MATH 248A. SOME VERTICAL FACTORIZATIONS

Let us recall the general result on “vertical factorization” as discussed in class. We let A be a Dedekind
domain with fraction field F', and let F'/F be a finite separable extension such that the integral closure A’ of
A in F’ is monogenic; that is, A’ = Ala’] for some o’ € A’. (After we study the theory of completions later on,
we will see that the monogenicity hypothesis is always satisfied when A is a complete discrete valuation ring
with perfect residue field.) The minimal polynomial f of a’ over F lies in A[X], and the map of A-algebras
A[X]/(f) — A’ uniquely determined by X +— a’ is an isomorphism. Indeed, it is visibly surjective, and to
check injectivity we note that the source is a finite free A-module and so it is enough to verify injectivity
after applying F ®4 (-). Such extension of scalars gives rise to the map F[X]/(f) — F’, and this is indeed
injective (even an isomorphism) because it is a map of fields (as f is irreducible in F[X]).

The result stated in class was that if p is a (nonzero) prime ideal of A and the reduction f € x(p)[X] of
f has factorization f = IT_, ﬁe for pairwise distinct monic irreducibles f; then r = g and upon choosing
monic lifts f; € A[X] of f, for all i and rearranging the enumeration there is the prime factorization

pA’: i‘l...{p‘;g

with B; = (p, fi(a’)) and k() ~ k(p)[X]/(f;) over k(p) for all i. In particular, [x(*B;) : x(p)] = deg f, for
all 4.

We wish to work out some examples of this theorem with A = Z. In class, the general case of factorization
of pZ in quadratic fields K was discussed; recall that Ok is always monogenic over Z in such cases. In
Homework 4, Exercise 1, you showed that when carrying out prime factorization in a Galois extension one
has that e(PB;|p) and f(P;|p) are independent of i. We will illustrate the case of a non-Galois extension of
Q as well as the general case of cyclotomic extensions of Q. But first we prove the general result.

1. PROOF OF GENERAL THEOREM ON VERTICAL FACTORIZATION

The isomorphism A[X]/(f) = A’ of A-algebras defined by X +— a’ induces an isomorphism

g
(()[XD)/(F) = AX)/(p, f) = A'fpa = [ 4//pi*
i=1
of k(p)-algebras, where the first step uses the definition f = f mod p and the third step uses the Chinese
Remainder Theorem in A’. A further application of the Chinese Remainder Theorem in x(p)[X] and the
monic factorization f = | fjj in k(p)[X] provides a k(p)-algebra isomorphism

(w(m)X]/(F) = T (=)XD/(F))".

j=1

Hence, we have given two (p)-algebra decompositions of R = (p)[X]/(f) into a product of local k(p)-
algebras. But such a decomposition is unique in a very strong sense, as we record in the following general
lemma from commutative algebra (proved in any development of the theory of artin rings, and more specif-
ically for finite-dimensional algebras over a field on pages 16—20 of the Frohlich—Taylor text “Algebraic
Number Theory”):

Lemma 1.1. Let k be a field and R a finite-dimensional nonzero commutative k-algebra. Then there exists a
k-algebra isomorphism R ~ [] R; into a finite product of local k-algebras R;, and this collection is unique up
to reordering and k-algebra isomorphism. More specifically, if ¢ : [[ Ri =~ HR; is a k-algebra isomorphism
with {R;} and {R;} two nonempty finite collections of local finite-dimensional k-algebras then the sizes of
these collections are the same and there is a unique permutation o of the indices and collection of k-algebra
isomorphisms ¢; : R; ~ R’G(i) such that ¢ = [[ ¢s. In particular, ¢;, is compatible with ¢ via the natural
projections [[ Ri — Ry, and [[ R} — R

o (i0)”

It follows from the lemma applied to the two local product decompositions of (p)[X]/(f) that necessarily
r = g and after suitable relabeling the isomorphism of products is induced by a collection of k(p)-algebra
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isomorphisms

O R(P)IX]/(F,) = AR,

Explicitly, this is induced by the isomorphism A[X]/(f) ~ A’ defined by X +— ', so comparing kernels
of projections from each side all the way down to the residue fields implies that the surjection A[X] — A’
carries (p, f;(X)) onto B;, which is to say that (p, f;(a’)) = PB;. Moreover, comparing nilpotence orders of
the maximal ideals on both sides of the isomorphism ¢; gives that e; = e(B;|p), and finally the isomorphism
¢; between local k(p)-algebras induces an isomorphism between the residue fields as extensions of x(p). In
other words, x(p)[X]/(f;) is x(p)-isomorphic to A’/9;, as desired (with this latter isomorphism induced by
X — d’ mod ;).

2. A NON-GALOIS EXAMPLE

Let K = Q(«) with a® 4+ 10a + 1 = 0. The cubic polynomial f = X3 4+ 10X + 1 € Z[X] is irreducible
over Q because it does not have a rational root, and Z[«a] is an order in 0. A direct calculation shows
disc(Z[e]/Z) = —4027, and this is prime. Hence, Ok = Z[a] is monogenic and so the preceding general
technique is applicable and the only ramified prime is 4027.

The prime p = 2 is unramified, and in fact

X34+ 10X +1= (X +1)(X*+ X +1) mod 2

is the irreducible factorization in Fo[X]. We use the obvious lifts of these monic irreducibles to Z[X], so
20K = (2,a+1)(2,a®+a+1) = P1Po with f(P1]2Z) = deg(X+1) = 1 and f(P2|2Z) = deg(X3+X +1) = 2.
Note that > e(PB:|2Z) f(B:|2Z) =14+ 2 =3 = [K : Q], as it should be.

The prime p = 4027 is ramified, and in fact one checks

X3 410X + 1 = (X +2215)%(X + 3624) mod 4027
in Fy27[X]. Using the obvious lifts of these monic linear factors to Z[X], we get
402705 = (4027, a + 2215)2(4027, o + 3624) = Q20»,

50 €(0Q1|4027Z) = 2 and e(Q2|4027Z) = 1 with both 9,’s having residue field degree 1 over F4927. Note that
> e(Q;|4027Z) f(Q4|4027Z) =2+ 1 =3 = [K : Q], as it should be.

3. CYCLOTOMIC FIELDS

Let K = Q(¢,) be a splitting field of X™ — 1 for a positive integer n. Letting ®,, € Z[X] denote the nth
cyclotomic polynomial, this is the minimal polynomial of ¢, over Q, and Z[(,] ~ Z[X]/(®,,) is an order in
Ok. We have proved earlier that Z[(,] = Ok if n is a prime power, and we will soon prove that this equality
holds in general, with disc(K/Q) divisible by exactly the primes that divide n (so the primes of Q that
ramify in K are precisely the prime factors of n, though this latter fact can be proved by other methods once
one knows a bit more about general ramification theory). For now we will grant the equality Z[(,] = Ok, so
in particular Ok is monogenic over Z. We wish to work out how most primes of Z factor in &k. The case
of ramified primes is a little complicated, so we just work out one ramified case and then we work out the
general unramified case.

Let us first consider the special case n = p® with e > 1 and we wish to study how p factors in Ox = Z[(pe].
(Recall that we have already proved that this is the full ring of integers in K = Q((pe).) The general procedure
for monogenic cases tells us that we should first factor ®,. in F,[X]. Since X?* — 1 = @, - (XP"" —1)in
Z[X], by passing to F,[X] we get (X —1)P" = @, (X—=1)*""in F,[X], and so ®pc = (X —1)P" =1 mod p.
Thus, pZ[Gye] = P =D with B = (p, e — 1), and so e(P[pZ) = p*~}(p — 1) and f(P[pZ) = 1.

In fact, we can describe 8 more succinctly: P = ({pe — 1). That is, we claim that p already lies in
the principal ideal ((pe — 1) of Z[(pe]. To see this most easily, we just have to show that the quotient
Z[(pe]/(Cpe — 1) is killed by p. In fact, via the isomorphism Z[(pe] ~ Z[X]/(P,e) we have

2161/ (G — 1) = ZIX)) @y, X — 1) = B/ (@ (1)) = 27
because ®pe (1) = p (as @pe (X) = B, (XP" ) with ®,(T) = (TP — 1)/(T — 1) = do<icp T7)-
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Now we turn to the general unramified case with K = Q((,) for any n > 1. We take p to be a prime not
dividing n, so
POk =p1---Pg
with ¢(n) = [K : Q] = fg with f denoting the common residue field degree [k(p;) : Fp] over F,, = k(pZ)
(since K is Galois over Q). We need to determine f (and then we know g).

Lemma 3.1. The order of p in (Z/nZ)* equals f.

Proof. Consider the factorization ®,, = hy - - - h, into monic irreducibles in F,,[X], with no extra multiplicities.
(Note that a priori ®,, mod p is separable over F, because ®,, divides X™ — 1 and p { n). We have f =
deg(h;) for any j, so we need to compute the common degree of the h;’s. By construction, the finite field
k = F,[X]/(h;) with order p’ is a quotient of Z[¢,] and so k is generated over F, by a primitive nth root of
unity ¢ (that is, an nth root of unity whose powers provide a splitting of X™ — 1 into monic linear factors).
By Galois theory for finite fields, since Gal(k/F,) is generated by the Frobenius element whose order is f
we have (P =  if and only if f|i. However, since ¢ is a primitive nth root of unity in characteristic p { n we
have ¢ = ¢? if and only if @ = b mod n. Hence, f|i if and only if p’ = 1 mod n. This says exactly that f is
the order of p € (Z/nZ)*. |

Of course, in practice if we were to want to actually compute the primes over p in Z[(,] (for p 1 n) we
would have to compute the h;’s in Fp,[X] and lift each h; to a monic H; € Z[X]. The ideals (p, H;(¢,)) of
Z[(,) would then be the primes over pZ.



