MATH 210A, FALL 2017
HW 9 SOLUTIONS
WRITTEN BY DAN DORE

(If you find any errors, please email |[ddore @stanford.edu)

Let V be a vector space over a field F, and let w: V x V — F be an alternating form.
An w-symplectic basis is an ordered basis a1, b1, a2, ba, . . ., an, b, for V with the property that

w(a;,b;) =1 foralli
w(ai,aj) = w(ai,bj) = w(bi,aj) = w(bi,bj) =0ifs 75]

Question 1. Suppose that w is a nondegenerate alternating form over an arbitrar field F.
Prove there exists an w-symplectic basis.

Solution. Note that in particular, we are showing that any vector space which admits an alternating non-
degenerate form has even dimension 2n. We will show by induction on n that a vector space of dimension
2n with a non-degenerate alternating form admits a symplectic basis and that a vector space of dimension
2n + 1 does not admit a non-degenerate symplectic form. The base case is n = 0. When V' has dimension 0
the claim is vacuously true. When V' = F - e has dimension 1, there cannot be a non-degenerate alternating
form w on V: w(xe, ye) = xyw(e,e) = 0 for any x,y € F.

Now, both inductive steps will rest on the following lemma:

Lemma 1. Let V be a vector space with a non-degenerate alternating form w on V. If V; C V is a two-
dimensional subspace with basis vectors e, f with w(e, f) = 1, then if V5 := V- = {v € V | w(v, V}) = 0}
is the orthogonal complement of V; in V' with respect to w, we have V' = V; & V3 and furthermore wly, is
alternating and non-degenerate.

Before we prove the lemma, let’s see why it suffices for both inductive steps. For arbitrary a € V, there
1
w(a,b)
a and b are linearly independent (because otherwise w(a,b) = w(a, ca) = cw(a,a) = 0). So let V; be the

exists b’ € V with w(a,b’) # 0 by nondegeneracy. Taking b = b’ we have w(a,b) = 1. In particular
space of a, b. Thus, we may apply the lemma. In particular it implies dim Vo = dim V' — 2. If the dimension
of V is odd, so is the dimension of V5, but the lemma shows that w|y;, is an alternating non-degenerate form
on V5. By induction, we know that this is impossible.

If the dimension of V' is even, so is the dimension of V5, so we may find a symplectic basis aq, bo, . . . , an, by,
for V5. Then letting ay = a,b; = b, we can see that ay, b1, a2, bo, ..., an, b, is a symplectic basis since
w(ay,b1) =1, ag, by, ..., an, by is a symplectic basis for V5, and a1, by live in the orthogonal complement
to V5.

Now, we must prove the lemma:

Proof. First, note that 17 N Vo = 0. To see this, let ce + df € V; with ¢,d € F. If this is in V5, then we have
0=w(ce+df,e) =dw(f,e) = —dand 0 = w(ce + df, f) = cw(e, f) =c¢,s0c=0and d = 0.

Now, we need to show that V = V7 + V5. To do this, since V3 N Vo = 0, it suffices to show that
dim V5 = dim V' — 2. Now, the bilinear form w induces amap w: V — V" by sending v € V to the map

"Note we do not need to assume anything about which elements are squares, nor anything about char F.
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w — w(v,w). Non-degeneracy of w means exactly that w is injective: if w(v,w) = 0 for all w € V, then
v = 0. Since V, V" are vector spaces of the same finite dimension, this implies that & is an isomorphism.

V5 exactly consists of the v such that w(v)|y, = 0. But the map from V'V to (V7)" sending ¢ to |y, is a
surjection onto the two-dimensional vector space (V7)V, so its kernel has codimension 2 in V. Therefore,
V5 has codimension 2 in V', so we have shown V' = V; @ V5.

Now, we need to show that w|y, is alternating and non-degenerate. The fact that it is alternating is
obvious: for v € Va, w|y,(v,v) = w(v,v) = 0. To see that it is non-degenerate, fix some v € Va. We
need to find some w € Vs with w|y, (v, w) = w(v,w) # 0. Since w is non-degenerate, we may pick some
woy € V with w(v,wp) # 0. Since V' = V| & V5, we may uniquely write wy = w; + wg with w; € V;. Then
we have w(v, wp) = w(v,wr) + w(v,w2) = w(v,ws), since wy; € V; and Vs is w-orthogonal to V;. Thus,
w(v,ws) # 0, so we are done. O

Question 2. Let V be a 2n-dimensional vector space over F. Recall that V'V denotes the dual vector space
VY = Homp(V, F).
Let w: V x V — F be an alternating form. We can view w as an element of A*(VY).

(make sure you understand how this correspondence works)

Is it true that w is nondegenerate as a bilinear form if and only if w A - - - Aw € /\2”(VV) is nonzero?

Solution. First, let’s make the correspondence between the space of alternating forms on V' and /\Q(Vv)
precise.

Proposition 2. For a vector space V' ~ F2" there is a natural linear isomorphism w + ev,, between /\sz
and the vector space of alternating bilinear forms on V.

Proof. Note that the space of skew-symmetric bilinear forms on V' is canonically isomorphic to ( /\2V)V:
the universal property of exterior powers says exactly that a linear map from /\2V to R is the same thing as a
skew-symmetric bilinear form on V. So we are defining a map from A*(VY) to (A?V)Y. We define this
by mapping ¢ A ¢ to the bilinear form evypy @ (v, w) = @(v)Y(w) — 1(v)p(w). Since this map is clearly
linear in each of v, w, ¢, 9, this at least defines a map from V¥ ® V¥ to (V @ V). Since evony = —€Vynp,
it factors through the canonical projection V¥ @ VY — A%(VV), so it gives us a map A*(VY) to (V @ V)V,
Finally, since evpny (v, v) = p(v)1)(v) — ¢(v)1(v) = 0, the image lands inside the subspace of alternating
forms (V A V)Y C (V ® V)Y. Note that this definition makes it clear that ev, is functorial in V, i.e. that if
T:V — W is alinear map, then

eV (ong) (V15 V2) = eV (e pnarey) (1, V2)

(T (v1))¢(T (v2)) = (T (v2)) (T (v1))
= evpy(T'(ve), T'(v2))

= (T"evp,p)(v1, v2)

We can compute what this is explicitly in a basis (note that the above construction was basis-independent!)
V1, .. ., V9, of V, with associated dual basis v', ..., v*" of V'V (defined by v*(v;) = 8%). Forw € AZ(VV),
we may write w = >, . aijvt ANvl, v =3 bv;, and w = >_; ¢jvj. Then we have

ve(v, ’U)) = Z az-j(bicj — bjci) (1)

i<j

2



We can check explicitly that this is alternating: if b; = ¢;, thisis ), _ ; @ij (bibj — b;b;) = 0. To see that the
map is an isomorphism, note that for i < j, ev,,(v;,vj) = a;;. Thus, if ev,, = 0, we have a;; = 0 for all
i < j,s0w = 0. This shows that ev, is injective, and since A*V and (A*V") both have dimension (22"),
we conclude that ev, is an isomorphism. O

We can show one direction right away: if w A -+ Aw # 0 in /\zn(VV), then ev,, is non-degenerate.
Indeed, assume that ev,, is degenerate so that there exists some v € V' with ev,, (v, w) = 0 forallw € V. Let
Vi =F -v,and let W = V/V). Then also ev,,(w, v) = —ev, (v, w) = 0, so ev,, descends to an alternating
form on W. By functoriality of the map w — ev,,, this means that w is in the image of the natural inclusion
AZ(WY) — A2(VV). Thus, w A --- Aw € A*™(VV) is in the image of the natural inclusion of A*™"(WVY).
But this space is 0 since W has dimension 2n — 1.

We can also work explicitly in a basis: assume that ev,, (v, w) = 0 for all w € V. Then we can choose
a basis v1, ..., vz, of V with v; = v. Let p',..., ©*" be the dual basis of V'V, i.e. ¢'(vj) = &5. Write
W=, aijo' Al Thenforall j = 1,...,2n, we have 0 = ev,,(v1,v;) = a1;. Thus, ¢! does not occur
in the expression for w, so w is in A?V”, where V" is the span of ©2, ..., ", Thus, A™(w) is in A*"V’ = 0,
so A" (w) = 0.

Now, assume that ev,, is non-degenerate as a bilinear form. By Question 1, we may pick a symplectic
basis ai, b1, ..., an, b, for V,ie. evy(a;, b)) = 1 and evy,(as, aj) = evy (b, bj) = evy(ai, bj) = 0 for all
i#j. Ifweleta',b', ..., a"™ b" be the dual basis for 1V and express w in terms of this basis, Equation (1]
shows thatw = a' Ab! +a? Ab? + -+ +a™ A D™

We may compute explicitly that w A -~ Aw = nl (a' Ab' Aa? A+~ Aa® ABY) € N*(VV): this
is done in the solution to Question 1 on HW8 (while the computation there is stated in the case F = R,
this assumption is only used to conclude that n! # 0). Thus, we see that (because n! # 0 in a field F iff
char(F) > n):

Proposition 3. If w € /\2(VV) for a vector space V' of dimension 2n over a field F, w A - - - Aw # 0 iff ev,,
is non-degenerate and char(F) > n.

Question 3. Let F, be a finite field of order ¢ and characteristic p # 2, and let V' be a 2-dimensional vector
space over Fy. Let us say a “quasi-deﬁnit% form” is a symmetric bilinear formw: V' x V' — F, with the
property that w(v,v) # 0 forallv # 0 € V.

(a) How many different isomorphism classes of quasi-definite forms are there?
Please begin your answer by giving the number of isomorphism classes, and then giving one clear
representative of each isomorphism class (and then prove your answer is correct, of course).
Note that the answe may depend on properties of g or F,,.

(b) (Optional) Same question, but when ¢ = 2k
Solution. (a) We will prove the following:

Proposition 4. If F, is a finite field of order ¢ and characteristic p # 2, V is a 2-dimensional
vector space over Fy, and w is a quasi-definite form on V/, there is a basis e, es of V' such that

2“quasi-definite” isn’t an official term; I made it up because it’s kind of like positive-definite, except of course “positive” doesn’t
mean anything in F
3but of course the number is finite, because there are only finitely many set functions V. x V — F,



w(er,e1) = Lw(er,ea) = w(ez,e1) = 0, and w(ez,e2) = —d where d € F is not a square.
Furthermore, the bilinear forms arising from any two choices of non-square d are isomorphic.

To see the second statement, note that by replacing e2 with aes for a € F, we replace d with a’d and
otherwise keep the same form. Thus, only the class of d in F /(F )2 matters. But FJ is acyclic
groupisomorphic toZ/(q—1)Z,s0oas2 | (¢ —1), F;/(qu)2 ~ Z/2Z, so the requirement that d is
not a square uniquely determines its class in F /(F )2.

Proof. Let vy # 0 € V be arbitrary and let V5 be the orthogonal complement Vo = {v € V|
w(v1,v) = 0}. Since w(vy,v1) # 0, v1 € V. As w is non-degenerate, the proof of Lemmacarries
through to show that dim V5 = 1, so we can choose some vy € V5 such that {v1, v2} is a basis for
V. Letw(vi,v1) = di, w(va, v2) = da. By replacing v; with a;v;, we can change the d; by squares,
so only the classes of d, dy in F¢ /(F)? matter. Then, the condition that w(v, v) # 0 for all v says
exactly that there are no solutions with a, b € F to the equation:

0 = w(avy + bug, avy + buy) = a’dy + b%dy

Rearranging and dividing by b? and d;, this says that —dy/d; is not a square in F,. Thus, since
Fr/(Fy )2 =~ Z/2, exactly one of d; and —d is a square. If d; is a square, we can arrange that d; = 1,
and this suffices to prove the proposition. Now, if —1 is a square in F;, we could conclude that d is
a square and switch the roles of d; and ds to conclude as above. In general, we need to prove that if
w(-, -) is a quasi-definite symmetric bilinear form on a two-dimensional vector space V over F, then
there is some v € V such that w(v, v) is a square. Since scaling V by a € F, changes w(v, v) by a?,
we see that this is equivalent to saying that there is some v € V' with w(v, v) = 1. In order to prove
this, we will actually prove a stronger statement:

Lemma 5. If w is a quasi-definite symmetric bilinear form on a vector space V' of dimension 2 over
F, with characteristic p # 2, then the map Q.,: V' — F, defined by v — w(v, v) is surjectiv

Proof. As above, we may choose a basis v, ve for V' such that w(vy,v2) = 0, w(vy,v1) = dy, and
w(vg,v2) = dy. By replacing w by o’ = dl_lw, we may assume that d; = 1 (if Q). is surjective, then
Q. = d1Q,y is surjective, as multiplication by the unit d; is surjective). Thus, we may assume w is of
the form ((1) _Od) with d non-square. Then Q,(avy + bvg) = a® — db>.

Since Q. (xv) = #%Qu(v), Q. is surjective iff it is surjective onto F /(F)?. Since we are assuming
Qu(avy + bug) = a® — db?, we see that Q,(v1) = 1, which is a square. Thus, we must show that the
image of Q,, in F* is not equal to (F)?. Assume for the sake of contradiction that this is the case.
Then, in particular, —d = Q,,(av1 +bvs) is a square ¢?, so we have Q,(avy +bvz) = a?+ (cb)?. Then
since ¢ # 0,if ' € F*, we may take b = Vet 50 Qu(avy +bvg) = a? + (b')?, so for any a, b’ € F,
a® + (1')? is a square. Since avy + bvg # 0, a® + (V')? is a non-zero square by quasi-definiteness of w.

*More generally, any finite subgroup of the multiplicative group of a field is cyclic. This is because for any n, the number
of solutions in a field F of the equation ™ = 1 is at most n. Thus, if G C F* is a subgroup such that every element of G
has order dividing n, then |G| < n. Now, if G C F* is finite, by the structure theorem for finitely generated abelian groups,
G=Z/n®Z/n2@---®Z/nyforni | nz | --- | ng. Then every element of the subgroup Z/n; @ Z/ns has order dividing ns,
but there are n1 - no elements, so n; = 1 by the above discussion. Then we can induct on & to conclude.

>This is the quadratic form associated to w



(b)

In particular, 2 = 12 + 12 is a square x2, so 3 = 12 + 22 is a square, and continuing on like this we see
that 1 + 1+ ---+ 1 € F, is a non-zero square for any number of 1’s. However, taking p 1’s, this sum
is 0, which gives the desired contradiction. O

As shown above, this suffices for the proof of the problem. O

As a side note: we may interpret the surjectivity result in Lemma 5 a little bit differently, using the
arithmetic of field extensions of finite fields. Consider the quadratic field extension F 2 /F, defined by
adjoining a square root of d to F; (as any two non-squares in F; differ by multiplication by a square,
there is a unique such extension). We know that Fqé is cyclic of order ¢> — 1 = (¢ — 1)(¢ + 1), and
F is its unique subgroup of order ¢ — 1. Thus, F\ = {291 | z € F 2}, ie. the map  — 297 gives
a surjection from F 2 to F,.

An element of F ;2 may be written uniquely in the form a + bv/d, and Q,,(av; + bvy) = a® — db® =
(a 4+ bV/d)(a — bv/d). Thus, if we identify V' with the two-dimensional vector space F 2 by sending

v1 to 1 and vs to d, @), becomes the map x — xT, where a + bvd = a — bv/d. The map x — T is
unique non-trivial field automorphism in the Galois group of F 2 over F, since it exchanges the two
roots of the polynomial X2 — d. Thus, we may identify Q,, with the norm N (z) = 27, and we want
to show that this is surjective. In order to do so, we will show that N'(x) = 29", identifying Q, with
the surjective map z +— z9%! from F ;2 to F. This amounts to verifying that 7 = 7.

Since F 2 has characteristic p and ¢ = p¥ for some k, we have the identity (z4y)9 = x74y?: when we
take the binomial expansion, all other coefficients are divisible by p. Thus, (a+bvd)? = a?4b9(v/d)4.
Since F; is cyclic of order ¢ — 1 and a,b € F, a?™1 = p7=1 = 1, so we have:

(a4 bVd)? = a + b(v/d)*

Thus, we must show that (v/d)? = —/d. Since Vd € FqX2 \ FX, we know that (v/d)?~* = 1 but
(Vd)i=! £ 1, as F is the subgroup of F;2 of elements with order dividing ¢ — 1. Thus, (v/d)? # V/d.
This shows that the map x — z? is a field automorphism which is non-trivial, so it must coincide with
x + T as the Galois group of the quadratic extension F 2 /F is cyclic of degree 2. We can also see
this directly:

We have (v/d)? = d, so ((v/d)?)? = ((V/d)?)? = d? = d, since d € F;. Thus, (v/d)? is a solution in
F 2 of the polynomial X2 — d. This polynomial factors as (X — Vd)(X + /d), so we must have
(\/Zl)q = ++/d. But we know (\/&)q % V/d, so we must have (\/;l)q = —/d.

Let ¢ = 2*. Then we will show there are no quasi-definite forms w on a two-dimensional vector space
V over F. Indeed, assume w is such a form. Then pick some v1 € V. Let V1 = F - v and V5 be its
w-orthogonal complement in V. Then, as in the previous part, the fact that w is non-degenerate and
that w(vy,v1) # 0 implies that V' = V; @ Va. Thus, we have a basis {vy, v2} such that w(vq, v2) = 0,
w(v1,v1) = dy, and w(vg, v2) = da. Now, if we replace v; with av; for a € F, we can change d; to
a’d; while keeping the form otherwise the same. Thus, we may change d; and dy by multiplying by
arbitrary squares. However, since ¢ = 2%, Fy ~7Z/(2k — 1)Z, and this is a cyclic group of odd order.
Therefore, the operation = — 22 is an isomorphism, so in particular, every element of F is a square.
(Alternatively, since F has characteristic 2, (z + y)? = 22 4+ 22y + y* = 22 + y?, so squaring is a



homomorphism of fields and is therefore an automorphism). Thus, we may arrange for d; = do = 1.
Now, we have w(avy + bvg, avy + bug) = a? + b%. But taking a = b, this is 2a® = 0, so w is not
quasi-definite.

What about the norm of a degree-two field extension? If F, has characteristic 2, there is still a unique
quadratic extension F 2 and the norm map x — N (x) = x- 27 is a surjective homomorphism from F(;Q
to F\. However, this quadratic form is not of the form Q,(v) = w(v, v) for any symmetric bilinear
form w, unlike the case when the characteristic is not 2.

We know that every ideal in R[] is principal (generated by one element). How about Z[z]?

Question 4. Let R = Z[z], and consider an ideal I C Z[z]. Prove that I is generated by finitely many
elements. Is there an upper bound on how many generators we need? (i.e. is every ideal gen by 2 elements? or by

5 elements? etc.)

Solution. Since Z is a principal ideal domain, in particular it is a noetherian ring: every ideal is generated by
a single element. Then, our result follows from:

Theorem 6 (Hilbert Basis Theorem). If R is a noetherian ring, then the ring R[z] is also noetherian.

Thus, Z[z] is noetherian, i.e. every ideal is finitely generated. We’ll walk through the proof of this
theorem in the case R = Z (but it easily generalizes to arbitrary noetherian R).

Proof. Let I C Z[z] be an ideal. For each degree k, let I}, be the set of leading coefficients of all elements
of I of degree k,ie. Iy = {n € Z | 3p(z) € I,p(x) = na® + ax_12** 4+ --- + ag}. This is an
ideal of Z: To see this, let n,m € I, so there are p(z),q(z) € I with p(z) = na* + ap_ 121 +
-+ ag,q(x) = ma* + b_12*1 + ... 4 by. Then since p(z),q(xz) € I, we have for any d € Z,
(n + dm)z® + cp_12* 1 + - + co = p(x) + dq(z) € I. Thus, n +dm € I for any d € Z, so
I} is an ideal. Now, I, C Iy for any k, since if p(z) = na® 4+ ap_12*1 + - + ag € I, then
op(z) = na** +ap_12F + - 4+ apr € I as well, son € I, implies n € I ;1. We also have the ideal
I = Uply = {n € Z | 3p(z) € I,p(x) = na® + ap_125~1 + .- 4+ ap}, i.e. the set of leading terms of
elements of I. This is an ideal since the I}, are all ideals and I, C I, for all ¢ < k.

Explicitly, let n, m € I, so there are p(z), ¢(z) € I with p(z) = na* + ap_12¥ 1 +--- + ag, q(z) =
mat + by_12~1 4 - 4 by. Assume without loss of generality that ¢ < k. Then since p(z), ¢(z) € I, we
have for any d € Z, (n + dm)z* + cx_12* 1 + -+ ¢y = p(x) + do*~*q(x) € 1. Thus, n + dm € I, for
any d € Z, so I, is an ideal.

Since Z is a PID, I, = dZ for some d € Z, i.e. the leading term of every element of [ is divisible by d.
We have the infinite chain of inclusions of ideals Iy C [y C I, C --- C I, = dZ. Since d € I, = U1},
we have that d € I}, for some kg. Thus, Ioc = dZ C I}, C I, s0 I, = Is. In other words, the fact that
I, = dZ is finitely generated, which depends only on Z being noetherian, implies that the chain stabilizes.

Since d € Iy, let po(z) € I be such that po(x) = dz*® + ag,_12*0~1 + - + ag. Now, if ¢(x) € I has
degree ¢ > k, we have q(z) = (bed)x’ + bp_12°~1 + - -+ + by. Thus, g(z) — bz’ *po(z) has degree £ — 1.
Repeating this process, we see that ¢(z) = r(x)po(x) + ¢’ (x) where ¢’(x) has degree less than k. Thus,
po(x) together with the set {c(z) € I | degv < k} = I N (Z]x])<j generates the ideal I over Z[z]. But the
Z-module (Z[x]) < consisting of all polynomials in Z[z] of degree less than & is a finite free Z-module, and
I'N(Z]z])<k is a Z-submodule. This implies that it is finitely generated over Z (indeed, we even know that it



is necessarily free E]), so it is certainly finitely generated over Z[x|. Taking a finite Z|x]-generating set for this
module along with po(z) gives the required finite set of generators of /. 0

However, there are ideals which require arbitrarily large generating sets. For each k£ > 0, consider the
ideal I}, = (2’“, of—lyp ok=2,2 ,azk). We claim that this requires k£ + 1 generators, i.e. that any smaller
generating set will not suffice.

To see this, first note that I, = (2, )", since the k41 given generators are all possible degree k monomials
in2 and . (2, z) is a maximal ideal, since R/(2,z) ~ Z/2 = F, which is a field. Now, consider the module
My, = I, /I+1 = It /(2, z) ). This is a finitely generated module over the R-algebra Fo = R/(2, z). Thus,

2k=1g, ... a¥, M is spanned

it is a vector space of finite dimension over Fy. Since I}, is spanned by 2,
by these elements, so it has Fo-dimension at most k£ + 1. We want to show that these elements are actually

linearly independent over Fo. This is equivalent to showing that if
2 +e 2P e+ 4 it eIy )
for¢; € {0, 1} then ¢; = 0 for all 4. If Equation (2) holds, then we can write:
2" + -+ e’ = 2 po(x) + 25y () + - + 2 prya ()

with p;(v) = ag; + a1 2+ - - +ag, ;2% € Z[z]. By comparing the constant terms on each side, we get that
€02k = 2k+1a0,0, S0 €9 = 2ag, so since €y € {0, 1}, we get €9 = ap,o0 = 0. Now, comparing degree-one
terms on both sides, we get that €281 = 28+ o +2%a; 1,50 €4 = 2(2a10+a1,1), and ¢; = 0. Continuing
in this manner, we see that ¢; = 0 for each ¢, as desired.

Now, if I}, can be generated over R by m elements a1, ..., a,, € Z[x], certainly the quotient module
It /T4 can be as well. Thus, we must have m > dimp/(2,4) I /Iy, = k+1.

Question 5. Let V' be a finite-dimensional vector space over R, andlet 7': V' — V be a linear transformation.
Let Vo := V ®gr C. By functoriality we have a map T¢c: Vo — Vi, defined by Tc(v ® 2) = T'(v) ® z,
called the complexification of T'; this is a C-linear transformation.

Without using the structure theorem for PIDs or rational canonical form, prove that the minimal polynomial
mr, € CJt] is equal to the minimal polynomial mz € RJ[t] (just prove it directly!); in particular, m7,, has
coefficients in R.

Solution. We will use the following lemma:

Lemma 7. If p(¢) € RJ[t] is a polynomial with real coefficients, p(Tc) = 0 iff p(T') = 0.

Proof. Let p(t) = a,t™ + - -+ 4+ ap € R[t] C C[t] be a polynomial. Then p(Tc) = (p(T))c:
p(Tc)(v®z) = an(Te)"(v®2) + - ao(v ® 2)

an(T"(v) @ 2) + -+ ap(v® z)

= (a,T"(v) + an1T"" 1( )+ tap) ®z

=p(T)c(v® 2)

® This step works for general noetherian rings, where the detailed structure theory of Z-modules is not available: we just need the
fact(/definition) that a submodule of a finitely generated module over a noetherian ring is finitely generated.



Here, we used that (7¢)"(v® 2) = (Te)" H(Tc(v®2)) = (Te)" YT (v)®2) = - = T"(v) ® 2, which
follows from the definition of T¢ (more generally, (S o T))c = Sc o T¢), as well as the fact that for a € R,
a(v® z) =v®az = av ® z, since the tensor product is over R.

Now, clearly if S = 0, then Sc = 0. Conversely, if Sc = 0, then for all v € V,z € C, we have
Sc(v®2) = 5(v)® z = 0. In particular, S(v) ® 1 = 0 for all v € V. But since R — C is injective, and V'
is a free and therefore flat R-module, the map V' — V given by v — v ® 1 is injective. (Of course, invoking
flatness here is silly since C = R1 @ Ri, and we can take real and imaginary parts). Thus, if S(v) ® 1 =0
forall v € V, we have S(v) = 0 forall v € V, so S = 0. Applying this to p(T¢c) = p(T)c, we see that
p(Tc) = 0iff p(T') = 0, as desired.

Alternatively [TC: this is the more straightforward way to do it], we may write Vo = V ®@r C =
Ver(R1®Ri)=(Vel) @ (V®i)as an R-module. We may thus write any w € V as vy + ivg with
v1,v9 € V (il.e. w =v1 ® 1 + v9 ® 7). Then we have

p(Tc)(w) = p(Tc)(v1 + iva)
= p(Tc)(v1) + p(Tc)(iv2)
=p(T)c(v1®1) +p(T)c(v2 ®1)
— p(T) (1) @ 1+ p(T)(v2) @ i
Thus, p(Tc)(w) = 0iff p(T)(v1) = p(T)(v2) = 0. O

Now, since p(T') = 0 iff mp | p(T) in R[t], and p(Tc) = 0 iff mz, | p(T) in C[t], we see that
my | p(T) in R[t] iff mr, | p(T') in C[t]. In particular, m7, | m in C[t].

By the lemma, in order to conclude the converse direction that m¢ | my € C|t], and thus mp = mrg
(since both are required by definition to be monic), we need to show that m7, € R][t]. Equivalently, mr, =

mTg. where p(t) denotes complex conjugation in C[t] (i.e. ag + a1t + - -+ + apt”™ = ag+ait +- - - +apt™).
Now, we will conclude by the following lemma:

Lemma 8. If 7': V — V is a linear transformation, then if p(t) € CJt] is a polynomial, p(T¢c)(v ® z) =
P(Tc)(v®Z) forany v € V, z € C. Here, complex conjugation is definedon Vo by v ® z = v ® Z

This lemma suffices for the proof, since in particular it implies that p(T¢) = 0 iff p(T¢) = 0. Thus,
M1 (Ic) =0, so mr. | Tizg, and since these are monic polynomials of the same degree, we conclude that
mr, = M7g, as desired. Now, we are left to prove the lemma:

Lemma 9. Let p(t) = 2o + z1t + - - - + 2,t™ with z; € C. Let z; = a; + ib; with a;, b; € R. Now, we may
compute:

PTc)(v®z) =Z(v®z) +ZTc(v®Zz) + -+ Z(Tc)" (v ® Z)
=Z20(v®2)+Z(T(v)®2) + -+ Z,(T"(v) ® Z)
=v®Z22+T(v)®Z1Z+ - +T"(v) ® Z,2
=vRz22+TW)®@z12+ - +T"(v) @ 22
=(20+Tc+ - +T¢W)(v® 2)
=p(Tc)(v® 2)




Let V and W be finite-dimensional vector spaces over R, andletwy : V XV — Randwy: W x W —
R be positive definite symmetric forms. Given a linear transformation 7': V' — W, the adjoint T*: W — V
is defined as follows (first verbosely, but see below for a self-contained definition).

Recall that the nondegeneracy of wy means that w induces an isomorphism V' — V. Concretely, this
means that for every linear map A: V' — R there is a unique vector v such that wy (v, ) = A(x). For a given
w € W, the function A\, : V' — R given by Ay, : v — ww (T (v), w) is a linear map from V' to R. We define
T*(w) € V to be the vector corresponding as above to \,,. In other words, T is defined by the identity

ww (T (v),w) =wy (v, T*(w)) forallv e Vandallwe W (ADJ)

It is very straightforward to verify from this definition the following properties:
(i) T* is an R-linear transformation;
() (T1+To)* =17 + T4 and (cT)* = ¢(T™*) for c € R;
(iii) (SoT)*=T*oS*.

Question 6. Let V' be a finite-dimensional vector space over R, and let wy : V x V' — R be a positive
definite symmetric form. An endomorphism 7': V' — V is called self-adjoint if T* =T

Suppose that 7': V' — V is self-adjoint. Prove that the minimal polynomial m7 € R[¢] splits completely
G.e. mp(t) = (t — A1)t — A2) -+~ (t — A\p) for some Ay, ..., A, € R). (For the different linear maps or bilinear
forms you use in the proof, be very careful to make clear what the domain and codomain are, and to what
extent they are linear/bilinear; this is the key point of the problem.)

Solution. Any monic polynomial p(t) € RJt] of degree n factors in C[t] as

p(t) = [(t = A)(t = A)I[(E = A2) (8 = A)] -+ [(# = M) (t = Ae)I(E = 70) -+ (t = 7o)

with 7; € R, \; € C — R.. Thus, to show that mr splits completely in R, it is necessary and sufficient to
show that all of the roots of m7 over C are real. By Question 6, mr = mr, so it is equivalent to show that
all of the roots in C of mr, are real. But these are exactly the eigenvalues of 7T(c, so we need to show that
the eigenvalues of T are real.

In order to do this, we need to extend wy to a form on V, so we can make sense of the property of being
self-adjoint. The notion of positive-definite symmetric form does not make sense over C: if w is a C-bilinear

form on Vg, then w(iv, iv) = i?

w(v,v) = —w(v,v), so positive-definiteness is lost.
A replacement for complex vector spaces is the notion of a hermitian form. If W' is a complex vector
space, a C-semilinear form w(-,-) on W is an R-bilinear form such that w(zwi,ws) = zw(wi,ws),

and w(w1,wy) = w(wg,w;) for all z € C,w; € W. Note that in particular, this implies that we have

w(wr, zwe) = w(zws, wy) = Zw(we, wy) = Zw(wi, ws), and w(w, w) = w(w,w), so w(w,w) € R for all
w € W. A hermitian form on W is a C-semilinear form such that w(w, w) > 0 for all w € W — {0}. The
notion of adjoints still make sense with respect to hermitian forms: as above, if T is a C-linear transformation
acting on W, we define T by:

w(T'(v), w) = w(v, T*(w))

for all v,w € W. Just as in the real case, we can show that this makes sense via non-degeneracy. w is
non-degenerate in the sense that if w(w,v) = 0 for all w € W, then v = 0, since we may take w = v and
w(v,v) > 0 unless v = 0. Likewise, if w(v, w) = 0 forall w € W, then v = 0. Thus, the map w: W — WV
which sends w to w(w): v — w(v, w) is injective. Note that since w(zv, w) = zw(v, w) for z € C, this map



really does produce a C-linear form on . However, the map w itself is not C-linear, since w(zw) = Zw(w).
Nonetheless, it is an injective R-linear map between real vector spaces of the same dimension, and thus it is
a isomorphism of real vector spaces which is moreover “conjugate-linear” in C. We then may define 7™ (w)
for w € W to be the unique element of W such that w(7*(w)) = w(w) o T. Unwinding the definitions, this
says exactly that for all v € W, w(v, T*(w)) = w(T(v), w).

Note that the definition above forces T* to be C-linear (it is clearly R-linear, since T* = @~ ! o TV 0 & is
a composite of R-linear maps): we have w(v, T (zw)) = w(T (v), zw) = zZw(T'(v),w) = Zw(v, T*(w)) =
w(v, zT*(w)) for all z € C, v,w € W. Then, by non-degeneracy, this implies that 7*(zw) = 27" (w) for
all z € C,w € W. In other words, the conjugate-linearity of & and &' “cancel out” to get a C-linear map.

Now, we want to extend wy to a hermitian form wc on V¢ in such a way that (7*)c = (T¢)*.

The obvious choice of wc is:

we(v® 2,0 ®2) = 22" - w(v, )
In other words, we have:
we(vy + ivg, wy + iws) = w(vy, wr) + w(ve, we) + i (w(vg, wy) — w(vy, wg)) 3)

We need to check that this is hermitian. It is clearly R-bilinear. To check the identities wc (zwy, we) =
zwe(wy, we) and we(wa, w1) = we(wi, ws), by R-bilinearity it suffices to consider the case that w; =
v; ® z;. Then, we have

we(z(v1 ® 21),v2 ® 22) = 2212w (v1, v2) = 2we(wr, wa)

and

we(v2 ® 22,11 ® 21) = 2221w (v2, V1) = 22Z1W(V1, V2) = 21%2w(v1, V2) = w(wr, W)
Here, we used that w is symmetric and that w(v;, v2) € R for any vy, vy € V. Thus, wc is C-semilinear.
To check that it is hermitian, we need wc(w,w) > 0 for w € W. Writing w = v; + ivg (shorthand for
v1 ® 1+ v2 ® i), we compute by Equation (3):
we (v + v, v +iva) = w(v1, v1) + w(ve, v2) + i(w(ve, v1) — w(v1, v2))
= w(vy,v1) + w(vg,v2) >0
Here, we used the symmetry and positive-definiteness of w.
Now, we want to show that (7T%)c = (T¢)*. Recall that (T¢)* is defined by the condition that
we(Te(wr), w2) = we(wi, (Tc)" (w2))

for all wy, wy € V. By R-bilinearity of we and R-linearity of T, it suffices to check this when w; = v1®2;
and we = v2 ® z9. Thus, in order to prove that (Tc)* = (T%)c, it suffices to prove that:

we(Te(wr ® 21),we ® 22) = we(wy @ 21, (TF)c(we @ 22))
Now, we compute:
we(Te(wr ® 21),ws @ 22) = we(T(w1) @ 21, Wy ® 29)
= 212w (T (wy), ws)
= z1Zaw(w1, T (w2))
=wc(w1 ® 21, T" (w2) ® 22)
= wc(w ® 21, (T7)c (w2 ® 22))
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Now, since 7 is self-adjoint, we have Tc = (T™)c = (Tc)*, so T¢ is self-adjoint with respect to the
hermitian form wc. We want to show that its eigenvalues are real, so assume that w € Vo, w # 0 is such that
Tc(w) = Aw for A € C. For any v € V, we compute:

Awe(w, w) =

Thus, since we(w, w) # 0, we have A = ), so A € R as desired.

We can actually prove even more [though this was not necessary for the HW]: the minimal polynomial m¢
splits into distinct factors, i.e. T' is semi-simple. Since mr splits over R, every eigenvalue of T is already an
eigenvalue of T'. In particular, 7" has an eigenvector v € V' with eigenvalue A € R. Let V), be the eigenspace
for A, and let Wy, be the w-orthogonal complement of V. We claim that W), is T-stable: if w € W), we have
forany v € V), 0 = \w(v,w) = w(Av,w) = w(T'(v),w) = w(v, T (w)). Thus, T'(w) is orthogonal to V.
But T'|yy, is still self-adjoint with respect to w|yy, , since the identity w(7T'(w), w') = w(w, T'(w’)) holds for
any w,w’ € \. Similarly, w|yy, is still symmetric and positive-definite. Thus, by induction on dim V, Ty,
is semisimple. Since the direct sum of semisimple transformations is semisimple by HW®6, this implies that
T is semisimple.
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