DELIGNE’S LETTER TO PIATETSKI-SHAPIRO

Princeton, March 25, 1973
Dear Piatetski-Shapiro,

Except at 2, I have now a good understanding at the bad primes of the f-adic
representations attached to modular forms (for GL(2, Q)).

(A). ISOGENIES

Definition. The category of elliptic curves up to isogeny is obtained from that of
elliptic curves by inverting isogenies.

Le.,

(a) an elliptic curve E defines an elliptic curve up to isogeny F ® Q

(b) Hom(E ® Q, F & Q) = Hom(E, F) © Q
Hence, if F is a functor (ell. curves) — (...), and F(any isogeny) is an isomorphism,
F makes sense for elliptic curves up to isogeny.

Notations:

Ty(E) =limEgp
(for ¢ prime to p, E/k alg. clos. of char. p,
it is a free module of rank 2 on Zy)
Vi(E) =Ti(E) @z, Qu,
(makes sense for ell. curves up to isogeny)
Ty (E) =lim E,
P

«—(pn)=1
(B) =Ty(E)ezQ
a Al? = Hz;ﬁpm Q-module of rank 2
(makes sense for ell. curves up to isogeny)

Zg(l) == liil,u,gn
Qu(l) =Z(1)® Qe
M) =M® Q1) or M @ Zy(1)

The operator d is defined by

d(E) = 7
fiE—>F = d(f): d(F) — d(F) is deg(f) (0if f =0)

Theorem.

(a) d(FE)®Q makes sense for elliptic curves up to isogeny. Notation: d(E®Q) =
d(F)® Q.
1
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(b) For Ey an elliptic curve up to isogeny, the e,-pairings, and their behavior
under isogeny, enables one to define

2

A\ Ve(Eo) = d(Eo) @ Qu(1)

At p: Let us look at the case of supersingular curves of char. p; there, a substitute
for T,,(E) is the formal group of E (a height 2 dim. 1 formal group). The formalism
of d has the following analogue:

(a) A height 2 dim. 1 formal group defines d,(F'), a rank one module over Z,:
dy(F) = {u: F — F*} (F* = Pontrjagin dual), with 'u = —u

(b) If F/S is a deformation of F over S (local complete), and if T,(F) is the
corresponding local system on S ®z, Q,, then

2
NTo(F) = dy(F)(1)
(c) For E a supersingular elliptic curve, with corresponding formal group E’,

d(E) ® Z, = d,(E).

Recovering E: Let Ey be a supersingular elliptic curve up to isogeny. An elliptic
curve F with an isomorphism §: E ® Q= Ey defines

(a) A “lattice” Ty (E) in Vy (Eo)

(b) A “lattice” d(F) in d(Fp). Note that the p-aspect of it is determined by

(a):

2 2
d(E) @ Z,(1) = \T(E) ¢ \Vi(E) = d(Ep) ® Qu(1)
Lemma. It amounts to the same to give either

@ EH
(b) The lattices T} (E) C Vi (Ep) and d(E) ® Z,, C d(Ep) @ Q,

The reason why no more information is required at p is that, for supersingular
E, the only degree p* isogeny of source E is E — E®Y.

Variant. Let Fj be a height 2 dim. 1 formal group law, up to isogeny. Then,
to give F defining F{y amounts to giving d,(F) C d,(Fp).

(B). THE FUNDAMENTAL LOCAL CONSTRUCTION

Q, be an algebraic closure of Q,,
F, be the alg. closure of F,, residue field of Q,
k  be an alg. closure of F,, provided with a class modulo integral powers of
Frobenius of allowed isomorphisms k = F,,. The class is denoted hom(k, F,).
Vo be a 2-dimensional vector space over Q,
FEy be a supersingular elliptic curve up to isogeny over k
Fy be the formal group law up to isogeny /k defined by Fj.
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To be able to use “transport de structure”, I prefer not to take k = Fp nor
2

VYO = Qp'
1. First construction. Let o € hom(k,F,) and 3 € hom(d(Ey) ® Q,(1), A Vo).
Here, Q,(1) is relative to Qp:

n

Q,(1) =Q, @z, <lln group of p"-roots of unity of 6;;)

Then o and S do define Ey(o, ) = (6(Ep),o(5)) where o(Eyp) is an elliptic curve
up to isogeny over Fp, and o () is an isomorphism of one-dimensional vector spaces

over Q,

do(En) £ T (1) Z d(Ey) £ Q)= \ Vo
Let ¢ be the Frobenius substitution ¢: k — k, x — xP. Then, for any elliptic
curve E/k, ¢(E) is E® and one disposes of the Frobenius isogeny F: E — E®).
The diagram
¢

d(E) d(B®
/ \
Z / —— 7
d(E) £ d(

E(p))

is commutative. In particular, F'is an isomorphism F': Ey=¢(Eyp), and the diagram

d(Eo) —2> d(¢(Ey))

Lo

B) —"> d(¢(Fo))

is commutative. F' hence induces an isomorphism

(1) For oF: (0(Ey),0(8)—(0¢(Eo), o(p™"5))
Definition. D, is the quotient of

Isom(k, F,) x Isom <d Ey) ® Qp(1 /\ Vo)

by the equivalence relation (o, 3) ~ (c¢*, p~*3) for k € Z. It is a one-dimensional
vector space over Q.

Eq. (1) defines and isomorphism between FEy(o,3) and Ey(o’, ") for (o,8) ~
(¢, "), and those isomorphisms form a transitive system of isomorphisms. They
hence allow us to define (Ey(9), 3(0)) for 6 € D,,, where

(a) Eo(6) is a (supersingular) elliptic curve up to isogeny over F,,, and

(b) B(6) is an isomorphism d(Eo(6)) ® Q,(1)= A Va.
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Remark. The following groups act on D,, (by “transport de structure”)

(a) W(QP/QP)7 via its actions both on Isom(k,F,) and Q,(1). If the iso-
morphism of W(Q,/Q,)™ = QJ is normalized (£) so that Frobenius ¢
corresponds to inverse of uniformizing parameter, then

o6 =d(o)~t 0.
(b) GL(Vp), via its action on N> Vy. One has
g -9 =det(g) - 9.
(¢) Aut(Ey), via its action on d(Ey). We define
H = Aut(E)p),

it is the multiplicative group of a quaternion algebra ramified at p and at
00. One has

g-6=Nrd(g)~' -6 reduced norm.

Remark. Assume that alattice A ~ Z, has been chosen in \* Vy. Then, (Eo, 8)/F,
as above define an elliptic curve p to p’-isogeny on Fp, corresponding to the lattice
BL(A)(—1) C d(Eyp) ® Q, (p'-isogeny means isogeny of degree prime to p, c.f.,
Lemma A.

Variant. Let us start with Fj instead of Ey. D, is defined as before, using
dp(Fp) instead of d(Ep) ® Q,, and is the same as before, via the isomorphism
d(Ey) ® Qp = dy(Fy) (Fy = FEy). This time, D, is acted upon by wW(Q,/Qp).
GL(Vp) and Aut(Fp) = H(Qp). The formulas are the same as before.

An element § € D, defines

(a) Fp(8), a (supersingular) formal group law up to isogeny on F,
(b) 8(0), an isomorphism d(Fp(d)) ® Qp(1)= A Vo
If A has been chosen in A Vp, one gets

(a) F(6), a (supersingular) formal group law on F,,.
(b) B(6), an isomorphism d(F(d)) ® Z,(1)=>A

2. Second Construction. I have now to define “vanishing cycle varieties” and
vanishing cycle groups. Eventually, for K° and open compact subgroup of SL(Vp),
and for § € D, a scheme V(K©,§) over Qp will be defined. For K an open compact
subgroup of GL(Vp) such that K° = K N SL(V;), isomorphisms

V(K®,8) « V(K°, ad) (for o € det K C Z)

are defined. For variable §, the V(K©,§) will thus be a “local system” of schemes
on D,. The V(K?°,§) are not of finite type, but of the type usual in the vanishing
cycle theory. We won’t need this, however. Here is a description of the Qp—valued
points of V(K?°,4).
(a) ¢ provides us with (Eo(6), 3(5)) on F,,.
(b) A point of V(KY,4) is an isomorphism class of systems consisting in
(1) An elliptic curve up to isogeny on Qp: E
(2) An isomorphism a: V,(E)=Vj, given mod K°
(3) An isomorphism of the reduction of E with Ey(6), ¢: Ex —Eo(9)
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(4) The diagram

is commutative.
If K is as above, it amounts to the same to give only mod K, Eq. (1) being
required only mod det(K).

To actually construct V(K J), let us start with

(a) K an open compact subgroup of GL(V})

(b) Ey a supersingular curve up to isogeny over F,, (In practice, Ey(9))
(c) B:d(Ep) ® Qp(l)% /\2 Vo (In practice, 3(0))
(d) B=p8 mod det(K) C Z); (Only 3, not 3, will be used)

The construction will involve the auxiliary data of L, a K-stable lattice in Vj.

(a) g7t (/\2 L) (—1) is a lattice in d(Ep) ® Q, and defines an elliptic curve up

to p’-isogeny E’, iwth F' ® Q = Ey. Let me choose an elliptic curve E
with level n structure oy, (n > 3, (n,p) = 1) with £ ® Z¢,y = E'. [The
construction will be shown to be independent of L, E', E, a,].
Let M, be the modular scheme for elliptic curves with level n structure

and e € M,,(F,) be the point of M, defined by (E,ay,).

(b) M(E,«,) is the spectrum of the henselization of the local ring at e of
M, @, W(F,).

(c) The completion of M (E, ) is isomorphic to W (F,)[t].

(d) Assume that (Ep,al) and (E3,a2) are two systems as above, and that
¢: E1 — FE5 is a p’-isogeny. There is then one and only one isomorphism

%2 M(Elval) - M(EQ,O(?L)

n

fitting in a commutative diagram
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In this diagram, « means Spec(F,) (=point), and E1, E5 are the pull-back
over M(Eq,al), M(FE,,a?) of the universal curves over M,,.

This can be better expressed by saying that M (E1, o) is the parameter space of
the universal deformation of the elliptic curve up to p’-isogeny E’/ Fp (universal is
with respect to deformation over henselian local W (F,)-algebras). This allows us
to write simply M (E’) for M(FE,al), and E’ for the elliptic curve up to p’-isogeny
over M(E') defined by (any) Fj.

For n large enough, K C GL(L) is the inverse image in GL(L) of a suitable
subgroup K C GL(L/p"L).

Let K (F,) be the field of fractions of W (F,), and let Z,, be the ring of integers in

Q,. The group scheme E},. over M(E') is finite étale over M (E") ® K(F)), hence,
Isom (E}.,L/p"L)

is a finite étale Galois covering of M(E'") ® K(F,), with Galois group GL(L/p"L).
Let us rather consider

ISﬂM(Ef)@Q, (E;"’ L/p"L).

This time, we get a disconnected covering of M(FE’) ® QP. A piece of it can be
picked as follows: via (3, one has /\2 B, =d(E),®Z/p"(1) = /\2 L/p™L, and one
considers only isomorphisms of “determinant 1”. Similarly, 3 enables one to pick a
component of

F\IsomM(E,)@)QP (Epn, L/p"L)

We call the component Vi (K, Ey, 3). It is also the quotient by K N SL(L/p"L) of
the chosen component of Isom /(g (E;n,L/p”L) Ow (F,) Qp.

Summary. Vi (K, Ey,3) depends on K C GL(V;), a compact open, Ey, up to
isogeny over F,,, B: d(E') ® Q,(1)=> /\2 Vo, and on a lattice L in Vj, stable by
K. Tt does not depend on the whole of 3, but only on 3 = 3 mod det(K). For
K' C K, one has a map

VL(KlaElvﬂ) - VL(Ka Elaﬁ)'

The construction of V(K Ey,3) is independent of L. More precisely, the
system consisting in
(a) VL(K7E,75> N
(b) the elliptic curve up to isogeny Ey over Vi (K, E’, 3)
(c) the universal isomorphism a given mod K: V,(E)) — V; (this is deduced
from @: Ez/)" =L/p"L, mod K, or from &: TP(E’)%L mod K.)

is independent of L.
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Let L1 and Lo be two K-invariant lat‘gces, and let F; and E5 be the correspond-
ing elliptic curves up to p’-isogeny over F,,. We are to define an isomorphism

Vo (E)) Vo V,,(E>) Vo

K\Isom| U , U|——=K\Lom( U , U
T,(Ey) L T, (E>) Lo
M(E}) M(E>)

For simplicity, we assume Ly C Lo. Then, over the first “Isom”, E, is provided
with a subgroup isomorphic to Lo/Lq, call it H. Let W(K, Ey,3) be the nor-
malization of M (E;) in the first “Isom”. Due to the normality of W and the fact
that elliptic curves have only finitely many subgroup schemes of a given order, the
subgroup scheme H of E; on W (K, Eo, 3) ® K(F,) extends as a subgroup scheme
H of Ey on W, (K, Ey, 3). The quotient E’l/H is a deformation of Fs, hence there
is a map

Wi(K, Eo, B) — M(Ez).

- ~ Vp(El) Vo
Further, V,(E1/H) = V,(E1), and, over K\Isom U . U], thereis an
T, (En) Ly

isomorphism a: V,,(Ey) — Vy carrying Tp,(E1) to Ly and Tp(E1/H) to La. If Wy is
defined similarly to Wy, one has

Vo(Ey) Vo Vo(E2) Vo
K\lsom| U ., U >K\lsom| U . U
T,(E1) L T,(Es) Lo

S

M(En) M(E)

This defines the dotted maps which are needed for the isomorphism.
By extending scalars to Q,, and taking one component, one gets the isomorphisms
expreesing that Vi, (K, Ey, §) is independent of L. For ¢ € D,, we note

V(K,6) = VL(K, Eo(9), 5(9))-

Summary. V(K,J) is a scheme over Qp; it depends on the compact open K in
GL(Vp) and on § € Dy, given modulo multiplication by elements of det(K) C Z.
For K smaller and smaller, the V(K,d) form a projective system. Over V(K,0)
is given an elliptic curve up to isogeny E, provided with an isomorphism given
mod K a: V,(E)>V,. In a sense, E is a deformation of Ey(d); in particular
d(Ey(6)) = d(E). The isomorphism « is compatible with £(8):

det a=3(5)
_

NV, (E) = d(Eo(6)) ® Qp(1) A2 Vo mod det K
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In fact, the statement that Eisa deformation of Ej can be made more precise by
introducing a suitable E/V (K, d)/Z,.

Variant. Starting with F, instead of Fj, one can construct analogues of the
V(K, ), called V(K,J), with complete local rings replacing henselian local rings.

3. Third Construction. We are interested in the ¢-adic cohomology groups
Hl(V(Ka 5)7 Qi)

These groups are finite-dimensional, and locally constant as a function of § (as
V(K, ) itself is). If K’ is a distinguished subgroup of K, one clearly has

HY(V(K,5),Qq) = HX(V(K',5), Q) KNSLo)/K'0SL(V0) (invariants)

(Note V (K, d) depends also only on K N SL(Vp) and 4.)

The local fundamental object is the “bundle” s¢/D,, with

5 = lim H'(V (K, 8), Q)
K

There is a notion of “locally constant section of »5/D,”. It is a function ¢(4)
(8 € Dy, ¢(8) € ) with locally ¢(d) in a H'(V(K,6), Q) and locally constant.
The space of locally constant sections is denoted I'(D,, s).

By “transport of structure”, the local fundamental object admits actions of:

(a) W(Q,/Qp)

(b) GL(Vo)

(c) Aut(Ey) = H

(the actions over D, being those already described.)

The actions of W(Q,/Q,) and GL(Vp) are “continuous” (the latter, with respect
to the notion of locally constant section).

Proposition. The action of Aut(Ey) extends as a continuous action of H(Q,) on
%/D,,.

I don’t have a satisfactory proof. My idea of proof would be to go back to the
W introduced earlier and to express s in terms of the special fiber of stable models
of W over suitable ramified extensions of W (F,).

Intuitively, one may argue that V(K,8) and V (K, ) could have the same coho-
mology, that Aut(Fy) = H(Q,) acts on V(K,§), hence on H*(V(K,d),Qy), and
that it would be the hell if the action were not continuous [sic].

(C). STATEMENT OF THE LOCAL RESULTS

(The proofs will be of a global nature.) -

It will be easier to work not with Q-cohomology, but with Q,-cohomology,
obtained by extending Q, to an algebraic closure Q,. By abuse of language, we
will again denote by x/D, the “admissible” bundle over D,, with fiber

Rs = h_H>IH1 (V(Kv 5)7 Qe) ®Q£ QZ'
K

The groups W(QP/QP)7 GL(Vb), H(Q,) act admissibly on k/D,. The actions on
D, have been computed. Of course, the three actions commute with one another.
If o € QX, the actions of the elements a € GL(V)) and a € H(Q,) are inverse to

D
one another. In terms of a fixed dg € D,, this could as well be expressed by saying:
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(a) The subgroup of W(Q,/Q,) x GL(Vy) x H(Q,) formed by the elements
such that d(o)~! - det(g ) Nrd(h)! =1 acts on ks, .
(b) The subgroup (1, a,a) acts trivially.

Mnemotechnik way to check the action on V(K,0)/D,, it is good to view a point
of lim V(K 6)/D, as consisting of

(a) 0 € Dy
(b) E: elhptlc curve up to isogeny on Q
(c) a: Vy(E)=Vy

(d) w, the “specialization map” E — &§(Ep)
subject to a compatibility between «, 1 and 3(9).
Let x: pr — GZ be a quasi-character (with open kernel). We denote by

['(D,, ») the Q,-vector space of locally constant sections of »/D,, and 'y (D,, »)
the subspace of those sections for which, for any a € Q, with image z(a) in the
center of GL(Vjp), satisfy

z(a)f = x(a)f,ie,
2(a)f(8) = x(a)f(a®3).

Theorem.

(i) T'x(Dp, 2) is a direct sum of triple tensor products

T\ (Dyp, ) = P Ve @ V] @ W,
ped

where
(a) Vy is an admissible irreducible representation of GL(V}) with central
character x, belonging to the discrete series (= special or supercuspi-
dal)
(b) V; is an admissible irreducible (finite-dimensional) representation of

H(Q,), where the center acts through x~!

(c) Wy is a 2-dimensional (or 1-dimensional) continuous Q,-adic repre-
sentation of W(Q,/Q,). If it is 2-dimensional, then W (Q,/Q,) acts
on /\ Wy by the character x. If W, is 1-dimensional then the action
of W(Q,/Qp) on the space N’ (W4 @ Wy(1)) again coincides with y.

(i) Vg runs (once and only once) through the representations in (1).

(iif) The same holds for Vj, and V;, and Vj correspond by the Weil representation
construction (suitably normalized)

(iv) Wy is 1-dimensional, if and only if Vqﬁ is also, if and omly if V is special, and
if V} is pu o Nrd, then Wy is the character of W(Q,/Q,) defined by o cl,
where cl : W(Qp /Qp) — Q, is the map of class field theory.

(v) If V,, is defined by a quasi-character of a quadratic extension of Gp (with

values in QZ ), then (with a suitable normalization), W, is induced by that
same character.

Except for p = 2, this gives a complete description of I'y (Dp, x).
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For p a quasi-character of Q; and dp € D,, multiplication by the function

w(665h) on D, provides an isomorphism

L'y (Dyp, ) — 'y, —2(Dyp, x);

if Vp ® Vj @ Wy occurs in I'y (Dp, 5), then

occurs in qu

(V¢®,u_1 odet) ® (Vé@MoNrd) ® (Wy @ pocl)

—2 (Dp, %).

(D). GLOBAL THEORY

‘We consider

K an open compact subgroup of GL(2, Af)
X*  the Poincaré upper and lower half-plane. That is:
X* = Isomp (Z2 ®R, C) /C* C Hom(Z?,C)/C*
(GL2(R) acts on the right on Z? ® R via its action on Z? ® R = R..)
M3 (C) = K\X* x GL(2,Af)/GL(2,Q)
k an integer > 0
1 the representation Symk(dual of obvious representation) of GL(2, Q)
F B the corresponding local system on My, (C)
Mg (C) the Satake compactification of My, (C); j: M5 (C) — Mg (C)
FQ  the sheaf j,FQ on Mg (C)
> :@KHl(MK(C),FHQ)
(an admissible representation of GL(2, Af) defined over Q)
#(p) = () ®C
7 () =) © Qu
Ffz =F,0Q

One has a decomposition

%C(Iu) — %k+1,0 D %07k+1

of € into two complex conjugate subspaces; » is a complex admissible repre-
sentation of GL(2, Af), which can be defined over Q; it is hence isomorphic to the
complex conjugate representation »%¥+1. Tt corresponds to holomorphic modular
cusp forms of weight k + 2 (note that k + 2 > 2!). For some explicit admissible
representation Dy1o of GL(2,R), of the discrete series,

510 = Homar r) (Dit2, Lo (GL(2,A)/ GL(2,Q))) -

Further, {Mx(C)} is naturally defined over Q (with its GL(2, Af)-action, under
which g maps Mg onto M g,-1), and Fl?‘ is an f-adic sheaf, defined over Q.

Hence, Q¢ (p) carries a Gal(Q/Q) action, commuting with GL(2, Af), acting by
“transport de structure”. After extension of Q, to Q,, one has a decomposition

¥ (1) = @ <® me) Wy,

fer D

k+1,0

where the Vy , are irreducible representations of GL(2, Qy), and W is a 2-dimensional
representation of Gal(Q/Q). (Here F is the spectrum of GL(2)).

By Eichler-Shimura-Kuga-Deligne-Thara-Piatetski-Shapiro-Langlands, if Vy,, is
of the principal series, then Wf|Ga1(6p /Q,) (restriction to the decomposition group)
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is the sum of 2 corresponding characters. If Vi, is special, then Wyl q /q,) 18
P

the corresponding special /-adic representation of Gal(@l, /Qp)-
I can now prove

(A). If Vy, is supercuspidal, then Wylq.q /q,) i irreducible, and, with the no-
P p
tations of C. Theorem, if Vy, ~ Vy , then Wy ~ W,

Hence Vy ;, determines, by a local rule, Wy, = Wf|Ga1(6 /q,)> and the rule is the
P

obvious one (up to a normalization) if V;, corresponds by the Weil construction
to a character of a quadratic extension.

The method is to use the theory of vanishing cycles to prove that a space to be
described below is a quotient of () ® Qg (this is accurate only for k # 0; I will not
bother much about & = 0 and the phenomena related to the special representation).

We keep the notation of §B, except that now V) = QIQ,. Let us consider

Tsom (Vp, (Eo). (Af=p/>2> x D,

and the right action of H on it (by composition for the first factor, and the inverse
of the already defined action on D,). On this space, we have the following H-
equivariant local system?

Sym"*(Ve(E)*) ® lim H'(V (K. §), Q)
K

(On the second factor, a right action is required; one takes the inverse of the one
already constructed.) The space and local system are acted upon by GL(2, Af):
On the space, GL(2, Af) acts by composition on the first factor and acts on D, in
the manner already described. On the local system, GL(2, A?) acts trivially on the
first factor and acts on the second in the manner already described.

Let H be the space of sections of this local system; this is a representation of
GL (2,Af). There is also an action of W(Q,/Q,) via its action on V(K,§)/D,.

I will now relate this H" to the spectrum of H(A)/H(Q) and I'(D,, »).

For simplicity, let me extend scalars from Qg to C. (This does not lose the Galois
action; to see this, I have to use that the Galois action is continuous for the discrete
topology of Qg, which I can do directly.) Let me also choose an isomorphism

Vi (Eo) = (Af’p/) i ,

hence

H(Qf) = GL(Qa Q@): ¢ 7é p-

n the original, V(K,d) appears without the H', but this is inconsistent with his earlier
notation; indeed the V (K, ) form a projective system as K varies, whereas the H'(V (K, ), Qy)
form an injective system of /-adic local systems on Dy, which is what Deligne wants here.
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Then
o {functions H (Afvp/) — Sym"*(V,(E)*) @ (D, )}
with f(zv) = f(2)y, v € H(Q)
_ { functions H (A) — Sym* (Vy(E)*) @ T'(D,, ) }
with f(9ecgp27) = goo9p f(2), 9o € H(R), gp € H(Qp)
D (%

(Ax/Qx)"

P Homprmyxir, (Sym" (V) 9T, 1 (D, m)Y, LY (H(A)/H(Q))

This can be expressed as follows: In Lo(H(A)/H(Q)), one takes only those ele-
ments which at oo transform as a vector of a given representation of H(R). The
representation of H(Af) so obtained being written

@ (@)

the following representation occurs in x(u):

D [(RVie]|® D (Voo

fo€F \ t#£p Vi~Vigw

Now, by comparison with Jacquet-Langlands §16, plus the fact that supercusp-
idal representations cannot occur outside s(u) (this is given by Piatetski-Shapiro
or Langlands plus the vanishing cycle theory), one gets (a), (b), (ii), (iii), and 2-
dimensionality in (¢) of Theorem C. One also gets statement (A). By checking this
general rule against modular forms attacted to L-functions with grossencharacters
of imaginary quadratic fields (and the remark of C), on gets statement (v). The
proof of (c) in characteristic 2, in cases not covered by (v), uses entirely different
ideas, which I cannot explain here.

Yours sincerely,

P. Deligne.



