
Math 248B. Homework 3
0. Read the handout “GL2(Z)-action and modular forms”.

1. Let L ↪→ V be a relative lattice in a vector bundle over a complex manifold M . For f : V/L → M ,
prove there is a unique isomorphism L ' R1f∗(Z)∨ of local systems over M inducing the canonical Lm '
H1(Vm/Lm,Z) on m-fibers. (Uniqueness is easy, so for existence we can work locally on M to make L split!)

2. This exercise address the analytic Tate curve. Consider the map Z × ∆∗ → C× × ∆∗ of ∆∗-groups
defined by (n, q) 7→ (qn, q). On C× × ∆∗ consider the resulting “fibral congruence” equivalence relation:
(w, q) ∼ (w′, q′) when q′ = q and w′/w ∈ qZ. Define the topological quotient E := (C× ×∆∗)/ ∼.

(i) Carry out the analogue of the arguments in the Weierstrass case (or the general V/L construction) to
prove that π : C××∆∗ → E is a covering map, E→ ∆∗ is proper, and E admits a unique complex manifold
structure relative to which π is a local analytic isomorphism.

(ii) Define e ∈ E(∆∗) to be the composition of the 1-section of C× ×∆∗ → ∆∗ with π. Prove that (E, e)
is an elliptic curve over ∆∗ with analytic fiber (C×/qZ0 , 1) over q0 ∈ ∆∗. This is the analytic Tate curve.

(iii) For the Weierstrass family E → C−R, construct a natural cartesian diagram of elliptic curves

E

��

// E

f

��
C−R // ∆∗

where the bottom map is τ 7→ e2πiττ with iτ = ±
√
−1 in the connected component of τ . Deduce that the

representation of π1(∆∗, q0) associated to the local system R1f∗(Z)∨ = H1(E/∆∗) on ∆∗ (via transport of
local constancy along paths) carries an i-oriented loop through q0 to ( 1 1

0 1 ) 6= id, so R1f∗(Z) is non-split.

3. Let X be a compact Riemann surface of genus g > 0, so by Hodge theory the C-linear sequence

0→ H0(X,Ω1
X)→ H1(X,C)→ H1(X,OX)→ 0

is exact and the conjugate H0(X,Ω1
X) ⊂ H1(X,C) maps isomorphically onto H1(X,OX). Prove that the

R-linear H1(X,R)→ H1(X,OX) is injective (so an isomorphism), and deduce that H1(X,Z)→ H1(X,OX)
is a lattice inclusion. Conclude that the natural map H1(X,Z(1))→ H1(X,OX) is a lattice inclusion.

4. Read §1–§2 and Prop. 3.2 in the handout on base change morphisms. Then consider a cartesian square

X ′

f ′

��

// X

f

��
M ′

h
// M

either of topological spaces with f a fiber bundle and M a topological manifold or of complex manifolds with
f a holomorphic submersion. Fix i ≥ 0.

(i) In the topological case, prove that for any abelian group A, the base change morphism h−1(Rif∗(A))→
Rif ′∗(A) is an isomorphism. (Hint: use transitivity of the base change morphism relative to the inclusion of
a point into M ′ to deduce the result from the special case of topological fibral pullback.)

(ii) In the complex-analytic case, prove that if F is a vector bundle on X such that dim Hi(Xm,Fm) is
independent of m and if F ′ denotes the vector bundle pullback of F along X ′ → X then the base change
morphism h∗(Rif∗(F )) → Rif ′∗(F

′) of OM ′ -modules is an isomorphism. (Hint: as in (i), use transitivity
considerations to deduce the result from the case of analytic fibral pullback.)

(iii) Using (i) and (ii), prove that if f : X →M is an M -curve of genus g over a complex manifold M then
LX/M := R1f∗(Z(1)) is a local system of finite free Z-modules of rank 2g whose formation commutes with any
base change on M and VX/M := R1f∗(OX) is a rank-g vector bundle on M whose formation commutes with
any base change. Deduce that the natural map LX/M → VX/M is a relative lattice, so PX/M := VX/M/LX/M
makes sense as a proper M -group with connected fibers of dimension g.

(iv) Construct a natural M ′-group isomorphism PXM′/M ′ ' PX/M ×M M ′ respecting composition in h.
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