SECTION VII
' EQUATIONS DEFINING SECTIONS OF A CIRCLE

B 335. Among the splendid developments contnbuted by modern
mathematicians, the theory of circular functions without doubt
holds a most important place. We often have occasion in a variety
of contexts to refer to this remarkable type of quantity, and there
15 no part of general mathematics that does not depend on it in
some fashion. Since the most brilliant modern mathematicians
by their industry and shrewdness have built it into an
exiensive discipline, one would hardly expect any part of the
theory, let alone an elementary part, could be significantly expanded.
[ refer to the theory of trigonometric functions corresponding to
arcs that are commensurable with the circumference, ie., the
theory of regular polygons. Only a small part of this theory has
been developed so far, as the present section will make clear. The
reader might be mrpriaeé to find a discussion of this subject in
the present work which deals with a discipline apparently so
unrelated; but the treatment itself will make abundantly clear
that there is an intimate connection between this subject and
higher Arithmetic.

The principles of the theory which we are going to explain
actually extend much farther than we will indicate. For they can
be applied not only to circular functions but just as well to other
transcendental functions, e.g. to those which depend on the

integral [[1/ /(1 — x*}}dx and also 1o various types of con- :

gruences. Smce,, however, we are preparing a large work on those
transcendental functions and since we will treat congruences at
length in the continuation of these Disguisitiones, we have

decided to consider only circular functions here. And although we _/

could discuss them in all their generality, we reduce them to the
simplest case in the following article, both for the sake of brevity
and in order that the new principles of this theory may be more
easily understood.
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?iu diseussion ix 3» ?36 if we éebngnain the ur»:umferemc, of the a.:rnh, or four nghi ;
reduced to the simplest angies by P, and if m, n arg integers ané n a product of r:.iauveiy 5
- easeinwhich the prige factors a, b, ¢ etc.: the angle 4 = mP/n can be reduced by
awnber of parts the methods of article 310 to the form 4 = {(z/a) + (Bib) +
o which the circle
is.cuL is a_prime 7/¢) + elc.)P, and the trigonometric fumtwm eorresponding to
wumber zt can be found by knewﬁ methods from those for the parts «P/a,
BP/b, etc. Therefore, since we can take b, ¢, etc. 1o be prime
numbers or powers of prime numbers, it is sufficient 1o consider
the division of the circle into parts whose number is a prime or
the power of a prime, and we can immediately get a polygon
of n sides from the polygons of a, b, ¢, etc. sides. However, we will
restrict our discussion to the case where the circle is divided into
an {odd) prime number of parts, especially for the following reason.
it is clear that circular functions corresponding to the angle mP/p?
are derived from functions belonging to mP/p by the solution of
an equation of degree p. And from these by an equatmn of the
same degree we can derive functions belonging to mP/p? etc. There-
fore af we already have a polygon of p sides, 1o determine a polygon
of p* sides we necessarily require the solution of i — 1 equations
71 _of degree p. Even though the following theory could be extended

R (ﬁ; Sy %\ ‘o this case also, nevertheless we could not avoid so many equa-

0! f"‘ iﬂ f‘ tions of {:ﬁagme p. and there is no way of reducing their degree

X g’" VY (il p is prime. Thus, e.g., it will be shown below that a polygon of
L £

17 sides can be consiructed gﬁ(}mciﬁ(:é!iy, but 10 get a polygon of
289 sides there is no way to avoid solving an equation of dagme 17
Equations for trigo- B 337 [t is well known that the trigonometric functions of all the
nometsic functions of angles kP/n where k denotes in general all the numbers 0,1, 2,...

arcswhichare @y 1 are expressed by the roots of equations of degree #. The sines

part or parts of the o v e roots of equation {I):
whole circumference !

reduction r{f'grfg'ﬂ" { - g }2({; - 3} o 1 {n — 4}(& s 5}
fwmm.-icjimcu'fm:; w X - 31’1\ + € 173 T g T YT - X"
the roots of the
equation x* ~ | =9 + et + ST = 0
the cosines are the roots of equation ({):
o E—nx""z b iz{n - 3)){““‘* I onfr — 43 — 5)
4 16 -2 64 23
i i
+elC o = ey = 0
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and the tangents are the roots of equation (I1):

e

a_ M= i D~ 2= 3) L
SRR mera R

- etcC. i‘-:ﬂx‘;—: 0

These equations are 2l true for any odd value of n, and equation I1
is true for even values also. If we set n = 2m + 1 they can be
easity reduced to degree m; for [ and UI[ this Just requires dividing
on the feft by x and substituting y for x2. Equation 1! however
includes the root x = 1{= cos 0) and all the others are equal in
pairs {cos P/n = cos{n — 1)P/n, cos 2P/n = cos(n — 2)P/n, etc):
thus the left side is divisible by x — 1 and the quotient will he a
square. If we extract the square root, equation I is reduced to
the following:

W 3 sip - | E w2 i‘ m—-3
X"+ zx i{m [ix | g(m - 23X
Lim~Dm =3} o1 (m—3)m— 4 - _
YT T 5 -2 e =0

Its roots will be the cosines of the angles P/n, 2P/n, 3P/n, ... mPjn.
Up to now there have not been any further reductions of these
equations for the case where # is a prime number.

Nevertheless none of these equations is so tractable and so
suitable for our purposes as x" — | = 0. Its roots are intimately
connected with the roots of the above, That is, if for brevity we
write  for the imaginary quantity W/ =1, the roots of the equation
x" =1 = § will be

kP kp
CO8 —— 4 18I — = F

n "
where for k we should take all' the numbers 0,1,2,...n — L
Therefore since 1/r = cos kP/n — isinkP/n the roots of equation
Eowill be [r — (1/r)l/2i or i{1 — r3/2r: the roots of equation II,
[r + (1012 = (1 + r22¢: fnally the roots of equation I,
€L~ r2(1 + r2). For this reason we build our mvestigation on a
consideration of the equation x* — 1 = 0, and presume that n is
an odd prime aumber. In order not to interrupt the order of the
invesiigation we will first consider the following lemma.
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m fmd the eqmtwn {W’} whese roots are tﬁze Ath ;wwer sf z::‘w roots
of equation (W), where i is a given positive integral exponent.

Solution. If we designate the roois of the equation W by
a4, bye, etc, the roots of the equation W' will be o b, ¢, etc.
By a we:ﬁbkmwn theorem of Newton, from the cee?ﬁmﬁti of
equation W we can find the sum of any powers of the roots
a, b, ¢, etc. Therefore, we find the sums 1 ‘

&+ b+ bete,  at 4 bH 4 e g e,
up to a™ + p™ 4 o™ 4 eqc.

and by an inverse procedure according to the same theorem, the
coefficients of the equation W' can be deduced. QEF At the
same time it is clear that if all the coefficients of W are rational,
all those in W’ will also be rational. And by another method it
can be proven that il all the former are integers, the latter will be
integers also. We will not spend more time on this theorem here,
since it is not necessary for our purpose.

B339 The equation x" — 1 = 0 {we will always presume that »
is an odd prime number) has only one real roof, x = |; the
remaining n — 1 roots which are given by the equation

TP Ex" bt v x+ 1 =0

are all imaginary; we will denote their complex by @ and the
function

XU  bete +x+ Eby X

If therefore # is any root in , we will have | = r* = 12" etc. and
in general r*" = | for any positive or negative integral value of 2.
Thus if 4, 1 are integers which are congruent relative to n, we will
have #* = r* But if 4, » are noncongruent relative to n, then #
and r* will be unequal; for in this case we can find an integer v
such that (4 ~ p)v = | (mod. n} so r*~#" = ¢ gnd certainly r*™*
does not = 1. lt is also clear that any power of ¢ is also 2 root of
the equation x” — | = 0. Therefore, since the quantities 1{=r%),
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r.rh...r"" ! are all different, they will give us all the roots of the
equation x" ~ | =0 and so ‘the numbers r,r?, 73, .. r"f“*“ will
coincide with Q. More generally, then, Q will coincide with

reore e TR E o is any positive or negative integer not

divisible by n. We have therefore -
X o= (x = ) x = ) (x - 63, (x — e
and from this
R e S0 A L LR
and |
IS S S SO Bl ¢

If we have two roots such as r and I/r {(=r""") or in general r¢
and r~ ¢, we will call them reciprocal roots. Manifestly the product
of two simple factors x — r and x — (1/r) is real and =x? —
2x cos @ + | where the angle w is equal either to the angle Pfn or
some multiple of it

B 340. Since by designating one root in by r we can express all
roots of the equation x” — | = 0 by powers of r, the product of
several roots of this equation can be expressed by r* in such a way
that 4 is either 0 or positive and <n Therefore if we let ¢{t,u,v,...)
be 2 rational integral algebraic function of the unknowns ¢, u, v,
etc. which is the sum of terms of the form hufv? . . - manifestly
if we substitute roots of the equation x* — | = 0 for ¢, u, 1, etc.,
say l=a, u=5, v=mc etc. then ¢, b,c,...) can be reduced 1o
the form

A+ Ar + A7 + A7 + 4 A

in such a way that the coefficients A, 4, etc. (some of them can
be missing and so =0) are determined quantities. And all of these
coeflicients will be integers if all the coefficients in ol u, .. .),
Le. all the h, are integers. And if after this we substitute a2, b2, ¢?, . .

for t,u,v,... respectively, each term ht*u®v’,. .. which had been
reduced to r* will now become % and thus

Ha® bE % = A+ AT 4 AP A 4+ A2
And in general for any integral value of A,
M Pt )= A+ AP+ A 4+ Ao ii




Theory of the roots
of the equation

X% 1 = fwhere
v assumed 1o be
prime )

Except for the root |,
the remaining roors
contained in {§2) are

included in the

equation X = X" +

Xt "*%‘Effi“%*ﬁ.%‘?

= {1 the funcrion

X cannet he
decomposed into
Jactors in which all
the cogfficivnts ure
rational

an

‘;Thzs pmpesﬁmn 5 vary’ lmpmmm am:i s fundamemcd 10 the

following d;sc,ussmn Tt also &}Hawa %“mm ihzs that

CHLLLL )= b = AR A A o

and | |

Pla b, c,.. ) + ola®, b, ¢
= mf

3+ ¢{a2‘ bz‘fz o b Plat b )

Hence this sum is integral and divisible by n when all the coeffi-
cients in ¢, u, v, ...} are integers.

B 341 TueoreM. If the function X is divisible by the function of
fower degree
Pext 4+ AX* "' + B*" 2 4+ .+ Kx + L

the coefficients A, B,... L cannot all be integers.

Demonstration. Let X = PQ and B the complex of the roots of
the equation P = 0, Q the complex of the roots of the equation
¢ = 0, so that { consists of B and T taken mg@me? Further let
R be the complex of reciprocal roots of B, S the complex of
reciprocal roots of © and let the roots which are contained in R
be roots of the equation R = 0 (this becomes x* + [(Kx*~ /L)

ete. + (Ax/L} + (1/L} = 0) and let those that are contained in
© be roots of the equation § = 0. Manifestly if we take the roots
R and © together we will get the complex © and RS = X. Now
we must distinguish four cases.

i. When P coincides with R and consequently P = R. In this
case obviously pairs of roots in ‘B will always be reciprocal and so
P will be the product of //2 pa%red E'acmrs x* — 2xcosw + 1]
since such a factor ={x — cos w)® + sin w?, it is clear that for any
real value of x, P necessarily has a real positive value. Let the equa-
tions whose roots are the square, cubic, biquadratic,...n — Ist
powers of the roots in ' be respectively P' = 0, P" = 0, P = 0,

P" =0 and let the values of the functions P.P . P",... P
which are obtained by letting x = | be respectively p,p'.p",... p"
Then by what we have said before, p will be a positive quantity.
and for a similar reason p’, p”, etc. will also be positive. Since there-
fore p 15 the value of the function (I — 1){1 — u)(l — ¢) etc. which
1s obtained by substituting for t,u, v, etc. the roots contained

CSECTION Vi
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n ‘Ll p the mtae of the 5¢1mc funcuon obmmed fm :ub&i futmg

for 1 u.r. etc. the squares of those roots etc.: and 0 its value
whear~1u f,r=1tletc:thesump+p + p". pw;libeu
an mwger divisible by n. Further the pmduu PPP . will be

=X andsappp o= ~
- Now if all the caeﬁsczents in P were rat:onai all of those in

P P", etc. would also be rational by article 338. However by

article 42 all these coefficients would have to be integers. Thus

p.p.p". eic. would also be integers. And since their product is

#* and their numberisn — | > 7, some of them (at leastn — [ - 2)

must =1, and the others equal either to n or to a power of n.

CAnd if g of them =1, the sum p + p' + etc. will be =g (mod. n)

and so certainly not cixvss%b le by a. Thus our supposition is incon-

sistent.

[l When 8 ami Y1 do not coincide but contain some common
roots, let T be this complex and T = 0, the equation of which
they are the roots. Then T will be the greatest common divisor of
the {unctions P.R (as is clear from the theory of equations).
However, patrs of roots in T will be reciprocal and as we saw betore
not all the coefficients in T can be rational. But this would certainly
happen if all those of P and thus also of R were rational, as
one can see from the nature of the operation by which we find the
greatest common divisor. Thus our supposition is absurd.

Hl. When £ and 3 either coinade or have common roots, we
can show in exactly the same way that not all the coefficients in
{ are rational; but they would be rational «f all those in £ were
rdtzonai so this is impossible.

V. If 8 has no root in common thh R, and & none in
common with E, all the roots ‘B would necessarily be found in
Z. and all the roots U in K. Therefore P = § and @ = R and so
X = PQ will be the product of P times R ie.

- . . | A
of x* + Ax*" ' .. + Kx + Ltimes x"+z.\"‘ 1,>.+Ex +

-

So letting x = |, we have
nho = {1 + 4.+ K + L)}

Now if all coefficients in P were rational, and so by article 42
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also integers, L, which must divide the last coefficient in X, ie.

~ unity, will necessarily = +1 and so +n would be a square. But

since this is contrary to the hypothesis, the supposition is incon-
sistent. 0 .

By this theorem therefore it is clear that no matter how X is
‘decomposed into factors, some of the coefficients at least will be
irrational, and so cannot be determined except by an equation

~of a degree higher than unity. S |
Declaration of the ¥ 342. It is not without some value to declare in a few words the
purpose of the purpose of the following discussions. We intend to resolve X
Jollowing discussions . oragually into more and more factors, and in such a way that their
Tior aed %25\3\%@5 coeflicients are dgteﬁfinei ;bz éqa?itiogs of as low an order as
| SR, possible. In so doing we will finally come 1o simple factors or to

A o the roots . We will show that if the number n ~ 1 is resolved in
Og ™ 5 any way into integral factors o, B, v, etc. (we can assume each of
G O (W %M%\% &hfe:m s prim;}, X can be r§3@§ved into « é’aa::mz’s:~ of degree (n — 1)/u

with coefficients determined by an equation of degree o
AN {’i e egch of ihesg will be resolved into # others of degree {n w‘i}/@cﬁ
00 W20 N0 with the aid of an cquation of degree § eic. Thus if we
L (o o g‘@g%%éi fiin designate by v §he number of factors 2 A. v, etc. the @ﬁ&arminaiion

A 0 of the roots 2 is reduced (o the solution of v equations of degree

LA

IS

e Ll» e ;@ aﬁ*

<OND T m x, 8.4, etc. For example, for n = 17 where n — | = 2-2-2-2,
r e/ T\f! 0 D there will be four quadratic equations 1o solve: for n = 73 three

i ,! 7B .}A ) ; 3
L By %*, quadratic and two cubic equations.

- & Y 4] N .

;;, ) o (s In what follows we will often have 10 consider powers of the
TS Loy {}G% root r whose exponents are again powers, and expressions of this
~ ~i\{€“‘;{‘*ﬂ.‘}§\%ﬁ \3‘"\( ¢ h é < g = i.f h
SN sort are very hard to set up in type. Therefore to simplify the

printing we will use the following abbreviation. For r, 72, 0, etc.
we will write [1],[2], {3}, etc. and in general for r* where 2 is any
integer, we will write [~} Such expressions are not completely
determined, but they will become 6 as soon as we take a specific
root from Q for r or [1]. In general [2], [u] will be equal or unequal
according as /, u are congruen! or noncongruent relative to the
modulus n. Further [0] = |- -l = 10+ u); [2]" = [4v]; the
sum [0 + [ + [2.]... + [(n — 1)2] is either O or according
as 4 1s not divisible or divisible by n.

B 343, If, for the modulug n, & 18 the sort of number we called 2
primitive root in Section I, the n — | numbers Lggh .gn°?
will be congruent to the numbers L2,3,...n ~ 1 relative to the
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m@duius a ’Ehe or’dw will be dxﬁerem but every number m one  All the roors in 27

series will be congruent 10 one in the other. From this it follows are distributed intor
immediately that the roots [1},[g] [? L.v.{g; 2} cotncide with certain classes

. By a similar argument the roots S Cper ?}‘!‘5} |

) gl Uig*) g1

will commde with Q when 4 is any integer not divisible by n
Further since g""!' = | {mod. n} it is easy to see that the two
roots {4g*},[+g"] will be identical or different according as g, v
are congruent or mmmgruﬁm relative to n — 1,
If therefore G is another primitive root, the roots | 1] [g}..
{g*~ 2] will also coincide with [1],{G}....{G""?] except for &n:%ﬁz:
Further, if ¢ is a divisor of n — |, and wesetn — | = ¢f, g°* = &,
G¢ = H, then the fﬁumbﬁfs Lk, W70 will be congruent to -
LH H?,.  H'"' relative to a {without respect to order). For /ﬂ[\/\i @\,}f“\i&
Suppose ihat G = g” (mod. #) and that g is an arbitrary positive /[~ «E
number <fand that v is the least residue of uw (mod. f): then we i Qf@m \ ?i‘
will have ve = pwe (mod. n ~ 1} and so g = ¢ = G* (mod. n} |
or A% = k" Le. any number in the ses:cmzi sgfigs 1, H, H ete. will | z%\w A OB WF‘F/
b4 X L 5 (vm*d';,—ﬂ‘
be congruent 10 a number in the series | k4 &% . and vice versa. 0
Thus the [ roots [t} [hL[R),. .. [ "] a;;féiigh& wdentical with ‘?//j %’!\ ‘\Q‘w@ %ﬁé
{ . A
NLIHLIHEY,. . [H/7Y Eﬂ the same way i is easy to see i%‘sai Q0 ){f ﬁ:}% A\ %‘f{},
the more general series ; '

AL UALIARY . A7) and [ALLHLLHY... HS-Y ©

L i 0O
coincide. We will designate the sum of [ such roots, KK (”fx’“\@;{/ %\WW
[2] + [2h]) + etc. + [ARF 7] by (f, 2). Since it is not changed by ? — s
taking a different primitive root g, it must be considered as mde« ‘W ‘f\*\(’\ﬁz{ %\f
pendent of g. And we will call the complex of the same roots the m\;\qm\@

period (f, 4} and we disregard the order of the roots.* To display &\}vx‘(\d\f @\@Cﬁ”@@

Y
such a penoé it will be conveaient to reduce each root to its ?

simplest expression, that is, to substitute for the numbers ”3;"; X\E\*@qg\fﬂﬁv
i, Ah Al ete. their least residues relative to the modulus . And PR
we might order the terms according to the sizes of these residues. T ‘@D
For example, for n = 19, 2 is a primitive roct and the period
{6, 1} consists of the roots [1] [8] [64] [512].{4096], [32768] or

*En what follows we can also call the sum the numencal value of the period, oe simply
the period, when there is no fear of zmbiguity,
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It] I?} {8} Eii] nzz {18} Sxmlimiy. the peraod (éo } consists af

the roots [2], 31155101 4], [16}, 117} The period (6, 3) is identical
‘with the praccdmg The peraod {6 4) mnmmﬁ the r{mts §4} [6],

(91010}, [13),[15)

Various theorems
concerning these
periods

B 344. We present smmedaatsly th{: ﬁ:)liowmg ebsarvatwns con-
cerning periods of this type:

[ Since AW =4, Ah'*' = ih, etc. (mod. n). it is clear that
{f. A {f, Ah), (£, th}, etc. are composed of the same mo{s. In
general therefore if we designate by [A] any root in ([, 1), this
period will be completely identical with (f, 4'). If therefore two
periods which have ﬁle same number of roots {we will call them
similar) have one root in common, they will be identical. Therefore
it cannot happen that two roots are contained together in a period
and only one of them is found in another similar period. Further,
if two roots [A)[1'] belong to the same period of f terms, the
value of the expression 4/ (mod. n} is congruent to some power
of h; that is, we can presume that i’ = 4g* (mod. a).

L If= n— I, e =1 the ﬁpﬁ%‘i{)d {f 1) will mimide wiﬁh .
{ f IR A g} { j‘ g { f gﬁ *} T%sﬁmfar@ z%ae&a ;‘}ﬁti‘si){is mii b@
completely ﬁéﬁ"&fem from one another and it is clear that any
other similar period (f, 4} will coincide with one of these i [/]
belongs 1o Q; e i 4 is not divisible by a. The period (£, 0) or
(£, kn) is manifestly composed of f unities. {1 is also clear that if £
is any number nondivisible by n, the complex of ¢ periods
(AL g (f 2g%) . (. 2g° ™ 1) will also coincide with Q. Thus,
e.g, for n =19, f = 6, Q will consist of the three periods (6, 1),
{6.2). {6.4). Any other similar period, except (6, 0) can be reduced
to one of these.

HE I n — 1 is the product of three positive numbers a, b, ¢,
it is manifest that any period of bc terms is composed of b periods
of ¢ terms ; for example {b¢, /) is composed of {c, 4}, (¢, 2g%. (¢, 1g*7)
...{¢, 4g®® 7). Thus these latter are said to be contained in the
former. So for n = 19 the period (6, 1) consists of th: three periods
(2,1), (2,8}, (2,7). The first contains the roots r, r'8; the second
8,71t the third r7, #'2

B 345, TusoreM. Let (f A). ([ u) be two similar periods, not
necessarily different, and let {f, A} consist of the roots [A]. [A']. [+"],
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etc. ’ﬁzen zhe ,ﬁmdm.{ of ( j ,«) zfme*c {j #l wu‘i }w fﬁze sum {sj i mmiur :
gerwéis namely ~ : L :

=(fr+ )+ (2 +;z;-;—(;f M;Mmmw

Demonstration. Let as above n—1=¢figa prrm:iwg root for
“the modulus n and h = g*. From what we have said above, we have

{f, 1} = (. Ah) etc., and the g}mdﬁct we wzmi will be
= [ul-(f 2) + [uh]- (f, 2h) + [ah®]-(f, 30) + etc.

and so ‘ | ‘

= [ + y] + Ui+ ul... [ 4oy

+ [dk + uh)  + A7 + ph). .+ [iR) + uh)

+ D3R 4 ph?] + [k + gh?). .. + RO + ah?] e
This expression will contain altogether /2 roots. And if we add the
vertical columns together we will have

LA+ +(fih+ m+ . o+ (L

This expression coincides with W because by hypothesis the
numbers 4, ', A", etc. are congruent (o 4, ih, %, B 77 relative
to the modulus n {we are not concerned with order here) and so
zlso

Adop, A op AT+ o et
will be congruent to
A p, At g, AR op R 4 QED.

We add the following coroliaries to this theorem:
L If & is any integer, the product of {f, ki) times (f, k) will be

= (kA + ph) + (LA + @) + (f k2" + 1) + ete.

[L Since the single terms of W coincide either with the sam
{£,0) which =/, or with one of the sums (/e fgh
(£,2°7 '), W can be reduced to the following form

W=af + (i1} +b{(fig)+ b (figY) +... + b(f.g™

where the coefficients a, b, b', etc. are positive integers {or some
may even =0). [t is further clear that the product of (] k4) times




&»?\”}s
. X\

g L seeTION VIE

‘{f fepl w:ll ihen bacome

= af «+~ S k) + btf &g) + . + é‘(f kg"“‘*;

”’i“hus,eg fam = 192%&& pmduci of the sum (ﬁ i)umes ﬁsnﬁf orthu o
square of this sum will be =(6,2) +(6,8) + (6,9 + {6.12)

(6. 13)+ (6,19) = 6 + A6, 1) + (6,2) + 26, 4)

ﬁ; ?{}ﬁf\ég‘i\)g\ﬁ

[1I. Since the product of the individual terms of W times a

similar period (f, v) can be reduced to an analogous form, it is

manifest that the product of three periods (f, i) (f 2} (. v} can
be represented by cf +d(f.1)... + 44, g°” ") and the coefficients
c. d, etc. will be integers and pasmve {or =0) and for any integral
value of k we have

(ki) - LS, kp)y-{f kv) = of + d{f, k) + d'{ [ kg) + etc.

This theorem can be exiended to the product of any number of
similar periods, and it does not matter whether these periods are
all different or partly or all identical

1V. 1t follows from this that if in any rational
the unknowns ¢ u g
(

f, v}, etc., ifs value

)

integral algebraic
E?Ai}&.ﬂ(}u & = zyi‘t& M, . ; WE M;%l%muuw fu; H
etc. respectively the sxmﬁar periods (f, 4), {f, p),
will be reducible to the form

A+ B, )+ B g+ BUgY).. + B g

and the coefficients A4, B, B, etc. will all be integers if all the
cocfficients in F are integers. But if afierward we substitute
(f. kA), (f, k), (f, kv), etc. for ¢, u, v, etc. respectively, the value of
F will be reduced 10 4 + B(f, k) + B/, kg} + etc.

> 346. THEOREM. If we suppose that 1 is a number not divisible
by n, and if for brevity we write p for (f, A), any other similar period
{f. 1) which has p not divisible by n can be reduced to a form

a+ Bp +ypt 4+ ...+ 6!

where the coefficients a, §, etc. are determined rational quantities.
z}emanszmziom Let us designate by p’,p", p”, etc. the periods

(f. hg), (f.ig?) (. Ag*), etc. on up to (f Ag°™"). Their number will

bee ~ 1 and one of them will necessarily coincide with {f, y). We
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immediatel y have the ﬁqummn
O=l+p+p +p + P + efc..‘.,({)

Now il according to the rules of the precedmg article we form the
~ powers of pup to ;}"“‘ we will have ¢ — 2 other equations

O=p°+ A4 +ap+ap + a’p"+ a"’p”’ +ete. .. (1D
O=p' +B+bp+bp +bp +bp" +ete.. ()
Q=p"+ CHep+cp +¢"p" +c”p” +ete... {IV) etc.

All the coefficients A.a,a, etc.; B b b, etc.; etc. will be integers

and as follows immediately from the preceding article, completely
independent of 4; that is, the same equations will hold no matter
what value we give to 4 This remark can also be extended to
equation [ as long as / is not divisible by n. Let us suppose that
(/s w) = p'; for it is easy to see that if {f, u) coincides with any of
the other periods p”, p”, etc. the following line of argument can
be used in a completely analogous way. Since the number of
equations LI HI, etc. is ¢ — 1, the quaniities p”, p”, etc. whose
number 15 =e ~ 2 can be eliminated from them by known

methods. The resulting equation (Z) will be free from them:
O0=%4+ Bp +Ep* +etc +Wp ' + Ny

This can be done in such a way that all the coefficients 9, 8, ... N
are integers and certainly not all =0. Now if we do not have
Jt =0, it follows that p can be determined as the theorem
demands. [t remains therefore to show that we cannot have 9t = 0.

Suppose that W = 0. The equation Z becomes Tp~* + etc. +
Bp + U = 0. Since this cannot have degree higher thane ~ 1, itis
not satisfied by more than e — | different values of p. But since the
equations from which Z is deduced are independent of 4, it follows
that Z does not depend on /2 and so it will hold, no matter what
integer not divisible by # is taken for ;. Therefore this equation will
be sausfied by any of the sums { £, 1}, (/. g). (f. g%, .. . {f, 2" "), and
it follows immediately that not all these sums can be unequal but
at least two of them must be equal. Let one of these two equal sums
contam the roots [JL{CL "] ete. and the other the roots [y],
f7’] [n"L etc. We will suppose (this is legitimate) that all the num-
bers ¢, ¢, ¢, ete., n, 1, 0", etc. are positive and <n. Manifestly all
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mi! be different dﬂd none of them =0. We will desagnate by Yoo
the function

4+ X+ X+ oete - X1~ x¥ — x" - et

[ts highest term cannot exceed x" ! and Y = 0 if we set x = [1]
Thus Y will have a factor x — {1] in common with the function
denoted by X in the preceding. It is easy to show that this would
be absurd. For if Y and X have a common factor, the greatest
common divisor of the functions X, Y (it cannot have degree
n — 1 because Y is divisible by x) would have all of its coefficients
rational. This would follow from the nature of the operation in-
volved in finding the greatest common divisor of two functions
whose coefficients are all rational. But in article 341 we showed
that X cannot have a factor with rational coefficients of degree
less than n — L. Therefore the supposition that M = 0 cannot be
consistent.

Example. For n =19, [ =6 we have p* = 6 + 2p + p' + 7;7"
Since 0 =1 +g+p + p" we deduce that p’ =4 — p?, p”
~5 — p + p’. Therefove

(6,2) =4 — (6, 1)},  (6,4) = —5 ~ (6,1} + (6, 1)
(6,4) =4 — (6,22, (6, 1) = —5 —{6,2) + (6, 2}
(6, 1) =4 — (6,4, (6,2) = —5 —{6,4) + (6, 4)°

B 347 Tueorem. If F = ¢{t,u,v,..)) is an invariable® rational
integral algebraic function in f unknowns ¢, u, v, etc. and if we sub-
stitute for these the f roots contained in the period (f, 2), and by the
rules of article 340 the value of F is reduced to the form

A+ A+ A[2] + ete. = W

then the roots in this expression which belong to the same period of f
terms will have equal coefficients.
Demonstration. Let [p], 4] be two roots belonging 1o the same

¥ Invariable functions are those in which all the unkoowns are contained in the same
way or, more clearly. functions which are not changed no matter how the unknowns are
permuted: such are, e.g.. the sum of the unknowns, their product, the sum of the products
of pairs of them, eic,
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pmod and Suppﬂsc zhat . q are pz:ssxtwe and Iess ihan n We must
show ihdi [p] and [g] have the same coeﬁ;czem in W. Le:t g = pg*

(mod. »): and let the roots comamed in {f, 2} be [2], {23121 etc.

where we suppose that 4,7, /", etc. are positive and less than n;

finally, let the least positive resid‘ues of the numbers Aig™, A'g™,

#"g" elc. relative to the modulus n be g, g, 1", etc. Manifestly they
will be identical with the numbers 2, 2’ 2, elc., although the order
may be transposed. From article 340 it is clear that

b{{g™] [ "e} [2"g™]...) =)
is reduced to
A+ ATg"™] + A" [2g"] +etc. orto
A+ A8 + A0 + ete. = (W)

Here 0.1, etc. are the least residues of the numbers g*, 2g™, etc
relative to the modulus # and so we see that [g] has the same
coeflicient in (W'} as [p] has in (W). If we expand the expression
(f) we will get the same thing we get z’mm exp&mmg the expres-
ston p{fp] (1] [p"]. ezc}becausagx = g%, 1 = g™ et (mod. n),
Now this last expression picéar:fzs the same result as ¢{{4].{7']
[4"], etc.) since the numbers y, p'. u”, ete. differ only in order from
the numbers s 2 ./‘,“% eio, and this does not matter in an invariahle
function. Thus W’ is completely identical with Wand so the root
{g} will have the same coefficient in Was [p]. Q.ED.

We see therefore that Wcan be reduced to the form

A+vaf h+dlf.g+af.gh) . +a(fg™h

and the coefficients 4, q,...d* will be determined guantities and
integers if all the ranonai coeihcmms in £ are integers. Thus, e.g,,
it n=19, /=6, /=1 and the function ¢ designates the sum of
products of the unknowns taken two by two, its value is reduced
0 3+ (6.1} + (6.4).

I after this the roots of another period {/.ks}) are substituted
for t.u, v, etc., the value of F will become

A+ al fR) + aUf kgy + a"(f kg + etc.
» 348. in any equation

X o—axf g B 3 Z g
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that is, @ is the sum of all of them, 8 is the sum of their products

taken two at a time, v the sum of thcsr products taken three at 2
time, etc. Therefore in the equauon whose roots are the ones
contained in the penaé {f, 4}, the first meiﬁmeni will =(/f, 4} and
each of the mhers can be reduced to the form ‘

A+df,l+alf.g... »i»a"'{f,g o

with all the 4, a4 a, etc. integers, It is further evident that the
equation whose roots are the roots contained in any other period
{ ﬁ ki) can be derived from the one above by suhsiétuimg {f. k) for
{f, 1) in each of the coefficients, {[, kg} for {f, gl and in general
f kf) ) for (f, p). In this way therefore we can specify ¢ equations

=02 =02"= Q etc. whose roots will be the roots contained
in (f, 1,(f.2){/, &%), etc. as soon as we know the ¢ sums {f, 1},
(f.g) (f,g%), etc. or rather as soon as we find any one of them
This is true because, by article 346, all the rest can be deduced
faiionaily from (}ne 0!’ ihem E‘his dm& Ehe fﬁﬁti%&ﬁ }{“ wéﬁ be
‘éi@e functions z, 7', 2", etc. will = X.

Example. Forn = 19 the sum of all the roots in the period (6, 1}
={6,1) = «; the sum of their products taken two at a time
=3 4+ (6,1} + (6.4} = B similarly, the sum of the products taken
three at a time =2 + 2{(6, 1) + {6, 2} = v, the sum of the products
taken four at a time =3 + (6, [} + {6.4) = ¢; the sum of products
taken five at a time =(6, I} = ¢; the product of all of them =1L
Thus the equation

z=x%—ox® + Bx® — 9P + O ~ex + 1 =0

will contain all the roots included in (6. 1). And if we substitute
(6,2}, (6,4}, (6, 1) for {6, 1), (6, 2). (6. 4) respectively in the coefficients
2, fi. 7, etc. we will get the equation z' = 0 which will contain the
roots of (6,2). And if the same permutation is applied again we
will have the equation " = 0 containing the roots of (6, 4), and
the product zz'2" = X,

B> 349. It is often more convenient, especially when [ is a large
number, to deduce the coefficients 4, v, etc. {from the sums of the
powers of the roots by Newton's theorem. Thus the sum of the
squares of roots contained in (f, i) is = (/, 24}, the sum of the
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a=gq, 2B =ag-q, ‘mﬁq%q +f1 etc.

 Here by article 345 the product of two penods is to be canverted ;
L 1mmedzateiy into a sum of periods. Thus in our example, if we

write r. p p” respectwety for (6. 1), (6,2). (6,4} we will have
2:.9.9.49".4",¢7 respectively =p.p" . p’ p".p', p": thus
A =P, zﬁmg‘;)z-pp'm6+2p+2p"

39 =0+p+pp—pp+p =6+6p+3p
=2 +2p+pWw -3 +p+pW +pp - 78
= [2 + 4p + 4p”, etc.

However, it is sufficient to compute half the coefficients in this
way, for it is not difficult to prove that the last are equal to the
first in inverse order; that is, the last =1, the second last =, the
third last =f, etc.; or, another way, the lagt can be derived from
the first by subsiaammg for {/. 1), (j g}, etc. the periods (f, ~ 1),
{f. —gh e or {fin— 1} (fin — g), ete. The former case holds
when fis even, the ia!m when [ is odd. The last coefficient, how-
ever, will always =1 The basis for this is established by the
theorem of article 79, %}ut for the sake of brevity we will not dwell
on the argument.

B 350. THEOREM. Let n — | be the product of the three positive
integers &, 3,y and let the period (By, 2) which has Iy terms be
composed of f§ lesser periods of y terms, (v, A), {y. A'). (y, 2"}, etc. Let
us suppose further thar in a function of § unknowns just as in article
347, that is in F = ¢{t,u, v,...), we substitute the sums {7, 2}, {7. &),
{3, £7}, etc. for the unknowns t, u, v, etc. respectivel y and that accord-
ing to the rules of the article 345.1V its value is reduced to
A+aG U+ dg)... + a0 g .. +a%,g? )= W

then 1 say that if F is an invariable function, the periods in W owhich
are conlained in the same period of By terms (ie. in general the
periods (y, g¥) and (1, g% *¥) where v is any integer) will have the sume
coefficients.

| 4‘73 
cui)es is m(] 3,«}, etc if we wr;te q.q q etc for {f /}, (j' 24)
*{f 34), etc. we, wzii have ~

Yo
Q2R 2 =N,

SOV \K\N‘ Q\\ ’\4\6%3\
P
\ww\}v/ Q0N <
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Demonszmuan Since Eha ;)ﬁl'l(}d (ﬁ,,/g} is sdemmaﬁ wnhi

{By.A) the lesser permds (4g%, (42 (34 g‘*‘L etc. whu:h
comprise the former, nacessarﬂy coincide with those that comprise
the latter, although in a different order. And if we suppose that F

will be traasformed into W’ by substituting rhc former quanunesg o

for t,u, v, etc, respectwcly, w waﬁ cmm:sde wzth w Buz by amcie“
347 we have

W = A + a(hg )+ a{,, g+ a“’{}'~;~g"’).a;+ o’y g Y
= A +alyg)+alng )+ +a%ng )

50 this expression must coincide with Wand the first, second, third,
etc. coefficients in W (beginning with 2) must coincide with the
{a + ljst, the (o + 2)nd, the (o + 3jrd, etc. And we conclude in
general that the coefficients of the periods (7, g#), (7, &" "L (3. g2*7%)
(7 g "), which are the g + Ist, the o + u + lIst, the 20 + p +
ist... v + u + Ist, must coincide with one another. QED.
Thus it s clear that W can be reduced to the form

A+ alfy 1)+ a(Br.g)... + a(Br.g Y

with all the coefficients A, a, etc. integers when all the coefficients in
F are integers. Suppose after this we substitute in F in place of the
unknowns, §§ periods of v terms which counstitute another period
of By ter zsaag for example those contained in {fy. Ak} which are
{7, 2k}, (7, 'k}, (7, A7k}, etc. Then the resulting value will be 4 +
alBy. ky + a'(fy, gk}... + a*(By. g

[t is obvious that the theorem can also be extended to the case
where @ = | or iy = n — L. In this case all the coefficients in W
will be equal, and W will be reduced to the form 4 + a(fy. 1).
B 351. Now keeping the terminology of the preceding article, it
ts clear that the individual coefficients of the equation whose roots
are the f sums {y, 4), {3, 2"}, (, A"), etc. can be reduced to a form
like

A+ alfy, B+ ad(Brg)... +a(Br.g* "

and the numbers A, g, etc. will all be integers. And we can derive
from this the equation whose roots are the B periods of y terms
contained in another period {(fy, kA if in every coefficient we
substitute {fy, ky} for every period (8y, u). If therefore « = | all §
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penods of ¥ terms will he dﬁmrm;ned by an fzquanoﬁ of degree 8,
and each ef the coefficients will be of the form 4 + afy, 1). Asa
resuiz they will all be known quantities b&cause{ = - L1
= — 1 [fa > I, the coefficients of the ef:quatmn whgs& roots are all
the periods of y terms contained in 2 given period of 13’,f terms wzii :
be known quantities as long as all the numerical values of all «
periods of By terms are known. The calculation of the coefficients
of these equations will often be much easier, especially when J is
not very small, if first we calculate the sums of the powers of the
roots and deduce from these the coefficients by the theorem of
Newton, just as we did above in article 349.

Example 1. For n = 19 we want the eguation whose roots are
the sum {6, [}, (6. 2), (6, 4). If we designate these roots by p, g, p",
ete. respectively and the equation we want by

P Ax? 4 Bx -~ C =0
we get
A=p+p +p. B=pp +pp”+pp. C=ppp’
and then
A= {i8 = ~1
and
pp = p+2p 430" pp =2p+3p +p, pp =3p4+p + 2"
$O
B=6p+p +p)=6(181)= -6
and finally
={p+ 2 +3p"p" =360+ lp+p +p)=18~11=7
therefore the equation we want is
x? 4 x? —bx —7=0
Using the other method, we have
ptp +p = -1
pP=6+ 204 p + 20" pp =642 +p + 2p
Pp =6+ 2p" +p+ 2p




therefore | e L
P rpr Y =Bt Fp) =13
adgimidy oL
PP =36+ 34p + p"+‘p”}‘~‘=: 2
From this and Newton's theorem we derive the same‘é@aiiéé as
before. ‘

IL Forn = 19 we want the equation whose roots are the sums
(2, 1), (2, 7). (2, 8). If we designate them by ¢,¢.4" we find

g+qg +q =161, aqd+aqg +qq =61 +(64,
q9'q" = 2 + (6,2)

and so, keeping the same notation as in the preceding, the equation
we want will be

¥} —pxt+prpPix—2—-p =0

The equation whose roots are the sums (2, 2}, (2, 3), (2, 5) contained
in (6, 2) can be deduced from the preceding by substituting p', p", p
for p,p,p". respectively, and il we make the same substitution
once again we will get the equation whose roots are the sums
(2,4}, (2, 6), (2,9) contained in (6, 4).
The solution of the B 352. The preceding theorems contain along with their corolla-
equation X = 0as ries the basic principles of the whole theory, and the method of
evolved from the  finding the values of the roots (2 can now be treated in a few words.
preceding diseussion oo e must take a number g which is a primitive root for the
’? modulus n and find the least residues of the powers of g up 10
: : g~ ? relative to the modulus n. Resolve n — | into factors, and
(. o \*J\&B\@ indeed into prime factors if we want to reducg the problem 1o
') EW 0, equations of the lowest possible degree. Let these (the order is
xg\j‘\@é‘{/ thagde arbitrary) be o, §,7,... { and set
ey n—1_ n— 1

e = fly L = a

o off

=3y...( = b, el

Distribute all the roots € into « periods of a terms, each of these
again into f§ periods of b terms, and each of these agamn into 7
periods, etc. Determine as in the preceding article the equa-
tion (A) of degree 2, whose roots are the x sums of a terms; their
values can be determined by solving this equation.
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 But here a dzf’ﬁcuity arises because it seems to %::e uncertain
“which sum should be made equal to which root of the equation (4);
that is, which root should be denoted by {a, 1} which by (a.g) ete.
‘We can solve this difficulty in the follawmg way. We can desngnate
by {a, ) any root at all of the equaiwnm}, for since any root of
this equation is the sum of a roots of €, and it is completely arbi-
~ trary which root of Q) is denoted by [1], we will be free to assume
that [1] expresses one of the roots which constitute a given root of
equation {A), and hence this root of equation (A) will be {a, 1). The
root- [1] will not yet be completely determined; it still remains
entirciy arbitrary {i.e., indefinite} which of the roots that make up
{a, 1} we choose to adopt as [1]. As soon as {a, 1) is determined, all
the remaining sums of ¢ terms can be deduced from it {art. 346).
Thus it is clear that we need solve for only one root of the equation.
We can also use the {ollowing less direct method for the same
purpose. Take for [1] a definite root; Le let [1] = cos kP/n + §
sint kP/n with the integer k taken arbitrarily but in such a way that
it is not divisible by n. When this is done [2], [3] ete. will also
determine definite roots, and the sums (a, 1}, (2, g}, etc. will desig-
nate definite quantities. Now if these guantities are calculated
from a table of sines with just enough precision so that one can
decide which are the larger and which the smaller, there will be
no doubt left as to how to distinguish the individual roots of the
equation {A).

When in this way we have found all o sums of g terms, we will
determine by the methods of the preceding article the equation
{B) of degree B, whose roots are the ff sums of b terms contained in
{a, 1} The coefficients of this equation will all be known quantities.
Since at thisstage it is arbitrary which of the a = b roots contained
in {a, 1) is denoted by [1] any given root of equation {B) can be
expressed by (b, |} because it is licit to suppose that one of the b
roots of which it is composed is denoted by [1]. We just determine
therefore any one root of the equation (B) by solving it. Let it
= (b, 1} and derive from it by article 346 all the remaining sums of b
terms. In this way we have at the same time a method of confirming
the calculation, since the total of all sums of b terms forming any one
period of a terms is known. In some cases it s just as easy to form
x — | other equations of degree §, whose roots are respectively
the individual f sums of b terms contained in the remaining
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pem}ds of a terms. {a,; g} (a, g"} ete. afzci to desermzne all roots by
the solution of these equations and of the equa{mn B Then in
the same way as above with the help ofa table of sines we can
decide which are the permds of b icrm& to which the individual
roots found in t%ns way are equal. But to help in this judgment
various other devices can be used which cannot be ﬁsiiy explained
here. One of them, however, for the case where [)’ 2 is especially
useful and can be explained more briefly by illustration than by
rule. We will use it in the following examples,

After we have found the values of all the af sums of b terms in
this way, we can use a similar method to determine by equations of
degree y all the affy sums of ¢ terms. That is, we can either get one
equation of degree 7 according to article 350, whose roots are the
v sums of ¢ terms contained in (b, 1), and by solving this find a root
and let it =(c, 1} and finally from this by the methods of article
346 deduce all the remaining sums: or in a similar way find the
xf§ equations of degree y whose roots are respectively the 7 sums
of ¢ terms contained in the individual periods of b terms. We can
solve all these equations for all their roots and determine the order
of the roots with the help of the table of sines as we did above.
However, for y = 2 we can use the device we will demonstrate
below.

If we continue in this way we will finally have all the (n — 1)/
sums of ¢ terms; and i we find by the methods of articie 348 the
equation of degree { whose roots are the { roots of (2 contained in
{C. 1}, all 1ts coefficients wiil be known quantities. And if we solve
for any one of its roots, we can let 1t =[1], and its powers will give
us all the other roots Q. If we prefer, we could solve for all the roots
of this equation. Then by the sofution of the other {{n — 1)/{] ~ 1
equations of degree {, which contain respectively all the { roots
in each of the remaining periods of ¢ terms, we can find all the
remaining roots Q.

It is clear, however. that as soon as the first equation {A4) is
solved, or as soon as we have the values of all the « sums of ¢
terms, we will also have the resolution of the function X into
factors of degree a. by article 348. Further, after solving
equation (B} or after finding the values of all the «ff sums of b
terms, each of those factors will be resolved again into f# factors,
and so X will be resolved into aff factors of A dimensions eic,
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B 353. First examp?e for n= 19, Since here we have
n~1=3-32finding the roots Q is reduced to the solution of
two cubic and one quadraim equation. This example is more easily
understood because for the most part the necessary operations
have already been discussed above. If we take the number 2 as the
primitive root g, the least residues of its powers will pméuce the
following (the exponents of the powers are writien in the krsi
line and the residues in the second):

0.1.23 4 5.6 7.8 910 111213 14.15.16. 17
1.24.8.16.13.7.14.9.18. 17. 15. 11, 3. 6.12. 510

Erom this, by articles 344, 345, we can easily find the following
distribution of all the roots Q into three periods of six terms and
of each of these into three periods of two terms:

!{z@ b .. {1 8]
((6,13{{2,8) ...I8L111}
g;{fz:?% 7Lz

}{2 2y .. 217

Q= (18 < (6,2)¢ (2. 16). .. {3} [16}
%{ 2, 14).. . [5}.114]

{f {41 [15]

(6,41 (2,13)...[6},]13]

I(:.z, . [91,110]

The eguation {r’i} w&ose roots are the sums (6, 1}, (6, 2),(6,4) is
found to be x3 + x* = 6x — 7 =0 and one of the roots is
— 12218761623 If we call this root (6, {) we have

2.5070186441
~2.2851424818

6.2) = 4 — (6, 1)2
(6.4)= —5 — (6, 1)

+ {6, 1)

Thus X is resolved into three factors of degree 6, if these values are
substituted in article 348.
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Example forn = 19
where the operation
is reduced 1o the
solution of two
cubic and one
quadratic equation
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| 'I‘he equatmn (B) whesa mms are the sums (2 i} {2 7} (2, 8}
comes out m be ~

PG e + z(es 1}+{6 4}}x wzw(«s 2) =
x +‘s.2zis76x623xﬁ o 3,35370;3644;;5‘ - égSO?é}ZSW% -0
One root is —1.3545631433 which we will call (2,1). By the

method of article 346 we find the following equations (for brevity
we will write g for (2, 1))

2.20=¢ -2 23)=¢"-3 (2,4=q"-4¢"+2

{(2,5) = g* — 5¢° + 3q, (2,6) = ¢° ~ 6g° + 9¢* — 2,
2, =4¢" ~1¢° + 14¢°> ~ 14
(2,8) = g° — 8¢ + 20¢* — 16g* + 2
(2,9 =4q° -~ 97 + 27¢° — 30¢° + 9¢

In the present case these equations can be found more easily as
follows than by the methods of article 346. If we suppose that

2 1.
{1l = msff + isizxi‘f
19 19
ve have
[18] = ccs%ﬁi + ist Ig;; = cos{g ;sm%
and so

(2,1} = Zcosﬁf

19
and in general
kP AkP
[d] = STy + 1 §in —— 75 and so
(2,0 = [A} + (182] = [A] + [ 4] = 2c&s%§

Therefore if g/2 = cosw, we will have (2,2) = 2cos 2w, (2,3) =
2Zcos 3w etc, and the same formulac as above will be derived
from known equations for the cosines of multiple angles. Now from
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thcse formuiae we dﬁﬁ?ﬁ the fciiowmg numerma% vaiues .
(2,2 = —0.1651586909 | (2,6)= 04909709743
(%)= 15782810188 | (2,7) = — 17589475024
(2,4) = — 19727226068 | (2.8) = 1.8916344834
(2,5 = 10938963162 | (2.9) = —0.8033908493

The values of {2, 7),(2, 8) can also be found from equation (B) of
which they are the two remaining roots. And the doubt as to
which of these roots is (2, 7) and which (2, 8) can be removed
either by an approximate calculation according to the formulae
given above or by means of sine tables. A cursory reference shows
us that (2, 1) = 2cosw by letting w = 7P/19 and so we have

(2,7) = 2cos 8P = 2cos & P, and
{(2,8) = 2cos 3§ P = 2cos {5 P
Simularly we can find the suras (2,2),(2,3),(2,5) also by the

equation
~ {6, 21 + (6, 1) + (6,2))x = 2 — (6,4) =0

whose roots they are, and the uncertainty as 1o which roots

correspond 1o which sums can be removed in exactly the same way
as hefore, ‘mmgiu the sume m m £9 Ay £ m can he found by the

equation e %E R
— (6,4 + [(6,2) + (6, 9)]x — 2 - (6, 1) =0

{1} and [18] are the roots of the equation x> — (2, 1)x + | = 0.

One of them
=32, D+ iJ1 - 42, 1P =32 ) +iJ[F ~ 2. 2)
and the other
= 2. 1) = iJl} - #2.2)]
and the numerical values will be
= —0.6772815716 + 0.7357239107 i

The sixteen remaining roots can be found either from the powers
of one or the other of these roots or by solving the eight other
similar equations. To decide which root has the positive sign for
its imaginary part and which the negative in the second method,
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we can use sine zables or the device mat wzli be expiamed in the
following exampie In this way we will ﬁad the following values
with the upper sign corr&s;)andmg o the first mm and lhe iﬁwer‘
sign to the second root:

[1)and [18) = —0.6772815716 & 0.7357239107
2] and [17] = ~0.0825793455 F 0.9965844930
and [16] =  0.7891405094 + 0.6142127127
g4 and [15] = —0.9863613034 + 0.1645945903 i
14] = 05469481581 F 0.8371664783
(6] and [I13] = 0.2454854871 + 0.9694002659 i
]
] =

0.9458172417 T 0.3246994692 i
and [10] = —0.4016954247 + 0.9157733267

Example for n = 17 B 354. Second example jor n = 17. Here n — 1 = 2-2-2-2 50 the
where the operation calculation will be reduced to four quadratic equations. For the
is reduced 1o the neimitive root we will take the number 3. The least residues of its

solution of Jour o o0 relative to the modulus 17 are the following:
ngadmfsc equations

2 - 012 3 45 6 7. 8% 9 10 11 12 13 14 15

Bma,?%mj; 012 3 45 6 7 89
@

139 10135 15 1L 16,14, & 7. 4 12 2 6

From this we derive the following distributions of the complex
Q) into two periods of eight terms, four of four terms, eight of two
terms:

. Hggz. .. (1) 1186]
‘ 2.13).. (4. [13
yg)%(\; %’@5 'i8,i)f (2. 13).... 411031
& ‘%\QJW 1{4 %{(2. 9). .. [81.] 9]
Z«\}\'f’ o= o] Sl s 20
%‘x@é ;&\%ZM T o 2 3)...[3L.[14]
m\i\\é\w‘&\x\a‘{ NG {(4’ ) (2. 5., [5.112]
PN P LSRN (8. 3) 1 R
&}5\ m%“s U l (2,10)...[71.[10]
N ir; DN A ?( ! (4. i{}; {
OCIEARCY (. 1. 6] {11]
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The equaimn (Aj whose mozs are me sums {8 %; {8 3) 15 found

by the ruics of article 351 to be x* + x — 4=0 Its roms are
ymz) + (\/17;/2 = ;smsszgr)s |

and

C~(1/2) — (J17/2 = —2.5615528128
We will set the former 48 1) so the latter necessarily =(8, 3).
The equation {B) whose roots are the sums (4, 1) and (4,9) is
~ (& I)x — I = 0. [ts roots are
HE. 1) & + (& 1P =38, 1) + $ /012 + 38, 1) + 4(8, 3)]

S

We will set {t% 1y equal 10 the quantity which has the positive
radical sign and whose numerical value is 2.0494811777. Thus the
quantity with the negative radical sign whose numerical value is
—(.4879283649 will be expressed by (4.9). The remammg sums
of four terms (4,3} and (4, 10), can be calculated in two ways.
First. by the method of article 346 which gives the foll gwmg
formulae when we abbreviate (4, {) by the letter p:

4 = -3+3p 4> = 03441507314
(4,10) = 3 + 2p — p? — 1p® = 29057035442
~1 —~6p+p* 4+ p?

L,
PRV

The same method gives the formula (4, 9) =
and from it we get the same value as above.

The second method allows us 1o determine the sums {4, 3,
{4, 10} by solvmg the equation of which they are the roots. The
equation is x* — (8, 3jx ~ | = 0. Its roots are

H8,3) + 118 + 8.3 or 48.3) + 12 + 448, 1) + 38, 3))
and 38, 3) — 1./[12 + 48, 1) + 38, 3]

And we can remove the doubt as to which root should be expressed
by (4. 3) and which by (4. 10) by the following device which we
mentioned in article 352, Calculate the product of {4, 1) — (4,9)
times (4, 3) — (4, 10). It =2(8, 1) — A8, 3).© Manifestly the value of
this cxpression is positive = + 2 v 17 and. since the first factor of

* The real busis of this device is the fact that we can faresee i advance that the product

does not Ccontain sums of four terms but only sums of eight terms. The tramed mathemut-
cian can easily grasp the reason for this. For the sake of brevay we shall omit iL.
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the produet (4 0 (4 9} = +J{12 + 3{8 1)+ 4(3 3)} is posmve X
the other factor, (4,3 — {4, 10), must also be pasnwe Therefcsre e
{4,3) is equal to the ﬁrsl root which has the positive sign in front
~ of the radical, and {4, 10) is equal to the second rool. i“rom mcsc
will result the same numerical values as above. ‘
Having found all the sums of four terms, we proceed to the
sums of two terms. Equaamn {C) whose roots are (2, 1),(2, 13) and
contained in (4, 1) will be x% — (4, 1)x + (4, 3) = 0. Its roots are

4. 1) £ 5= 443 + (4, 1))

or

He O £+ 504 + (4.9 — 24, 3)]
When we take the positive radical guantity, we get the value
1.8649444588, which we set ==(2, 1} and so (2, 13} will be equal to
the other whose value is =0.1845367189. If the remaining sums
of two terms are to be found by the method of article 346, we
can use the same formulae for (2,2), 2,3, (2,4), (2,5, (2,6), (2, 7},
{2,8) as we did in the preceding example for similar quantities,
that is to say, (2,2) {or (2,15}] = (2, 1)* — 2 etc. But if it seems
nreferable to find them in pairs by soiving a quadratic equation,
for (2,9), {2, 15) we get the equation x* — (4, 9)x + (4, 10) =
whose roots are

34,9 £ 3J/04 + @4 1) - 24, 10)]

We can determine which sign to use in the same way as above.
Calculating the product of (2, 1) —~ (2, 13) times (2, 9) — (2, 15) we
get —{4, 1) + (4.9) — (4,3) + (4, 10). Since this is negative and
the factor (2, 1} — (2, 13) 1s positive, (2,9) — (2. 15) must be nega-
tive and we should use the upper positive sign for (2, 15) and the
lower negative sign for (2.9). From this we find that (2,9} =
— 19659461994, (2, 15) = 1.4780178344. Then, since in calculat-
ing the product of (2, 1) — (2, 13) times (2, 3} — (2, 5) we get the
positive quantity (4,9) — (4, 10}, the factor (2, 3) — (2, 5) must be
positive. And by a calculation like the one above we find

(2,3) = 54, 3} + 1 /14 + (4, 10) — 24,9)) = 08914767116
(2,51 = H4,3) ~ /4 + (4, 10) — 2(4,9) = —0.5473259801
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F maiiy i;y campleteiy anakxgous eparatmns we have |
(2,10) = J4,10) — $/14 + (4.3) = 24.1)) = 17004342715
(2.11) = 44, 10) + 3‘%;{4 -i- (4 3} - 2{4 )= - i 2352692?28

[t remains now to get down to the roots 4) ihﬁ!ﬁﬁﬁhfﬁs ﬁquazsm E

{D) whose roots are [1] and [16] gives us x? (2 x+1=0
The roots of this are ~ :

W21+ 3l 02 ~ 4] orrather 2D g%gvf{ég — {2,113

or
2.1+ 52 — (2. 19)]

We will take the upper sign for [1], the lfower for [16] We can get
the fourteen remaining roots either from the powers of [1] or by
solving seven quadratic equations, each of which will give us two
roots, and the uncertainty about the sigas of the radical quantities
can be removed by the same device we used above. Thus [4] and
[13] are the roots of the equation x* ~ (2,13)x + 1 = 0 and so
equal to

42, 13) + 42 - 2,9)]

By calculating the product of [1] — [16] times {4] — {13] however
we get {2,5) — {2 3, a real mgatwe quantity. Therefore, since
ii]~[16] s +a\;{Z — {2, 15}}, i.e. the product of the imaginary |
times a real positive quantity, [4] — [13] mxzst also be the product of
i times a real positive quantity because i* = — 1. As a result we will
take the upper sign for [4] and the Sawef sigz} for [L3] Similarly

for the roots [8) and [9] we find |

$2.9) + HJ12 - (2. 1) B

s0, since the product of [1] — [16] times {8] — [9] is (2. 9) — (2, 10)
and negative, we must take the upper sign for [8], the lower sign
for [9]. If we then compute the remaining roots we will obtain the
following numerical values, where the upper sign is to be taken
for the first root, the lower sign for the second:

[1L[16]... 009324722294 + 0.3612416662
2L{151... 07390089172 + 0.6736956436;
[3].[14]... 0.4457383558 + 0.8951632914!
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Further discussions
conceraing periods
af rovis

Sums having an
enen number of
terms are

real guantities

The equation defining
the distribution of
the rooes (£3) into

twor periods

C[4L13]... 00922683595 + 09957341763 §
[SL[12]... ~02736629901 + 0.9618256432
[6L[11)... —0.6026346364 + 079801722731
7L010]. .. ~0.8502171357 + 0.5264321629¢

[81.1 91... —0.9829730997 + 0.18374951781

What precedes can suffice for solving the equation x" — 1 =0
and so also for finding the trigonometric functions corresponding
to the arcs that are commensurable with the circumference. But
this subject is so imporiant thai we cannot conclude without
indicating some of the observations that throw light on the subject,
as well as examples that are related to it or depend on it. Among
such we will especially select those that can be solved without a
lot of apparatus that depends on other investigations and we will
consider them only as examples of this vast theory which must be
consider in great detail at a later time.

155, Since » is always presumed (o be odd, 2 will appear among
the factors of n — 1, and the complex Q will be composed of
(a — 1)/2 periods of two terms. Such a period (2, 1} will consist of
the roots [1] and [ig™~1¥2] where as above g represents any primi-
tive root for the modulus m But g” "2 = | (med. &} and so
igh 2 = ) (see art. 62) and [Ag"” 2] = [~ ;] Therefore if
we suppose that [A] = cos kP/n + isin kP/n, and [—4] = coskP/n
— isin kP/n, we will have the sum (2, 7) = 2cos kP/n. At this point
we only draw the conclusion that the value of any sum of two
terms is a real quantity. Since any period which has an even num-
ber of terms =2a can be decomposed into a periods of two
terms, it is clear in general that the value of any sum which has an
even number of terms is always a real quantity. Therefore il in
article 352 among the factors «, 8, 7, etc. we save two until the end,
all the operations will be done on real quantities until we come 10
2 sum of two terms, and the imaginaries will be introduced when
we pass from these sums to the roots themselves. :
B 356. We should give special attention to the auxiliary equations
by which we determine for any value of n the sums that form
the complex Q. They are connected in a surprising way with the
most recondite properties of the number n. Here we will restrict
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aur&;;ivm to ihe iwo foiiowmz mses F:rsz ihe quadmtm Lquaﬂen :
whose roots are sums of (n ~ 1)/2 terms, second. in the case where
s = | has the factor 3, we will consider the cubu: ﬁquazxon w%msa
roots are sums of {n — 1)/3 terms. i
If for brevity we write m for {n — 1)/2 and desxgnme i)y g some
primitive root for the modulus n, the complex Q will consist of
two periods {m, 1} and {m,g). The former will contain the roots
[1)0g2) [g*)- . [g"~ 3], the latter the roots [gl[g”} (g°).- - [g""’]
Let us suppose that the least positive residues of the numbers:
gl g* . .. g"" % relative to the modulus n are, disregarding order,
R R.R". etc. and that the residues of g g°g°...g" % are
N.N', N”. eic. Then the roots of which {m, 1} consists, coincide
with [ 1] [R] [R'}, [R”]. ete. and the roots of the period {m. g} with ;{\& v Wi@\i\}’k
[NLIN'Y [N, ete. Tt is clear that all the numbers 1, R, R, R”, etc. @4\;%@@5;
are yuadratic residues of the number n. Since they are all different §
and less than n, and since their number is =(n — 1)/2 and so w\h\ f‘@@« “g‘a\ .
equal to the number of all positive residues of n that are less than
n, these residues will coincide completely with those numbers. g\éﬁ[%\ @g\%@\ﬁ

PETIY 2 BE o Oadh omrs o BEEC s B e aem o asdea oaee o i

All e numbers I‘!,'N . ¥ ’ €iC. are Giuerem a?i)l’u Cacn ouacy mm» ,‘q’S WV@}% )
from the numbers 1, R, R, etc. and together with these exhaust @M’: (
all the numbers 1,2,3,...n — 1. It follows that the numbers N} @“’?\i

N, N, N", etc. must coincide with all the positive quadratic non-
rosidues of »n that are less than n Now if we SUPDOSE that the

equation whose roots are the sums (m, 1}, (m, g} 1s
- Ax + B =

we have
={m, 1)+ {m. g} = —1, B = {m, 1} {m g}
The product of {m, 1) times {m, g) by article 345
={mN+ +mN + D+ {mN +1)+ec. =W

and so will be reduced 1o a form a{m, 0} + flm, 1} + wm. gl To
determine the coefficients o, ., we observe first that x + ff + 7
= m {because the number of sums in W =m}; second, that § =

{thus follows from article 350 since the product {m, 1) {m, g} 15 an
invariabie function of the sums {m, 1}, {m, g} of which the larger
sum {n — 1, 1) is composed); rhird, since all the numbers N + 1,
N’ + |, N” + 1, etc. are strctly contained within the bounds 2 and
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n + 1, it is cicar mai eszer m svm in W can be reduce:d t(}
{(m0jandsox = O when the aumb@r n - i does not oceur ameag ;
the numbers N, N, N", ete. or that onc sum, say {m, n) can be
reduced to {m, 0) and so « = | when n — 1 does occur among the
numbers N, N', N”, etc. In the former case therefore we will have
a=0 f= y-—m}'E in the latter « = 1, ﬁ»ﬂ'w(mm 1)/2. And
it follows that since the numbers § and y must be mzegcrs the
former case will hold, that is, n — 1 (or, what is the same thmg,
M KJWV%: — 1) will not be found among the nonresidues of n when m is
r Eg even or n is of the form 4k + 1. The latter case will hold, that is,
u{f\i@&e@@‘l/ %@s &) 1 — 1 or —1 will be a nonresidue of n whenever m is odd or n of
N / the form 4k + 3% Now since (m,0) = m, {m, 1) + {m, g} = —1 the
@3‘" Q;\ é@) ‘\%’3 \i product we see will be = —m/2 in the former case and =(m + i}/?
' *n the fatter. Thus the equation in the former case will be
2 4 x —{n — tY4 = 0 with roots —(i/2) & {J/nY2, in the Eaite;
xg + x + [(n + 1}/4] with roots —(1/2} + a{Jrz}/Z

S i o H
o~ LTV

M2 A %?}

R

3@ \z'{’ . Q;\ ~ Let R stand for all the positive quadratic residues of n that are
v o= /g\)"’ less than s and N for all the nonresidues. Then no matter which
9 S ront of Q is chosen for [1], the difference between the sums
- < 0 — T[R] and T[N] will be = +/nfor n=1 and = +i/n for
" \‘; n = 3 (mod. 4} And it follows that if & is any integer not divisible
¢ by n we will have
{ -  kRP kWP
&msw s LT = o fh
and
2 P e O LG
0\ n n
i @m@ Surey )

for n = | (mod. 4). On the other hand for n = 3 {mod. 4} the first
dxfference will =0 and the second = +./n. These theorems are so
elegant that they deserve special note. We observe that the upper
signs always hold when for k we take unity or a quadratic residue
of n and the lower when k& is a nonresidue. These theorems retain

4 {n this way we have given a new demonstration of the theorem which says that — 152
residue of all prime numbers of the form & + | and a nonrenidue of all those of the form
3k + 3. Above {art. 108, 109, 362} we proved @t in several different ways. if ity preferuble
10 presuppose this theorem, there will be no need for the distinction between the 1wo Ca3¢s
beeause § and ¢ will already be integers,
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t%w same or ev&n greater eiegance when {hey are extende:d‘

to composite values of n. But these matters are on a higher level
of investigation, and we wxli reserve i?tmr ccms;dera&m fc}r
another occasion. ‘

B 357. Let the equatwn of éegree m w%&ose mozs are thc m roots
contained in the period (m, 1) be the fséiawmg ~

X e gx™T 4 ™ e =

or z = 0. Here a = {m, 1} and each of the remaining coeﬁicgsnts
b etc. will be of the form U + %(n: 1)+ €m, g) with U, B, €
integers (art. 348). If we denote by 2’ the function into which z is
transformed when for (m, 1) we everywhere substitute (m, g} and
for {m, g} we substitute {m, g%} or what is the same thing (m, 1},
then the roots of the equation z' = O will be the roots contained
in {m, g} and the product

X" -1

x— 1

22" = = X

Therefore z can be reduced to a form R + S(m, 1) + T(m, g)
where R, 8, T will be integral functions of x with all their coefi-

cients integers. Having done this we will have
=R + S(m,g) + T{m, 1)

And if for brevity we write p and g for (m, 1} and {m, g) respectively
22=2R+(S+TYp+ q) — (T -~ 5)(p ~ q)
=2R -85 -T (T - S}{p - q)

and similarly

222 = 2R = 8§ -~ T + (T~ S}{p — q)
so if we set

2R —§S —-T=1Y, T-8§=2Z
we will have 4X = Y? — (p — ¢)*Z? and since (p — ¢)> = +n

4X = Y2 I u2?

The upper sign will hold when n is of the form 4k + 1, the lower
when it is of the form 4k + 3. This is the theorem we promised
{art. 124) 1o prove. It is easy to see that the two terms of highest
degree in the function Y will always be 2x™ + x™~! and the

Demmzx!mzmn m‘
theorem memzmzed

in Section {V
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SECTiON v Ei

! Thrz remammg cﬂefﬁmﬁmg aii of

which wxii be misgars will var‘y awon:img 1o the ﬁawﬁ, (af {he:
~ number n and cannot be given a general aﬂaiytac formula.

The equution for
distributing the roots
{Q3) into threv
perivds

Example. Fm n =17, by the rules of arricle 348 the c:quétwn

‘whmc rrmts are the caght roots canmmed in {S 1) waii be : :

x* -’ + {4 +p+ S?.qjx {ép + 3(;}'«? T 3;:: + 5{;?%

—lp F 3 B 2~ px+ =0

therefore

R =
S

x4 Ax® 4+ 6xt o 4xT 1

. .
e x7 4 ox® - dx® 4 3xt 4 4 Xt —x

26— 3x% 4 5x% — 3t 4 247

2 T 5k Tt xR St x4+ 2

PRI B S S S N L G S R

Here are

some other examples

2x?
2x*t

2

2x®

L B S R W

[T —

2x”

°

2xt!

Pt
Lpeed

~ Sx*

Zx + 1

+ X+ 2
4 x*
+ x*t -
+x7
F X+
+ x*

+x'0

- 3x
- 5xY —

¥

4

i
=

]

o

Pt

ite
I

+ x°

R

X7 4 X

3

A SR

?‘f‘

- 4\:" + dx

- xP+xt+x

}
f o
H
{
¢

5

+ 8x *\i—}\f - X - E

& 158, We proceed now to 2 consideration of the cubic equations
which for the case where n is of the form 3k + | determine the
three sums of tn — 113 terms which compose the complex
Let g be any primitive root for the modulus n and (0 — {3 = m
which will be an even integer. Then the three sums that compose
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0 will be €m i} (m g). (m g } for which we mli write p p p :
respectively. 1t is clear that the first contains the roots [1], {g L

[£%...[g""] the secs:md the roots {g, Eg"‘} -{gf‘”}; and the

third the roots {g*], [g 1....[g"*] Let us suppose that zhe equa-

tion we want is e :
S oA +Bx~-C =0
We will have ‘ ;
A=p+p+p, B=pp+pp +pp". C=ppp
ind z% = —1. Let the least positive residues of the numbers
n -4 e : :
2% relative to the modulus n and disregarding order,
%E EE ii etc., md 9{ the complex of them and the number {.
mifarly let ‘Ei’ B, &, etc. be the least residues of the numbers
g,g*“ ¢’,...g""% and 5% their complex; finally let U, B". €", etc.

be the least residues of g%, g%, ¢%...¢"" % and 8" their complex.
Thus ail the numbersin R &', 8" will be different and will coincide

with 1,2 3 . a — L First of all we must observe here that the
aumber a1 ~ | must be in K, since it is easy to see that it is a
residue of g?™? It also follows from this that the two numbers
h.n ~ h will always be found in the same one of the three com-
plexes &, &', R, for if one of them is a residue of the power ¢,
the other will be a residue of the power gt ™% gp of gt~ tm/d)
if 2 > 3m/2. We will denote by (]8R} the numbers of numbers in
the series 1,2, 3,...n — | which belong to & by themselves and
when increased by unity; (R%’) will be the number of numbers in
the same series, which are contained in R themselves but are in
8" when increased by unity. It will be immediately obvious what
is the meaning of the notation (R\"), (R'Q), ('R} (KR, (R"R),
{R"K),(R"R"). Having done this, [ say first that (RR') = ({'R).
For if we suppose that h k', k", eic. are all the numbers of the
sertes 1,2,3,...a — | which are themselves in R but with
A+ 1LE + LA + 1 etc in & so that by definition the number of
them is (KK"), then it is clear that all the numbers n — h — 1,
n—h —l,n—~Ah" —1, etc. are contained in 8] and the next
larger numbers n — A.n — A, etc. in K; and since there are
{R'R)} such numbers in all, we certainly cannot have (R'R]) < (8K
We show similarly that it is not possible to have (RR') < (R'R])
so these numbers are necessarily equal. In exactly the same way we

wg%g
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can showthat (RR”)-—— (R"R),(R’R") : (R”R’)Second, smce any -

- number in & with the exception of the largest one n ~ 1 must be
 followed by the next larger one in & or in & or in 8", the

sum (R]8) + (]K) + (KK") must be equal to the number of all

numbers in & diminished by unity, that is =m — 1. F or asimilar

reason. e s
(R'R) + (RR) + (RR) = (R'R) + (R")) + R'R])=m
With these preliminaries, by the rules of article 345 we evolve
the product pp’ into (m, W' + 1) + (m, B + D+ (m€ + 1) + etc.
This expression is easily reduced to (R'K)p + (R}’ + (R'|]")p".

4

By article 345.1 we can get from this the product p'p" by substitut-
ing for (m,1),(m,g),(m g*) respectively the quantities (m, g),
(m, g%), (m, g%, ie. p, p",p respectively for p, P, p". Thus we have
pp = (KR’ + (RKP" + (K']")p. Similarly p’p = (R'K)p” +
(R'S)p + (R'K")p". From this we get immediately

B=mlp+p +p)=-m

In : imilar fo fha
in a manner similar to tha

In a2 manner s t by which pp’ was developed, we can
also reduce pp” to (]'K)p + (K"K + (R"]")p". And since  this
expression must be identical with the preceding, we will neces-
sarily have (R"8) = (R'R') and (R"K]") = (]'K). Now if we let
RR])=E®R) =q, (H'R) = (R'R]) = (R]K) = b
(W'R) = (R"]) = (RR") = ¢

we will have m — 1= (8]) + (RR) + (R])=RK) +b + ¢
And since a + b+ ¢ = m (]K) = a — 1. Thus the nine unknown
quantities are reduced to three a,b, ¢ or rather, since a + b + ¢
= m, to two. Finally it is clear that the square p? becomes (m, 1 + 1)
U+ 1)+ (m B+ 1)+ (mC+ 1)+ etc. Among the terms
of this expression we have (m, n) which reduces to (m, 0) or to m and
the remaining terms reduce to (SR + ([KY + (KK )" so we
have p> =m+ (a — l)p + bp' + ¢p".

As a result of all this we have the following reductions:

pro=m+(a—1p+bp +cp

ppf — bp+ Cp’+ap”

17

pp" = cp + ap' + bp"

[ s

pp= ap + bp' + cp”
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along with the conditional equation

SN ek =m a«
o and we know besides that these numbers are integers. As a resul :
wx:have ; e ; o F :
C=p-pp" =ap’ + bpp' + cpp”

= am + (a* + b* + ¢ — a)p + (ab + bc + ac)yp’
+ {ab + bc + aclp”

But since pp'p” is an invariable function of p, p', p”, the coefficient
by which they are multiplied in the preceding expression are neces
sarily equal (art. 350) and we have the new equation

at+ b+ ¢t —a=ab + be + ac {11
and from this we get C=am + (@b + bc + ac)p + o’ + p") or
{on account of (I} and the fact that p + p' + p" = —1)

C =a®—be 1111]

Now even though C depends on three unknowns and there are
only two equations, nevertheless with the help of the condition
that a, b, ¢ be integers, they will suffice to compiletely determine
C. To show this we express equation (11} as

i2a+ 126 + 12¢ + 4 = 36a* + 36b* + 36¢? — 36ab — I6ac
— 36be — 24a + 12b + 12¢ + 4

By (1), the left-hand side becomes =12m + 4 = 4n. The right-
hand side reduces to

(6a ~ 3b — 3¢ — 2)2 + 27(b - ¢)?

or if we write k for 2a — b ~ ¢, to 3k — 2)* + 27(b — ¢} Thus
the number 4x (1.e. the quadruple of any prime of the form 3m + 1)
can be represented by the form x? + 27y% This can, of course, be
deduced without any difficulty from the general theory of binary
forms, but it is remarkable that such a decomposition is related
to the values of a, b, ¢. Now the number 4n can always be
decomposed in only one way into the sum of a square and 27




times another square. We show this as. follows.” If we suppose
that - e L
ol i 4n = 1% + 2Tut =1t + 27u'u

we have first ~ e
| (10 = 2T}t + 27 + vup = 16nt
second

(W + 27wy + 2 — t'u) = 16n
third

(' + ru)(eu’ — £u) = dn{u'u’ — u?)

From the third equation it follows that n, since it is 2 prime
number, divides one of the numbers tu" + t'u, ' — t'u. From the
first and the second, however, it is clear that each of these numbers
is less than n, so the one which n divides is necessarily =0. There-
foreuu — u® = Oanduw'y’ = u? and £’ = ¢*;ie. the two decompo-
sitions are the same. Now suppose that the decomposition of 4n
into a square and 27 times a square is known (this can be done
by the direct method of Section V or the indirect method of
art. 323, 324). We will then have 4n = M? + 27N’ and the
squares (3k — 2)%, (b — c)® will be determined, and we will have
iwo equations in place of equation {II). But clearly not only the
square {3k — 2)? but its root 3k ~ 2 will be determined. Because
it must either = +M or = ~ M the ambiguity is removed easily.
For since k must be an integer, we will have 3k — 2 = + M or
= — M according as M is of the form 3z + 1 or 3z + 2f Now
since k=2a—b—c=23a-m we will have a = {m + k){3,
b+c=m=a=02m—k)/3 and so

C=a’~bc=a’~}b+c)+Hb—- ¢
= Ym + k)2 — &(2m — k)P + IN? = {5k? + thm + (N7
and thus we have found all the coefficients of the equation.

* This proposition can be proved much more directly from the principies of Section V.

! Manifestly M cannot be of the form 3z because otherwise 4n would be divisible by X
With regard to the ambiguity as to whether b — ¢ must =N or = — N {115 unnecessary 1o
consider the question here. and by the nature of the case it cannot bz determined becsuse
it depends on the selection of the primitive root g. For some primitive roots the difference
b - ¢ will be positive, for others negative.
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QEF.  This formula will be much simpler if we substitute for N?

its value from the equation (3k — 2)° + 27N? = dn = 12m + 4.

After calculation we get . .
| C = §m+ k + 3km) = §{m + kn) ;
The same value can be reduced 1o 3k — JN? + k3 — 2k* + k —
km + m. And although this expression is less useful, it shows
immediately that C comes out to be an integer, as it should.

Example. For n = 19 we have 4n = 49 + 27 so 3k — 2 = +.7.
k=3 C=1(6+57/9 =7 and the equation we want is x° +
x! —6x ~ 7 =0 as we saw above (art. 35I) Similarly, for
n= 713, 31,37,43.61,67 the value of k is respectively 1, — 1,2,
=3 -2 L ~tand C=1,~18 —1i, ~89 -5 ;

Although the problem we have solved in this article is rather
intricate, we did not wish to omit it because of the elegance of
the solution and because it gave occasion for using various
devices that are fruitful also in other discussions.$
B 359. The preceding discussion had to do with the discovery of
auxiliary equations. Now we will explain a very remarkable
property concerning their solution. Everyone knows that the most
eminent geometers have been unsuccessful in the search for a
general solution of equations higher than the fourth degree, or
{to define the search more accurately) for the REDUCTION OF
MIXED BQUATIONS TO PURE BQUATIONS. And there is fittle doubt
that this problem is not merely beyond the powers of contemporary
analysis but proposes the impossible (cf. what we said on this
subject in Demonstratio nove, art. 9'). Nevertheless it is certain
that there are innumerable mixed equations of every degree which
admit 2 reduction to pure equations, and we trust that geometers
will find it gratifying if we show that our equations are always of
this kind. But because of the length of this discussion we will

$ Corollury. Let ¢ be the root of the equanon x> ~ | = 0 and we will have P+ ip o+
PV = mM o+ N -2 Let Middn = cosd, N 27 dn = sing and us a result

i

P ~b o+ jeosfbygn; & = &1 tmod, 3 e MHE- 220 mp {med. my

Setzt man 3x + | =y, 50 wird die Gleichung v* — 3ap — Ma =0 (If we let 3x 4 | = ¥,
we them have §° ~ 3ny ~ &fn = Q)

' This is Gauss' doctoral dissertation. s full ttle s Demonstrutiv avvu theveematis
Omnem Functionem Algebraicam Rationalem Integram unis varichilis in Factures Reales
primi vel secundi gradus resolvl posse. Helmstedr, 1799,

Redwctivn 1o pure
egnutinns of the
equations by which
the roots (€3

are Jouad
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L pmsem hr::re cmiy the most 1mper£anx prmczpigs necessary to show

 the reduction is possible; we reserve for another time a more
‘ mmpk’:te consideration, which the topic deserves. We w;l first
presem some general observations about the roots of the equation
Xl = = 0 wh;ch also embmce ﬁxe case wf;ere 2 is 2 composxzc
number. o ~ ‘

I. These roots are gwcn {as is known from ciememafy tcxt-»
books) by cos kPje + i sin kPje where for k we take the e numbers
0,1,2,3....e — | or any others that are congruent 1o these
retative m the modulus e. One root, for k = 0 or for any k divisible
by ¢ will =1. For any other value of k thcre will be a root that is
different from 1. i

1. Since {coskP/e + isinkPjef = cos ik?,fe + isin AkPle, it is
clear that if R is such a root corresponding to a value of k which
is relatively prime 10 e, then in the series R, R? R, etc. the eth
term =1, and all the antecedent values are different from 1. It
follows immediately that all ¢ of the quantities 1, R, R2 RY, ... Re™!
are unequal and, since they all satisfy the equation x° — | = 0,
they will give all the roots of this equation,

. tUnder the same agasamm:ﬁn the sum

T+ R 4 RY¥ | 4 RMe-U o g

for any value of the integer 2 not divisible by e For it is
={1 — R*){{(i — R*) and the numerator of this fraction =0, but
the denominator is not =0. When 4 is divisible by e, the sum
obviously =e.

B 360. Let n, as always, be a prime number, g a primitive root
for the modulus #, and 7 — | the product of three positive integers
a, B, v. For brevity wc will include in this the cases where «
or y = L. When y = |, we just replace the sums (3, 1), (3, g), etc.
by the roots {1}, [g atc. Suppose therefore that all the x sums
of fy terms (87, 1.8y, g1 (Br.g%).. .. (By.2°" ") are known and
that we want to find the sums of ; terms. We have reduced the
operation above to a mixed equation of degree f. Now we will
show how to solve it by a pure equation of the same degree. For
brevity for the sums

Bt g g®h . g™
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 which are contained in (fy. 1, we will write a,b,c,..m respec-
tively. And for the sums L L
(};1‘ g)‘ {}'~ gx -%‘1 }“ . {‘};‘ g-z!f "’:x ¥ 1} o |
contained in (ffy, g) we will write a.b,...m'. And for
B g Y |

we will write a"‘, b"....m", etc. kumil‘ we come to those that are
contained in (fy, g* " '), ~ |

[ Let R be an arbitrary root of the equation ¥ — | = 0 and
let us suppose that the power of degree of the function

t=a+Rb+Ric+ ... +R'm
is, according to the rules of article 345,
N+ da+ Bb+ Ce... + Mm
+ A+ B + Cc o+ Mw
+ A"a" + BE 4+ CU¢" L+ MTm”
+ et = T

where all the coefficients N, 4, B, 4, etc. are rational integral
functions of R. Let us also suppose that the B power of two other
functions

u=Rlag+ Rb + Ri. 4+ RF-ipy
“=b+ Re+RM... + RV 3m s RE- Yy

become respectively U/ and U”. It is gasy to see from article 350
that since «' results from replacing the sums a, b, ¢,...m with
b, ¢, d,...a, we have

U'=N+A4b+Bc+Cd. .. + Ma
+ A+ B+ Cd ...+ Ma
+ A'D 4+ B'¢" + C'd" ..+ M"a”
+ etc.

It is also clear that. since ¥ = Ru', we will have U = ROU"
And since R =t the corresponding coefficients in U and U
will be equal. Finally. since r and u differ only in so far as a is




g v e e

a0 . sm::now vgz; .

muitzpiaed by amzy in¢ aad by Rﬁ in u, all ihe correspsadmg
coefficients (i.e. those that muitaply the same sums} in ?" and U
will be equal, and scs also the corresponding coefficients in T and
U'. Therefore A=B=Cetc. =M. A =B =Celc; A =B
= C" etc.; etc so T is rcduced o a form E:ice ‘

N + ABp. 1) + A’ (B, g) + A"(By Z} + etc.
where the individual coeﬂicxems N. A, A, etc are of the form
RPN 4 RS 4 pRPTI 4 oere

in such a way that p, p, p”, etc. are given integers.
It. If we take for R a determined root of the equation x® — | =0
{we suppose that we aiready have its solution} and in such a way
that no power less than the # power is equal to unity, T will also
be a determined quantity, and from it we can derive 1 by the pure
equation ¥ — T = 0. But since this equation has § roots which
are 1, Re, R*, ... RF "', there can be a doubt as to which root
should be chosen. This is arbitrary, however, because we must
remember that after all the sums of fy terms are determined, the
root {1} is defined only in that one of the 8y roots contained in
{By, 1} must be denoted by this symbol. So it is entirely arbitrary
which of the B sums making up (fy. 1) is designated by a. And if
after one of these sums is expressed by a we suppose that = T,
it is easy to see that the sum we now designate by b can be changed
to o, and what was formerly ¢, d, ... g, b now becomes b, ¢,...m, 2,
and the value of ¢ is now =T/R = TR~ Similarly, if we now
decide to let a equal the sum which in the beginning was ¢, the
value of t becomes TR?~? and so on. Thus ¢ can be considered
equal to any of the quantities T, TR? ™', IR?"? etc, ie to any
root of the equation x¥ — T = 0 according as we let one or
ﬁ ~ another of the sums in (fiy, 1) be expressed by (3, 1). QED.
e @%@ O @&& I[I. After the quantity ¢ has been determined in this way, we
¢ == must determine the § — [ others which result from ¢ by substitut-
/\)i%/ 8 ,A Q\% ing for R successively R? R?, R* ... R’ that is, by finding
j

Y =a+ R*% + R... + R¥ *m
" =a+ R + Rb¢... + R¥® 3m, etc

LA na -
o - .0yt We have the last of these already because it manifestly =a +
L CHDIND X Fe
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way. We use the methods of article 345 to find the product t*- 21

ing to show that from this we geta form
9+ Wy, ) + W(By,g) + A'(Br. g ete. = T’

just as we found ¢ in [. Then we use a method just like the preced-

Here 9L 9, ', etc. are rational integral functions of R and so
1" is a known quantity and ¢ = T't¥/T. In exactly the same way
we find some T by calculating the product ¢* “*¢". This expression
will have a similar form and because its value is known we can
‘derive the equation " = 7"t*/T. Then * can be found from the
equation 1 = T"t*/T where again T is a known quantity, etc.

This method would not be applicable if we had ¢ = 0 for then
T'=T = T"¢tc. = 0. Bul it can be shown that this is impossible,
although the demonstration is so fong that we must omit it here.
There are also some special artifices for converting the fractions
T/T, TT, etc. into rational integral functions of R and some
shorter methods in the case where o = 1 for finding the values of
.1, etc. but we cannot consider them here.

iIV. Finally, as soon as we have found ¢, 1, 1", etc. by observa-
tion [l of the preceding article we have immediately that
L4+ 1+ 1" + ete. = fa This gives us the value of a and from this,
by article 346, we can derive the values of all the remaining sums
of y terms. The values of b, ¢, d, etc. can also be found from the
following equations, as a little investigation will show:

Bb =Rt + RE"% &+ R~ %" 4 et
Be =R¥ I 4 R¥ % 4 R¥-61" 4 ere
Bd = R34 R3S & R¥-%" L etc, et

Among the great number of observations that we could make
concerning the preceding discussion we will emphasize only one.
With regard to the solution of the pure equation xf — T = 0, it is
clear that in many cases T has the imaginary value P + iQ so the
solution depends partly on the division of an angle {whose tangent
=Q/P}, partly on the division of a ratio [unity to J{P? + Q%)]
into f parts. And it is remarkable (we will not pursue this subject
here) that the value of Z(P* + Q% can always be expressed
rationally by already known quantities. Thus, except for the




@m S

v 5‘
q\v\/ “ 3

@, Sp

@,

“ ;‘;‘459, | e . - ‘_ sgc*now V“;

‘extracnon of a squam root the cmly shlng mquarecﬁ f}:)r a soiutmn‘

-

,,_\

» Q,\(;\; \E

‘@\JN\} ﬁ‘ﬁi i{j\ W
“Method of finding the
angles corresponding
to the individual
roots of (€3

Application of

the preceding
to trigonomelric
Junctions

s the dzv:smn of the angie, e 8 f(}r ;3 = 3 only zhe %rxsecnon of an‘
“angle. ‘

Fm&lly, smce nothmg prcvems us fmm sctimg &= i }' =1 and

- 50 B=n~1, it is evident that the solution of the equation

X" —1= 0 can ammedxately be reduced to the solution of a pure
equation x"~ ' T=0of degmc n — 1. Here T is determined by
the roots of the equation x"~' — 1 = 0. As a result the division
of the whole circle into n parts requires, firs; the division of the
whole circle into n — | parts; second, the division into n — [ parts
\yof another arc which can be constructed as soon as the first

PN davasmn is accomplished ; third, the extraction of one square mot.

and it can be shown that this is always \/n.

B 361. it remains to examine more closely the connection
between the roots Q and the trigonometric functions of the angles
Pin,2Pfn,3P/n.. (n — 1)P/n. The method we used for finding
the roots of Q {unless we consult sine tables, but this would be
less direct) leaves uncertain which roots correspond to the indi-
vidual angles; ie. which root =cosP/n + isinP/n, which
=¢0s 2P/n + isin 2P/n, etc. But this uncertainty can be easily
removed by refiecting that the cosines of the angles P/n, 2P/n,
IP/n,. .. (n — 1)P/2n are continually decreasing (provided we pay
attention to signs) and that the sines are positive. On the other
hand the angles (n — UF/n,{n — 2}P/n,{n — 3iP/n,...(n + LjF/n
have the same cosines as the above, but the sines are negative

_although they have the same absolute value. Therefore of the

roots § the two that have the largest real parts {they are equal to
each other} correspond to the angles P/n, (n — 1}P/n. The former
has the coefficient of [ positive, the latter negative. Of the
remaining n — 3 roots, those that have the largest real part
correspond to the angles 2P/n, (n — 2}P/n, and so forth. As soon
as the root to which the angle P/n corresponds is known, those
that correspond to the remaining angles can be determined from
this one because, if we suppose that it ={i}, the roots [24], [34],
{44], etc. will correspond to the angles 2P/n, 3P/n, 4P/n, etc. Thus
in the example in article 353 we see that the root corresponding
to the angle P/19 must be (11}, and [8] to the angle 18P/19.
Similarly the roots [3], [16], [14], [5], etc. will correspond to the
angles 2P/19, 17P/19, 3P/19, 16P/19, etc. In the example of article
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354 the root [1] wil correspond to the angle P/17, [2] to the angle

2P/17, etc. In this way the cosines and sines of the angles P/n,

2P/n, etc. will be completely determined.

these angles, they could of course all be derived from the corres-
ponding sines and cosines by ordinary well-known methods. Thus
secants and tangents can be found by dividing unity and the
sine, respectively, by the cosine; cosecants, and cotangents by
dividing unity and the cosine by the sine. But it will often be
much more useful to obtain the same quantities with the help of
the fotlowing formulae by addition alone and no divisions. Let
@ be any one of the angles P/n, 2P/, .. . {n ~ L)P/n and let
cosa + isinw = R so that R will be one of the roots €, then

a(, 1y 1+R?
ﬁﬁﬁ(z}mixﬁ'%g)mwa
X 1 Y (L~ R¥
Smw“iﬁ&“ﬁ")““ﬁﬁw
And from this
2R (1 - R*®

Now we will show how to transform the numerators of these four
fraciions so that they will be divisible by the denominators.

L Since R =R**' = R**! we have 2R = R 4+ R**! This
expression is divisible by | + R? since n is an odd number. So
we have

seCw = R — R 4+ RS — R7.. 4 Rin-!

and so {since sinw = —sin(2n — Bew, sin3dw = —sin(2n - 3w
etc. we have sinw ~ sin3dw + sindw... + sin(2n — ko = 0}

SECW = COSW ~ €08 3w + cosSw... + cos(2n — 1w

or finally (since cosw = cos(2n — w, cos3w = cos{2n ~ 3w,
efc.)

= 2cosw ~ cosdw + cosSw. .. ¥ cos{n ~ Zjw) + cosnw

b 362. With regard to the remaining trigonometric functions of

Derivation of
tangents, colangents.
secants, amd
cosecants from sines
and cosines withou
division




t:%m upper or lower sign to be taken acmrémﬂ as nis of {h{’: form -

k4 1 or. ék + 3, Obvaousky thts {ormu!a can a}so be expx‘cssed_

secw = ~«!~EI - ?cos 7(0 + Zcosziw “‘?C‘GS{n - i;w} ” |
L Simxiariy by w%:as{zs:utmg [ — R¥*2 fo:‘ 1 ~ R? we h&ve
tanw = i(1 — R* + R* — R®.. az*;

or (since t - R* =0, R? - Rin-? *"’?Zi'sm 2w, s?;” — R
2isindw, eic.) ‘

tanw = 2[sin 2w — sindw + sinbw... T sin(n — ]
[l Since L + R? + R*... + R* 2 = {, we have
fre= o ]~ R~ RY  RIZ

=1 =1+ {1 =R+ (1 =-RY...+(1 - R™ Y

and each of its terms is divisible by I — R% So
f .__m:,n‘s'}.z.nzln-'&\ Lot . owxl . 13d
Ewﬁzmzwuwn il AT Rl R R
4+ R
=~ 1) +{n—0R? +{n— JR*... + R+
Multiplying by 2, and subtracting the quantity
Oe(n— {1 + R* + R*. ..+ R¥™ %
and again multiplying by R we have
2nR 3 5 : 2a-3
m-z={ﬂ“ i}R +fn-~ 3}& +{n"5}R “"’{n- 3)&
—~ {n ~ DR*"!
and from this we get immediately
Cosecw = i{(n — Usine + {n — 3)sindw ..

- {n — 1ysin{2n — L]
R
= ;i(” — sinw + {7 — 3sin 3w + etc. + 2sin{n — 2)w]
This formula can also be expressed as

2. . . .
cosecw = — ~{2sin2w + 4sindw + 6sinbw ., ..
] . N
+ {n — tysin{n — L]
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V. If we mump{y ‘the value af nf(i ~ R? } givén ‘k‘;ibm‘e by

1 + R? and subtract the quantity

O=n-— Bl + R + ﬁ“ ,PREW“B}
we have
i
‘ﬁi‘{iﬁgﬁ“} = (n— 2R* + (n — 4R* + (n - 6R® ...

i — HR¥?
and from this it immediately follows that

i{(n — 2¥sin 2w + (1 — 4)sindw + (n - 6)sin bu . .
—gﬂ - '}!5111{1% e Z{\;g

colano =

3

o+ 3sin{n — 3w
4+ sinln — led

[(n — 2)sin2w + (n — 4)sindw .

& b

and this formula can also be expressed as

cotan = - %{séﬁ w4+ Isindw... + {n - sin{n — 2iw]

B 363. When n — | = ¢f, the function X can be resolved into ¢

factors of degree f as soon as we know the values of all the ¢

ﬁﬁm‘\‘. of f terms (art. 348) in the same way. if we suppose that
=0 i

i agr?«f\:«@ rOES Are khn rgmak 51
3 %

ey oarpe uni- e a«f A{xwrma:a- BE s £
s P4 221 52
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any other trigonometric functions of the angles P 2P ..
{rn — 11P/n, the function Z can be resolved into ¢ factors cfdegfeﬁ
£ in the following way.

Let O consist of the ¢ periods of fterms, (f. 1) = P, P, P", etc.;
the period P of the roots [1] [a],{b] [c]. etc.: P of the roots
[@ b LI¢'] ete.; P" of the roots {a”], [6"] [¢"]. etc., etc. Let the
angle w correspond to the root {1} and thus the angles aw, b,
etc. to the roots [al, [B], etc., the angles ad'w, b'w, etc. to the roots
[a’L{b'] etc., the angles a"w. b”w. etc. to the roots [a"]. [b"]. etc
It is easy to see that all these angles taken together coincide with
respect 1o the trigonometric functions” with the angles Pin,
28/ 3FPjn. ...
considering by the character ¢ prefixed to the angle. and if we

® Two angles eomncide in this respect if their difference 1s equal 1o the arcumierence of (o

a maluple of 11 We can sav that they are cungruent relotive 10 the circumference 1f we want
16 use the term congruence tn an exiended sense.

{n — 1P/ Now if we denote the function we are

Method of success
sively reducing the
eguutians for trigo-
nometric flinctions
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let Y bf: the gmduct of the ¢ deIOFb o
— pw, \ — <pau X - q&hm etc

and the product of the faczors X — d)a w, ’( - «;bb (,) etc. = ? the

product of x — ¢a’w, x — db'w, etc. = Y" et then neces-
sarily the product YY" Y'... =2 It remains now to show that
all the coefficients in the fmzcnons }’ Y Y” etc. can be reduced

to the form
A+ B(f 1)+ Clhg) + DU g + Lifig'™ )

When we have done this, manifestly all of them will be known as
soon as we know the values of all the sums of f terms. We show
this in the following way. ‘

Justascosw = ({12 + (1" Y2 sinw = ~ (L)) + G[1]/2)
so by the preceding article all the remaining trigonometric func-
tions of the angle @ can be reduced to the form U + B{1] +
G[1}* + D[1]* + etc, and it is not difficult to see that the func-
tion of the angle kw then becomes =9 4 Blk] + E[k)
DIk} + etc. where k is any integer. Now since the individual
coefficients in Y are invariable rational integral functions of
dw, paw, pbw, etc., if we substitute their values for these quanti--
ties, the individual coefficients will become invariable rational

integral functions of [1}, [a], [b], etc. Therefore by article 347 they
srdiimed 1o the form A 2 B4 1Y !"’ffa’g + et The coefhi-

B ﬁlu LQ’UM%&&\J 35S REdw FRAS R H ""\f& LT ve\"’ i

cients in Y, Y7, eic. can also be reduced to similar forms. QE.D.
» 364. We add a few observations concerning the problem of the
- preceding articie.

{. The individual coefficients in ¥ are functions of roots con-
tained in the period P’ [we can let it =(/, ')] just like the functions
of the roots in P giving the corresponding coefficients in Y. [¢ is
clear from article 347 therefore that we can derive Y’ from Y by
substituting everywhere in Y the quantities (f, a), (f,a'g), (f.a'g".
ete. for (£, 1), (£ g). (£, g%). etc. respectively. And Y can be derived
from Y by substituting everywhere in Y (f.a"),(f, a"gh{f.a"¢"}
ete. for (f, (£, gl {f. g%), etc. respectively etc. Therefore as soon
as we have the function Y, the remaining Y', Y, etc. follow easily.

1. Let us suppose that

Vo= xf —ax/ "t ¢ /72 ~ ete
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Thm the weff‘ mems @, ,5 etc are e*es;aectwe!y zim sum of thc
roots of the equation ¥ =0, ie of the quammcs qﬁw paw, pha,
etc., the sum of their ymdatts taken two by two, etc. But often
these coeflicients will be found much more eamy by a method
similar to that of article 349, that is by calculating the sum of the
r00ts ¢, Paew, Pbes. etc., the sum of their squares, cubes, stc. and
deducing from this by Newton's theorem the coefficients we want.
Whenever ¢ designates the tangent, secant, cotangent, or co-
secant we have still other methods of abbreviating the gﬁmcﬁss
but we cannot consider them here. LS.
11L. The case where fis an even number merits special mﬁs&dem« E;g,, @ \75) DAL DCE\
tion for then each of the periods P, P, P”, etc. will be composed of
S12 periods of two terms. Let P consist of the periods {2, 1}, ; ;\@j\
(2,0}, {2.b},{2, ¢}, etc. The numbers 1,a,b,¢, etc. and n — 1, p,ﬂ,\ f\\
n-an—hbn-—c etc taken together will coincide with the b@& é}f‘ %““
numbers 1. a b, ¢, etc. or at least {this comes 1o the same thing) ‘w)a W&, G&W f}i
will be congruent to them relative to the modulus n But
Pln — Ll = + . dln — aJw = +daw etc. the upper signs to < Q@é@ @%
be taken when ¢ designates the cosine or secant, the lower when EL %é\b
¢ designates the sine, tangent, cotangenti, or cosecant. [t follows @g %\?“ %; 3@@32@%@\@
from this that in the first two cases the factors of which ¥ is '~ ?; 0 s s
composed will be equal two by two, and thus Y is a square and 1o ‘;j\vfyé{_k?{ % j’gx
will = y* il we suppose that y is equal to the product of ;

X~ s, X - aw, X — b, ete.

In the same cases the remaining function Y, YY", etc. will be
squares, and if we suppose that P’ is composed of {2,a').{2. 5"},
(2,0, etc.t P7 ool (200"} (2,b"L(2,¢"), ete, etc., the product of
X = ', X ~ $pbw, x — ¢dw, etc. =y, the product of x — da"cw,
x — b w, et =" ete, then Vo= py, V7= p"y", etc.; and the
function Z will also be a square {cf. above, art. 337} and its root
will be equal 1o the product of y, ¥, 3", ete. But clearly 3, y", eic.
can be derived from y just as we said that ¥, ¥" are derived from
Y (el [} Further, the individual coeflicients in y can also be reduced
to the form

A+ Blf. 1)+ Clf g} + ete.

because the sums of the individual powers of the roots of the
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o muaimn y =0 are ec;ual to cmr;: tmlf me sums for the equatxon
Y = 0 and thus are reducible to such a form. In the {aur iaiter;
s:ases hcwever v wsii be the groduct of the facters

- @)l K - (paw). {ébw}“’ etc.
and thus 9f£§‘2€: farm . [
xf —ixf"t ¢ ;sz" * —ete

It s aﬁaar that the cceﬁicaen&s A, 4, €tc, can be deducasi frem thc
sums of squares, bsquadratcs etc. of the roots, ¢, daw, ¢bw,
etc. And the same thing is true for the functions Y, Y", etc.
Example [ Let n=17, f =8 and | let ¢ designate the cosine.
Then we will have

. i3
= (f 4 T =~ x® - 3+ e e = - i+ )

and thus /Z will be resolved into two factors y, ¥ of degree four.
The period P = (8, 1) consists of {2, 1}, (2.9}, (2, 13),(2, 15} so y will
be a product of the factors

X ~ ¢w, x - 3w, x ~ ¢$idw, x — $liw
Substituting (k12 + ({n — k}/2) for ¢kew we find that
Pw + $%w + $13w + ¢l5w = (8, 1)/2
{gwi® + {@%u)® + (F13w) + (¢i15w)® = 2 + {(8, 1V/4]

Likewise the sum of the cubes s =[3(8, 1¥/8] + ({8, 3)/8] and the
sum of the biquadrates is =[3/2] + [5(8, 1)/16]. So by Newton's
theorem the coefficients in y will be

y=x*~ §8, x* + H(8, 1) + 28.3)]x* — §[(8. 1) + 3(8.3)x
+ 1el(8, 1} + (8,3)]

and y' is derived from y by interchanging (8, 1) and (8, 3). Therefore
if we substitute for (8,1),(8,3) the values —{1/2) + (JI17)/2,
—(1/2) = (J17)/2 we get

t

p=xt G-I ~ @G I G I~

»

yo=xt G+ /IO -G - RS - 1T~
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- ‘Szm;iariy JZ can be resoived mt{a four factors of degree twe The L
first will be {x — q)cu){x ~ ¢13w), the second (x — P9w){x — $15w),

. the third {x — @3w)(x — ¢Sw), the fourth (x — q)li)w}(t - ¢llw),

~ and all the coeﬁicxen{s in ihg:se facwrs can be expressad by the
four sums (4, 1). (4,9), (4,3), {4, 10). Manifestly the product of the
first factor times the second will be ¥, the prcaduct of the third

times the fourth y'. :
Example 11 I with evcryzhmg else the same, we suppose that

¢ stands for the sine so that
Z = x'® — Llg1s 4 19,12 _ 221 10 “%Mg%x §81 6

57 $i £7
+ ?’3'53’{2_ m& + g%EvE

is to be reselved into two factors of degree & which we designate
v, ¥, then y will be a product of four double faciors

x? = (pw)?, x? — {$%w)?, x? — (¢13w)?, x? = {p15w)?
Now since
dhw = —Lilk] + Lifn ~ k)

we have
{$hw)’ = —3{2k] + 4{n] — H2n — 2k} = 4 — Y2k] - 20 — 2k}
Thus the sum of the squares of the roots dw, §9%a, 13w, $15w
will be 2 — {(8, 1)/4), the sum of their fourth powers = {3/2} —
{3(8, 1)/16). the sum of their sixth powers = {5/4) — (9(8, 1)/64} —
{(8, 3)/64), the sum of their eighth powers (35/32) — (278, 1)/256) ~
{((8,3)/32). As a result we have
yo=xP =2 - 8 10x® + (3 — &8, 1) + L8, yx*

~ (3 - &8 1) + &8, + & — (8. 1) + 338, 3)

and y" is determined from y by interchanging (8. 1), {8, 3}, so by
substituting the values of these sums we get

y=a" = (= 0 4 (3 = B - (4 = &1
+ #55 — %tl'\i!i?
T= o - LIS+ (H P It = (35 + &J 1T

+ 756 + sy 17




”i‘hus Z can i}e resoived into feur {actws w?mse ceefﬁmems can be o
‘ _mpresse:d by the sums of faurtarms The product af two (}f them w:li .
be y, the product of the other two y. ‘
Sections of the B> 365. Thus by the precedmg ﬂ;scusswns we haw mduced the
circle which can be division of the circle into n parts, if # is a prime number, to the
effected by means of _solution of as many equations as there are factors in the number
quadratic equations \, ) _ 1 The desree of the equations is determined by the size of
or by geometric
constructions {1h€ factors. Whenever therefore n — 1 is a power of the number 2,
__/hich happens when the value of n is 3,5, 17, 257, 63537, etc. the
f division of the circle is reduced to quadratic equations only,
and the trigonometric functions of the angles P/n, 2P/n, etc. can
j’* &;\l"\} “‘@‘f be expressed by square roots which are more or less complicated
{according to the size of n). Thus in these cases the division of the
circle into n parts or the inscription of a regular polygon of n
sides can be accomplished by geometric constructions. Thus, e.g.,
for n = [7, by articles 354, 361 we get the following expression for
"the cosine of the angle P/17:

=15 + 18/17 + 16 /[34 ~ 2J/17] + { /17 + 3/17 ~ /(34 ~

Jra

217 - 2034 + 2 /1)

The cosine of multiples of this angle will have a similar form, but

the sine will have one more radical sign. It is certainly astonishing
?é“aag aiﬂ'gnngh ?é‘\ﬁ nﬁnma?mn #@samesﬁﬂugién nf ?s—uga ﬂwrﬁgg into %ku{v& ey,

ZEERE

e five parts was already known in Eucizd s time, nothing was added
to this discovery for 2000 years. And all geometers had asserted
that, except for those sections and the ones that derive directly
from them (that is, division into 15, 3-2% 5-2% and 2* parts),
there are no others that can be effected by geometric constructions.

It is easy to show that if the prime number n = 2™ 4+ 1, the
exponent m can have no other prime factors except 2, and so it is
equal to 1 or 2 or a higher power of the number 2. For if m were
divisible by any odd number { {greater than unity) so that m = {n,
then 2™ + 1 would be divisible by 27 + | and so necessarily
composite. All values of n, therefore, that can be reduced to
quadratic equations, are contained in the form 22" + 1. Thus the
five numbers 3, 5. 17, 257, 65537 result from letting v =0, 1, 2, 3,4
orm = 1,2, 4 8, 16. But the geometric division of the circle cannot
be accomplished for alf numbers contained in the formula but
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oniy {or those thar are prxme F’ermax was mts?ed by hss mdaci:ozi o
and affi rmed that all numbers contained in. thxs form are ncces?
sartly prime, but the d:stmguxshed E-Zuier first notlced that this rulﬁ ~
is erroneous for v = 5 or m = 32, smce the number 2t 4;» | =
4294967297 involves the famor 64!

Whenever n —~ 1 mveives prime factoxs other ﬁfzan 2 ‘we are
a%ways led to equations of higher degree, namelyv to one or more ‘ ;
cubic equations when 3 appears once or several times among the L %r
prime factors of # — 1, to equétiens of the fifth degree when n — | ‘

ts divisible by 5, etc: WE CAN SHOW WITH ALL RIGOR THAT THESE 2 SR ‘ch/ﬁ g,g’
HIGHER-DEGREE EQUATIONS CANNOT BE AVOIDED IN ANY WAY NOR (7 ?&L 3;;3\} K
CAN THEY BE REDUCED TO LOWER-DEGREE EQUATIONS. The limits ) ’ I

of the present work exclude this demonstration here. but we N
issue this warning lest anyone attempt to achieve geometric \ [
constructions for sections mher than the ones suggested by our N %iy%
theory {e.g. sections into 7, 11, 13, {9, etc. parts) and so spend his @)2;
time uselessly. /Kﬁ@

P 366 Il a circle is to be cut into ¢* parts where ¢ is 2 prime num- ,}\W Do g\%
ber, manifestly this can be done geometrically when a = 2 but not ‘
for any other value of a il « > |, for then besides the equations ég,%%?&"i Lf % E:L

required for the division into a parts, there will necessarily be ) ; e
2 — | others of degree a to be solved, and these cannot be avoided G- L ¢y ()
. N Y
tn any way or reduced. Therefore in general the degree of the g _ L

necessary equations can be known from the prime faciors of the
number (¢ — 1)a*~ ' ({including also the case where z = 1),
Finally if the circle is 1o be cut into N = g*b%¢- . parts where
a.b, ¢, etc. are unequal prime numbers. it suffices 1o eﬁ"eci divisions _
into «*, b¥ ¢, etc. parts {art. 336). So in order to know the d degree ;{»,ﬂ(
of the equations necessary for this purpose, we must consider the BUY

prime factors of the numbers — fofé\g
e LAt
a-Na"" (b= UL e = e ete A
D -\

-0 RN
or, what comes to the same thing, the factors of their product. We (‘ﬁ/ é/@i Cﬁ\@
remark that this product indicates the number of numbers rela- .
tively prime to N and less than it {art. 38), Geometrically therefore ‘ié{p M f\;} .
this division can be accomplished only when this number is a =
power of 2. But when the factors include primes other than 2, say
p.p. eic. then equations of degree p. p'. etc. cannot be avoided.
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5*’1 genf:m therefore in {}fdf:f io be abie to dmde t&m cxrc:ie geo-f

‘ ;matrscalky 1{110 N parts N must belora haghm’ power of 2 ora

prime number of the fmm 2”‘ + 1, 0r the product of several mxme ‘
numbers of this form, or the pmducz of one or several such primes
~ times 2 or a higher power of 2. In brief, it is required that N involve
no odd prime factor that is not af the fm‘m 27 + 1 nor any prime
factor of the form 2™ + | more than once. The foiiowzng are the
38 values of N below 30(3

2,3,4,5.6.8,10, 12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 64,
68, 80, 85, 96, 102, 120, 128, 136, 160, 170, 192, 204, 240, 255, 256,
257,272,




