satisfy WF'(EL)N K =0, WF'(Eg) N K = 0.
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Proof. If A is elliptic on K, there is a neighborhood U of K in R™ x R™ such
that a|yrrnxrn is elliptic, i.e. satisfies (3.42) on U. We may shrink U so that
|z + |¢| > R on U; thus |a|y| has a positive lower bound on all of U. Let q €
C>=(R™ x R™) be identically 1 near K, be supported in U, and let Q € ¥%° be given
by @ = qr(g). Thus, @ has principal symbol o ¢(Q) = q\a(@xw), and WF'(Q) C
U, WF'Id—Q) N K = (. Now let [a] be the principal symbol of A, let by =
= Sgg’?’_g since a is elliptic on U. Let By = qr(bo), 80 0_p,,—¢(Bo) = by and
WF'(By) C U. Let gy € C**(R™ xR™) be identically 1 near K, have disjoint support
from 1 —¢, so qo(1 —¢q) = 0, and let Qo = qr.(qo). Note that WF'(Id —Qo) N K = (.
Then Eo ;= Qo(BoA —Id) € U3, Eo g = (ABy —1d)Qo € W3, have vanishing
principal symbols, so Ey 1, Eo r € \I/(;;fzé’fpr%l. As in the globally elliptic case,
one may asymptotically sum the amplitudes ey, ; of (—1) E& ; to obtain Ej, such

that Fy = Ep — S0 (—1)1E] ; € Wy {72 FDm022000D o 4 N Thus,

(Id +E1)QoBoA = (Id+Er)(Eo,z +Id) + (Id +E1)(Qo — 1d)
N
= (1d+» (-1YE] , + Fx)(d+Eo 1) + (Id +EL)(Qo — Id)
j=1

=Id+(-1)"ME) T + Fy(Id+Eo 1) + (Id+EL)(Qo — 1d).
Now,
(VBN 4 Fy(Id +Eo ) € Wy {2 -2y

and is independent of N since it plus Id is
N
(Id+> (1) Ej , + Fy)(Id+Eo ) = (Id+EL)(Id +Ep,L),
j=1

s0 it is in W%~ and WF'((Id +E1)(Qo —1d)) € WF'(Qo — Id), which is disjoint
from K. Thus, we may take

Br = (Id +EL)Q()BO

as our microlocal left parametrix, and similarly obtain a microlocal right parametrix
Bgr. The parametrix identity (3.44) now shows that WF'(B;, — Bgr) N K = 0,
completing the proof.

The proof of the variable order case goes through without changes. O

One corollary is the following.

Corollary 3.27. Suppose u € ', A € \I/gng, and Au € H*" then for Q € \I/g’g,

with WF'(Q) N Char(A) = 0, Qu € H3+t™ "+ Further, for all M, N there exists
C > 0 such that

||Qu||Hs+7n,7*+€ S C(HA'U,HHS,T + ||'LLHHM,N).
There is also an analogue with variable order spaces.

Proof. Let B be a microlocal parametrix for A near WF'(Q). Then BA —Id = E
with WF'(E) " WF'(Q) = (). Thus,

Qu=Q(BA—- E)u =QB(Au) — (QE)u.
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Now, WF'(QFE) = WF' (Q) N WF'(E) =0, so QF € ¥=°7°°_and thus QFu € S,
while @B € \Il;gf’%, so the proof is finished as for global elliptic regularity. |

Here the assumption Au € H*®" is too strong; it only matters that Awu is such
microlocally near WF’(Q). That is:

Corollary 3.28. (Microlocal elliptic reqularity; operator version.) Suppose u € S,
A e \Ilg?(;{, and for some Q' € \Ilg:g,, Q'(Au) € H*". Then for Q € \I!g:(?, with
WF'(Q) C Ell(A) NEIN(Q), Qu € HT™ . Further, for all M, N there exists
C > 0 such that

1Quilzesmrse < CUIQ Aullszorr + [l prae.n )-

There is again an analogue with variable order spaces.

Proof. We just note that Q' A is elliptic on Ell(A)NEIL(Q’), so the previous corollary
is applicable. O

One can restate the corollary in terms of microlocalizing the distributions instead
of adding the microlocalizers explicitly as operators.

Definition 3.8. Suppose o € d(R" x R?), u € S'. We say that o ¢ WEF™"(u) if
there exists A € \I!g:(?, elliptic at o such that Au € H™*. We say that a ¢ WF(u)
if there exists A € \Ilgjg, elliptic at « such that Au € S.

For k,¢{,m € R, u € H**, WF;”O’Z(u) is defined similarly: if o € R™ x OR", we
say o ¢ WF™*(u) if there exists A € \1125075 elliptic at o such that Au € H™*. We

say that o ¢ WFy, ¢(u) if there exists A € U205 elliptic at o such that Au € H>~.
We also make the analogous definition for variable order spaces.

Notice that a priori the notion of WF™*(u) depends on 4,¢’, but in fact the
arguments below show that it in fact has no such dependence, see Lemma 3.30.

The most important property of WF and pseudodifferential operators is microlo-
cality:

Proposition 3.29. If A € \Ilg?(;{ and u € 8’ then
WF*"(Au) € WF'(A) N WES ™ ()

and
WF(Au) € WF'(A) N WF(u).
The variable order version of this statement also holds.
Proof. We need to show that
WF*"(Au) C WF'(A) and WF*" (Au) C WFSJ“mWH(u).

We start with the former, which is straightforward. Suppose o ¢ WF'(A). Let Q €
W00 be elliptic at a but with WF'(Q)NWF'(A) = 0; one can achieve this as WF'(A)
is closed, so one simply needs to take ¢ € C*°(R™ x R") equal to 1 near a and with
essential support disjoint from WEF'(A). Then WF'(QA) C WF'(Q)NWF'(A) = 0,
so QA € U7 thus QAu € S.

Now for the second inclusion. Suppose o ¢ WET™"+(y). Then there exists
B c \I'g”g, elliptic at o such that Bu € H™ 7+ Let G € \Ilg:g, be a microlocal
parametrix for B, so GB = Id +F with o ¢ WF'(E). Then Au = AGBu — AFEu,
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and AG € \I/g’?(;f, so AGBu € H*". On the other hand, o ¢ WF'(AE) C WF'(E).
So let @ € W20 be elliptic at « but with WF'(Q) N WF'(E) = (. Then QAFE €
Y%= and thus

QAu = Q(AG)(Bu) — (QAE)u € H®",
so a ¢ WF*"(u), completing the proof for WF*"(Au). The proof for WF(Au) is
analogous. (I

Note that the last part of the proof shows more:

Lemma 3.30. If o ¢ WF*"(u) then there is a neighborhood U of a such that for
all Q € VY, with WF'(Q) C U, Qu € H*".

Further, with the same U, for all Q € \Ifgf(;f with WF'(Q) Cc U, Qu € Hs~™"—¢,
The variable order version of this statement also holds.

Thus, while the wave front set definition is a ‘there exists’ statement, in fact it
is equivalent to a ‘for all’ statement, namely for all ) € \Ilg:g, with WF'(Q) in a
sufficiently neighborhood of o, Qu € H*". (The other direction is simply because
these @ include those elliptic at a.)

Also, as immediate from the proof below, one can take U to be the elliptic set

of the B € Wg:g,, elliptic at a, with Bu € H®", whose existence is guaranteed by
a ¢ WE*" (u)
Proof. Suppose a ¢ WF?®"(u). Then there exists B € \I/g:g, elliptic at a such
that Bu € H*"; let G € \Ilg:g/ be a microlocal parametrix for B, so GB = Id+F
with o ¢ WF/(E). Let U be the complement of WF'(E); this is a neighborhood
of . Then for any Q € \I/g:g, with WF'(Q) C U, QE € ¥=°"° 50 Qu =
QGBu— QEu € H*" as QG € U3y,

The second statement is proved the same way, noticing that QG € \Ilgngf now. [

An immediate consequence is:

Lemma 3.31. Ifu e S’ and WE™*(u) = 0 then u € H™".
Ifue H"' and WE™*(u) = 0 then u € H™".
The variable order version of this statement also holds.

Proof. Suppose u € 8" and WE™(u) = (. Then for all a € (R" x R?) there
exists U, open such that for all Q € ¥%° with WF'(Q) C Uy, Qu € H™*. Now
{Uy: a € R x R")}
is an open cover of the compact set J(R™ x R"), so there is a finite subcover, say
{Ua, : j=1,...,N}. Let Ua, be open in R* x R" with Uy, NO(R™ x R") = UL, .
Then, with U,, = R" x R”,
{Ua,: j=0,1,...,N}
is a finite open cover of R® x R”. Let Z;V:() g; = 1 be a subordinate partition
of unity, and let Q; = ¢r(g;). Then Z;V:() Q; = 1d, Qo € ¥~°7* since gy has
compact support, while for j = 1,..., N, WF'(Q;) C U, since suppq; C (NJ%

Thus, Q;u € H™* for all j, and thus u = > Q;u € H™* as claimed.
The argument for WF, is analogous. (]
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The distributional version of microlocal elliptic regularity then is:

Corollary 3.32. (Microlocal elliptic regularity; distributional version.) Suppose
ued,Ae \I':;Lg. Then

WEFSt™ () ¢ Char(A) UWF*" (Au).
The variable order version of this statement also holds.

Proof. Suppose o ¢ Char(A) U WF*"(Au), we need to show a ¢ WEFT™7(y,),
As a ¢ WF®"(Au) there exists Q' € \I/g:g, elliptic at « such that Q" Au € H*". Let
Qe \112;(‘3, be such that WF'(Q) C Ell(A) N El(Q’), note that the set on the right

is open and includes o. Then by Corollary 3.28, Qu € H*T™ "+t Taking @ which
is in addition elliptic at o completes the proof. (I

The consequence of what we proved so far for Schrodinger operators is:

Proposition 3.33. Let g be a Riemannian metric, g;; € C*> (R™), positive definite
on R, V € S7P(R™) with p > 0. Let H = Ay + V. Then for o € [0,00),
(H —o)u € H*" implies

WE**27(u) C {(2,¢) € OR™ x R" : Zgij(z)Cz’Cj =o}.

3.11. Diffeomorphism invariance. Finally we note the diffeomorphism invari-
ance of pseudodifferential operators.

Proposition 3.34. Suppose F' : O — U is a diffeomorphism between bounded open
subsets O and U of R™. Suppose A € ‘If?o’fs (R™), with Schwartz kernel supported in

a compact subset of U x U. Then Ap = F*A(F71)* € \Iﬂl‘é. Furthermore, with

DF(z) the Jacobian matriz of F, i.e. with kj entry 0;Fy(z), and with t denoting
R™-adjoint (i.e. j, k reversed),

WE'(Ap) = {(2,¢) : (F(2), (DF)(z)7'¢) € WF'(A)},

and
Toom t(AF)(2,C) = 0oom,e(A)(F(2), (DF)'(2)71().

Remark 3.35. The principal symbol here shows why we had a single parameter §
giving the losses in (¢) upon differentiation in either z or ¢: differentiation of the
principal symbol of Ap in z gives rise to ¢ derivatives as well in that of A. Thus, to
have the class diffeomorphism invariant, the losses under z derivatives have to be at
least as large as those under (-derivatives. Thus, the {-derivatives (which are the
derivatives tangent to the fibers of the cotangent bundle of R™, thus are invariantly
defined) are necessarily better (in the sense of ‘no worse’) behaved regarding these
losses than the z-derivatives. If one also wants Fourier-invariance, one needs the
opposite inequality as well, hence the equality.

Remark 3.36. Notice that if one writes a covector as ), n dwy, then its pull-back
under the map F' (with F(z) = w for clarity) is ), mi (0;F))(2) dz;, i.e.

G =Y _(0;F)(2)m = (DF)!(2)n);,
k

so ¢ = (DF)'(z)n. This means that (DF)!(2)7'¢dw is the pull-back of ¢ dz by
F~1 ie. the wave front set and the principal symbol are well behaved (invariant)
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if we regard them as subsets of T*R™ \ o, resp. functions on T*R™ \ o: with F* :
THR™ — THR™ the map induced by pull-back of covectors by F', and similarly for
(F~H)#: THR™ — TR, so ((F~1)%)* maps functions on TjR™ to those on TR™,
then

Toom t(AR) = (F71)")* 000 ,m.e(A),
and

WE'(Ap) = (F~1)F)~H(WF'(4)).

Proof. Let G = F~! to simplify the notation.

First we consider the off-diagonal behavior. To do so, suppose more generally
that A : & — &' continuous linear with Schwartz kernel supported in U x U (so
A need not be a ps.d.o). We claim that, with K4 the Schwartz kernel of A, the
Schwartz kernel K4, of A is the (compactly supported) tempered distribution

(3.47) Ka, =((Fx F)"Ka)(rg|det(DF))|),

where mr : R® x R™ — R” is the projection to the second factor. Indeed, if K 4 is
Schwartz (i.e. just C*°, in view of the support) then, with Apu also considered as
a distribution in the second expression,

Kap(u®0) = () = [ (Aru)(a) o) dz
:/A(G*u)( dz—/KA W) GHu(w') v(z) du' dz
— / Ka(F(=), 0 )u(G(w)) v(z) du' dz
_ / Ka(F(2), F())u(+') v(z) | det DF ()| 2’ dz,

giving the above result for K 4,.. Since Schwartz functions with compact support in
O x O are dense in tempered distributions supported in O x O, and since the opera-
tions in (3.47) are continuous, the result follows for general tempered distributions
Ka.

Applying this to the case of pseudodifferential operators A, which have C*
Schwartz kernel away from the diagonal, we conclude that Ar has C*° Schwartz
kernel away from the diagonal. In particular, when considering the behavior near
the diagonal, it suffices to work in a suitably small neighborhood of the diagonal.

We have from the definition of A,

Arpu(z) = (A(GT))(F(2)) = (27T)_"/ei(F(z)_“")'”a(F(Z),w’,n)u(G(w’))dw’ dn.

Letting 2’ = G(w'), the change of variables formula for the integral gives
Apu(z) = @n) " [ PO TENGF ), P, pu() | det(DF) ()| ' dn.

This is almost of the desired form, except the appearance of F(z) — F(z’) instead
of z — 2’ in the exponent. To deal with this, we use the easiest case of Taylor’s
theorem (which really means the fundamental theorem of calculus in this context),
n
Fe(2) = Fu(2) = > (2 — #) Frj(2,2)

Jj=1
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with .
Fyj(z,2') = / (0;F)(tz+ (1 —t)2') dt,
0

SO
Fij(z,2) = 0;Fk(z)
is the Jacobian matrix of F'. More generally, let us write
D(z,2") = (0;Fr(2,2"))ij

for this matrix. Thus, the exponent is

n

(e )il e = 30— )6

k=1 j=1 j=1

where
n
G =Glz2n) = Fij(z2)m = (®(z,2")n);.
k=1
Note that the map
(Z’ Zl’ 77) H (Z7 Z/’ <(27 Z/’ 77))
is a diffeomorphism, linear in 7, if (z,2’) is close to the diagonal. Indeed, since F
is a diffeomorphism, ®(z, z) is invertible, and thus so is ®(z, 2’) for (z, z’) near the
diagonal, so the inverse of the above map is simply
(2,2,0) = (2,7, 07(2,2)710).

Changing the variable of integration from 7 to  gives, as

|d¢| = [ det(® (2, 2")"| [dn| = | det @ (=, 2")||dn],

Apu(z) = @n) " [ € ol F @), (), (01(2,2) ()
|det ®(z, 2")| "t det(DF)(2")| dz" d¢

= (27r)7”/ei(zle)'gap(z,z/,C)u(z') dz' d¢
with
ap(z,2,¢) = a(F(2), F(2'), (®(2,2)71¢)| det ®(z, 2/)| 7| det(DF)(2')).
Thus, checking
ap € ng;
completes the proof. For this purpose the two determinant factors are irrelevant as
they are C*°. Thus, it remains to note that D, applied to

a(F(2), F(2'),(®7(,2) ()

again simply gives additional smooth factors, while D, or D, applied can either
correspond to derivatives of a in the first or second slot, in which case they are
harmless, or in the last slot when they give a factor in {, but also lower the symbolic
order by 1, thus preserving the estimates.

The principal symbol statement follows from the cancellation of the determinant
factors when one restricts to z = 2/, and that (®7(z,2"))~! is (DF)(2)~! then;
this also gives the wave front set statement. [

In fact, the same proof gives:
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Proposition 3.37. Suppose F': O — U is a diffeomorphism between open subsets
O and U of R™. Suppose A € \I/gféf, with Schwartz kernel supported in a compact

subset of U x U. Then Ap = F*A(F~1)* € \I/gg?. Furthermore, with DF(z) the
Jacobian matriz of F, i.e. with kj entry 0;Fy(z), and with t denoting R™-adjoint
(i.e. j,k reversed),

WF'(Ar) = {(2,0) : (F(2),(DF)'(2)7'¢) € WF'(A4)},
and

T 0 (AF)(2,¢) = Toom(A)(F(2), (DF)'(2) 7).

The point here is that for F' as stated, DF is an elliptic symbol on O of order
0, and thus the near-diagonal argument goes through: in fact, one even gets the
invertibility of ®(z,2’) for (z,2’) in a conic neighborhood of the diagonal (as fol-
lows by working with valid coordinates on the compactification, and noting that a
neighborhood in this compactified perspective gives a conic neighborhood without
the compactification). The Schwartz kernel of ps.d.o’s outside such a neighborhood
is Schwartz, hence the off-diagonal piece pulls back correctly as well.

We can now use our results to analyze Fredholm problems in geometric settings.
Note that the diffeomorphism invariance lets us define ¥3*(X) when X is a compact
manifold:

Definition 3.9. For X a compact manifold (without boundary), 6 € [0,1/2),
U (X) consists of continuous linear maps A : C*°(X) — C>(X), whose Schwartz
kernel is C*° away from the diagonal in X x X and with the property that if U is
a coordinate chart with ® : U — U C R™ a diffeomorphism then for x € C°(U),
(@~1)*xAx®* € UJ.

Notice that we could have used \Ilgnéf in the definition for any ¢’ € [0,1/2) and
¢ € R, or instead U™ without changing ¥§"(X) since the image of supp x under

00,8
® is a compact subset of R™. 5
_ Notice also that if U,V are both coordinate charts with @ : U — U, E: V —
V and if suppx C U NV, then the statements that (®~1)*yAy®* € \Ilg"’o and
(271 xAXE* € U are equivalent since if for instance (®~1)*xAx®* € ¥,
then so is

(E7H)*YAXE* = (P o 571)*(@71)*)@4){@*)(5 od1)*

as 2o ® ' : U — V is a diffeomorphism of subsets of R" so Proposition 3.34
is applicable. Thus the ‘for all’ statement (i.e. for all coordinate charts) in the
definition can be replaced by an open cover and a subordinate partition of unity.

Finally, notice that the C* off-diagonal statement is reasonable because if B €
\Ilgféo and ¢ € C2°(U) then ®*Bip(®~1)* has C>° Schwartz kernel away from the
diagonal (since B has this property), so this is not an additional restriction, and we
may simply regard pseudodifferential operators on R™ with support in a coordinate
chart as pseudodifferential operators on X.

This also lets us define the principal symbol of A as a function on T*X \ o: if
® : U — U is a coordinate chart, K C U compact and y € C®(U) with x = 1
on a neighborhood of K, then we let the principal symbol of A on T} X be the
pullback of the principal symbol of (®~1)*yAx®* on TER" = U x R™ by (1%
as a consequence of Remark 3.36 this is well defined independently of the choices
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of ® and x. Here for A € ¥7}(X) one can regard the principal symbol as a homo-
geneous degree m function on T*X \ o, or if m = 0 then on S*X = (T*X \ 0)/R*
(with the quotient corresponding to R™ acting on the fibers of T*X via dilations);
in general it is an element of SP*(T*X)/Sy~*T2°(T*X), where the symbol space
Sy (T*X) C C*°(T*X) is locally the pullback of SZLO’O(R";R") via (1%, again,
different coordinate charts give the same space in the overlap. Similarly, one defines
WF’(A) as the inverse image of WF'((®~1)*xAx®*) under (®~1)%. In particular,
the notion of the principal symbol allows us to talk about elliptic operators; an
operator is elliptic if its principal symbol is invertible, or equivalently if the local
coordinate version of the principal symbol is elliptic. One still has a short exact
sequence

0 — WP 20 (X) - U(X) — SP(T*X) /Sy H(T* X) — 0,

with the key point being the surjectivity of the penultimate map. This follows
by taking a € S§*(T*X), using a partition of unity ), xx = 1 subordinate to a
cover {Uy : k =1,...,K} by coordinate charts, ® : U, — Uy, and taking the
quantization

q(a) = Z O rqr (24 1)* (xxa)) vr (@)%,
k

where ¢y, € C° (Uk) is identically 1 near the image of supp xx under ®;. The state-
ment ¢(a) € U5 (X) follows by our remarks regarding the C* off-diagonal behavior
and that it suffices to check the pseudodifferential property by a single cover by
coordinate charts; the principal symbol is then easily seen to be Y, ®5(¢7)xra = a.

Thus, if X is a compact manifold, and P € ¥§*(X) is an elliptic operator (i.e.
its principal symbol is invertible everywhere), then we can construct a parametrix
Q for P:

Ep = QP —1d,Er = PQ — Id € U~>°(X).

Indeed, one simply repeats the construction on R"”, by first inverting the principal
symbol p of P to get Qo = p~', By = PQo —1d € \115_1+25(X), then consider
the Neumann series Z;’;l(—l)j Eg. In order to sum it, use a partition of unity
>k Xt = 1 corresponding to an open cover {Uy : k=1,..., K} of X by coordinate
charts, let ¢y € C°(Uy) be identically 1 on supp x, so QSkEng is supported in
U, x U, and (q),;l)*(bkEéqu);‘; is an element of \I/gj(k%)
ymptotic summation on R™, i.e. write (@, ')* ¢ Ejxx®; = qr(ex;) and for each k

. Then we can use as-

asymptotically sum in j to get €, ~ 377 (=1) ey, j, and let By, = qr(&). Letting
Yy € C?(Uk) (with U, the image of Uy under ®y), Yy identically 1 near supp ¢y,
Ey = O3 By (94 1)",

K
Q= Qo(Id+ Z Ey)
k=1
provides a right parametrix. A left parametrix can be constructed similarly, and
their equality modulo ¥~°°(X) can be shown as on R™.
Since ¥~°°(X) is bounded between any Sobolev spaces on X, we immediately
obtain a Fredholm statement.

Proposition 3.38. Any elliptic A € ¥§(X) is Fredholm as a map H*(X) —
Hs=™(X) for all m,s € R, i.e. has closed range, finite dimensional nullspace and
the range has finite codimension. Further, the nullspace is a subspace of C*(X),
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while the annihilator of the range in H*~™(X) in the dual space H=*T™(X) is also
in C*(X). Correspondingly, the nullspace of A as well as the annihilator of its
range is independent of s; if A is invertible for one value of s, then it is invertible
for all.

There is an immediate analogue of all these results in the scattering algebra on
manifolds with boundary.

Definition 3.10. For X a compact manifold with boundary, \I/fclé 5 (X) consists of
continuous linear maps A : C*(X) — C>(X), whose Schwartz kernel is in C> away
from the diagonal in X x X and with the property that if U is a coordinate chart with
®:U — U C R" a diffeomorphism then for x € C°(U), (®~1)*xAxd* € \I/g’fgf.
One writes W74(X) = W00 o(X).

Note that this definition states that the Schwartz kernels of elements vanish to
infinite order, i.e. decay rapidly, away from the diagonal on X x X, in particular
near (y,y") if y £y, y,y € 0X. Again, this is a reasonable definition for elements
of \Ifgjéé have this property on R x R", and thus for B € \I/g’?(;-f, x € C°(U), one
has ®*yBx(®1)* € \I'gf(;{(X ) automatically. (This also uses that again in the
overlap of coordinate charts the pullback pseudodifferential operator statements
are equivalent due to the same argument as for the boundaryless case considered
above.)

In this case thde natural phase space is T* X, which is locally, near a point on 90X,

dx Yj

spanned by %, =% if x is a local boundary defining function, y; are coordinates on

0X. Alternatively, this is locally simply the pullback of the bundle R? x RF — R?
via ®. Indeed, in local coordinates on R™ near a point on JR™, which can be
taken as (z,y), = |2|7! = r~!, y local coordinates on S*"~1, (dz is a smooth
non-degenerate linear combination of i—ﬁ = —dr and d% = rdy; as is well-known,
showing that locally R? x R’CL is naturally identified with S¢T*X.

Then for A € \IJZZ’Q(;/(X ), the principal symbol is naturally an element of
m,l * m—1+4258,0—1425" *
Sy (T X) /Sy T2 T (T X)),

One still has a short exact sequence.

One also has the scattering Sobolev spaces HZ:" (X)), defined naturally as Hilbert
spaces up to equivalence of norms, by saying that a tempered distribution u €
C—°°(X) is in H%"(X) if for all coordinate charts & : U — U, and for all y € C*(U),
we have (®71)*(yu) € H*". Equivalently, one may require that for some (and
hence for all) elliptic A € ¥ (X), Au € L2,(X), where L2,(X) is the scattering
L?-space, i.e. one given by a density R"-locally equivalent to the standard L? den-
sity on R"™, and which can thus be taken to be of the form 2~ " 'v where v is a
standard density on X, and z a boundary defining function. (Notice that locally
" Ydady, ... dy,—1| = v 1|drdyi,... dy,_1|, showing the local equivalence
to the Euclidean version.)

The elliptic parametrix construction also goes through resulting in the Fredholm
statement:

Proposition 3.39. Any elliptic A € \I/;'éjg’(;/ (X) is Fredholm as a map HE"(X) —
H:C’m’T*K(X) forallm,l,s,7 € R, i.e. has closed range, finite dimensional nullspace
and the range has finite codimension. Further, the nullspace is a subspace of C*(X),
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while the annihilator of the range in H3-™"~*(X) in the dual space H*+t™~"+(X)
is also in COO(X). Correspondingly, the nullspace of A as well as the annihilator
of its range is independent of v, s; if A is invertible for one value of r,s, then it is
invertible for all.

Further, tempered distributions v € C~°°(X) have wave front sets WFg.(u),
WEFZ" (u), which are subsets of 3¢T* X, can be defined either via local identification
with R”, or again directly by saying a ¢ WF2" (u) if there exists A € U3 (X),
elliptic at a, such that Au € L2 (X).

An immediate application is to the Laplacian of Riemannian scattering metrics
(introduced by Melrose in [30]) which are Riemannian metrics g on X° which near
0X have the form

dx? h

xt a2’

where h is a symmetric 2-cotensor on X such that at 90X, h restricts to be positive
definite on TOX. These generalize the Euclidean metric on R” as taking x = 1
shows. Such g is a symmetric section on Sym?¢T*X, and its dual gives a fiber
metric on **T*X. Correspondingly, Ay = djd € Diff2,(X). For V € S—*(X),
p > 0, we then have Ay, +V — o elliptic if ¢ € C\ [0, 00), and we have the following
analogue of Proposition 3.24 and Proposition 3.33:

g:

Proposition 3.40. Let g be a Riemannian scattering metric on X, V € S7P(X)
with p>0. Let H=A,+V.

Then for o € C\ [0,00), H—o0 : HS"(X) — H:727(X) is Fredholm for all r, s,
with nullspace in C*°(X). If V is real-valued, then H is self-adjoint.

Further, for o € [0,00), (H —o)u € HZ" implies

WEL () € {(2,¢) € *T5x X+ g2'(¢,¢) = o}

While we have not added vector bundles, this is straightforward using local
trivializations in the spirit of Definitions 3.9-3.10, i.e. a pseudodifferential operator
acting as a map between sections of two vector bundles is an operator with a
C°°, homomorphism valued, Schwartz kernel away from the diagonal which in local
coordinates, which at the same time are trivializations of the bundles, is given by
a matrix of pseudodifferential operators.

This completes our study of basic microlocal analysis. In the next section we
turn to propagation phenomena.

4. PROPAGATION PHENOMENA

4.1. The propagation of singularities theorem. We now understand elliptic
operators in W; the next challenge is to deal with non-elliptic operators. Let’s
start with classical operators, and indeed let’s take m = ¢ = 0. Thus, A = qr,(a),
a € C>(R™ x R™), s0 0¢o(A) is just the restriction of a to d(R™ x R™). Ellipticity
is just the statement that ay = al O(R7 <) does not vanish. Thus, the simplest
(or least degenerate/complicated) way an operator can be non-elliptic is if ag is
real-valued, and has a non-degenerate zero set. As J(R™ x R™) is not a smooth
manifold at the corner, OR™ x OR™, one has to be a bit careful. Away from the
corner non-degeneracy is the statement that ag(«) = 0 implies dag(«) # 0; in this
case the characteristic set, Char(A4) = ag *({0}), is a C* codimension one embedded
submanifold. At the corner, for a € OR™ x OR™, one can consider the two smooth




