FINAL LECTURE: THE PROOF OF THE GALOIS TWISTING FORM AND
THE ALGEBRAIC FORM OF THE MAIN THEOREM OF CM
(05/24,/12-05/31/12)

Recall the premise of the previous lecture. We considered (A, i, ®) an abelian variety with CM
structure, defined over Q, which (with all the relevant data) descended to Ay/K where K is a large
enough finite Galois extension of E. For an element ¢ € Gal(Q/E) the Galois twist (Ag,i%, ®)
is another CM abelian variety of the same type, and Jeremy and Brandon constructed an explicit
isogeny &, q: Ag — Af, together with an L-isomorphism 0,5: No(p) ! ®0, Ay =~ AJ that made the
following diagram commute:

o

Ag

e

Na(p) @0, Ao

The important thing is 6,y - the identification of A with a Serre tensor Ng(p) ™! @0, Ao.

Unfortunately, this is highly non-canonical. It depended on the choice of *J3 that satisfies (KTéE) =
o |k - which as we recall produced &, g lifting the ~(3)-Frobenius of the reduction mod 93, and that
i turn gave Hom((Ay, %), (A7, i5)) the structure of a fractional ideal of Oy, identified with Ng(p)~".
Even more, the construction depended on the choice of K, as well as the choice of descent (A, ip).

It’s not possible to make this canonical for our given setup - but it turns out that focusing,
instead of o € Gal(Q/E), on ideles s € A ; realizing o, allows us to define those identifications
in a canonical way (depending on s rather than o). As we see in the end of the lecture, the idelic
interpretation is connected with the algebraic form of the main theorem.

Therefore our setup will be the following: given a finite idele s € Aj , with rp(s) = o |ga, we
will construct a canonical L-linear isomorphism [Ng(s)™|; ®0, A = A°.

This is strongly related to Jeremy’s setup: our choice of B implies that the adele s, = i,(m,) -
the idele whose components are all 1 except for the p-uniformizer at the p-th place, precisely realizes
o under the reciprocity map; and the ideal [Ng(sy)], is precisely Ng(p). Therefore 6,4 is some sort
of 7 K-level approximation” to the map we want, and we will use such 8, g to construct it. However
059 will not necessarily be the descent of the canonical isomorphism to K - this is expected since
(KTéE) approximated ¢ only on K, not on E**. The difference between (6,y)q and the canonical
isomorphism will be a factor in Ng(E*) € T(Q) C L.

We will also use torsion, to assemble all torsions in the end to obtain a result about Tate modules

that will give us the main theorem of CM in its algebraic form.

Here is the main theorem we will prove (the Galois twisting form of the main theorem of CM),

in a preliminary form:

Theorem 0.1. Let (A,i) be a CM abelian variety of type (L, ®) over Q, and assume that it is
principal i.e. i "' (End(A)) = Op. For any o € Gal(Q/E) and s € Ag ; with 1p(s) = o |gav there is
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a unique L-linear isomorphism
Oy [No(s)];' ®0, A S A”
such that for all M > 1 the isomorphism [o]: A[M](Q) = A’[M](Q) equals the composite

No(s™1)

AM](Q) —— ([Na(s)]z/M[Na(s")]) @0, /m0, AM)(Q)

([Na(s)]L" ®o, A)M](Q)

There are additional specifications on the theorem, but we will define them later.

Remark 0.2. What do we mean by the map
Na(s71): AIM](Q) = ([Na(s™)]1/M[Na(s™)]) ®0,/m0, AIM)(Q)?

Note that for any idele o € AE s> and a set of places X, we can find by weak approximation an element
x € L such that ([z],, MOr) = ([a]r, MOpr) and z ~ a (mod Ma[],cqpec(o,))Op- This element z
will project to a generator of [a|;/M[a]r, and moreover its image is independent of the choice of
2. Then, multiplication by the idele x will just mean multiplication by the image of o modulo M.
Alternatively, we can obtain this map as follows: any (integral) idele acts on the total Tate module,
and we project this action to M-torsion; this makes sense for any idele that is ” M-integral”.

Here is the plan of attack:

Step 1. Go back to assembling the 0,y maps at level K. We deal with the issue mentioned
above that the maps (6,4) are not quite descents of 6, g, the error being a factor in Ng(E*). Here
is how we find this factor:

Note that Ng(p)~! is not equal to [Ng(s™1)]r - rather, because of Artin reciprocity, it is a multiple
of it. This holds even before applying Ng, and so we can find a ¢ € E* such that Ng(cp) = [No(s)]L.
Instead of 6,4 we will let our approximation be the diagonal map in the following

Né(c)—ll: /

No(cp)™! ®o, Ao

[Ne(s)];' ®o, Ao

There are also additional constraints on ¢ in terms of the torsion parameter M, to de described

later.

Now we base change back to Q. This diagonal map 05.9.c,n Will depend on a lot of additional
data - P, K, Ay, i9,c, M and more; we have to show that all dependences can be removed. For this,
we must show two compatibility results: first, that they intertwine certain polarizations (step 2) and
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second that they agree on torsion (step 3). Together, these two compatibilities imply the maps are
all the same.

Step 2. To eliminate the dependencies above, we will introduce a packet of polarizations which
will be compatible with the maps 6, .2 and these compatibilities will force the 0,4 . 1 to agree in
the way we like.

Fix some polarization ¢g: Ag — Ay (called 1 in Brandon’s notes).

We will then construct out of it Q-polarizations ¢, of a ®», A for certain fractional ideals a
of L (in particular ideals of the form a = [Ng(s)~']L for s € Af ;). They will satisfy a simple
compatibility property. This datum uniquely descends to K; the polarizations are called ¢, for
each a.

Then we will show that Oy . s a intertwine ¢g n,(s)-1, and ¢f. It follows that the ratio of two

such choices will be an automorphism of (A7,i7, ¢?) and any automorphism of a Q-polarized abelian

L

variety (actual variety automorphism, not just in the isogeny category!) has finite order.

Step 3. We now use torsion to finalize the compatibility of the 0, s 1. Recall the commutative
diagram

e

N (p)™! ®0, Ao

When restricted to M-torsion, the map &, q becomes just the Galois twist [o]: A[M]| — A?[M]. This
is because it lifts the Frobenius map on x(3)-points and that is exactly [o] by the choice of . (Here
we implicitly assume good reduction and that the torsion is constant)

It follows that we get the diagram

Ap[M)(F) —

A [M](K)

\ ~ T 9033

(Na(p)™" @0, Ao)[M](K)

where the diagonal map is an isomorphism is M is coprime to p because upstairs it has p-power
degree.
Now combine this with the defining diagram for 0,y s 1 to obtain
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1

O, 3,¢,5,M

[Na(s)]1' ®o, A[M](Q)

The composite of the top horizontal maps is just multiplication by Ng(s)~! in the sense of the
remark above; in particular its inverse is multiplication by Ng(s) and so we flesh out the diagram

[o]

Ao[M](Q) AFIMI(Q)

Ncp(s)T m
[No(s)]1' ®o, AdM](Q)

This writes 0,55 as a composition of maps that are independent of all the extra choices we

need, and thus our maps coincide at least on M-torsion.
It remains to note that since they are of finite order, coinciding on M-torsion for M > 3 implies

they coincide on the entire Tate module by an elementary procedure, and we are done.

Remark 0.3. In the torsion arguments above, we will actually have to assume certain ”largeness”
properties of K with respect to M, so it is important that we base change back to Q in order to
combine different values of M into the limit.

Now we begin the proof of the theorem, according to the plan sketched above.

Let’s fix (4,4, ¢) over Q, where ¢: A — A is an L-linear polarization, and an integer M > 3.
We descend (A, i, ¢) to (A, i, o) over K, and we choose K large enough so that the following are
satisfied: K is a Galois extension of the reflex field E containing all embeddings of L into Q, and
the group Ag[M] is constant (isomorphic to ((Z/MZ)*)k).

Choose the prime P of K as in Jeremy’s lecture, with the additional assumption that 3t M.
Recall that the restriction to 3 in E is called p, and in Q is just p.

On M-torsion, Jeremy’s diagram becomes

Eo,p

Ao[M](K)

A [M](K)

\ ~ T 00-,1;

(Na(p)~" @0, Ao)[M](K)



The diagonal map becomes an isomorphism because the original map Ay — Na(p) ™' ®o, Ao
had p-power degree - since we can compose further to go down to #(’)L ®o, Ao and the map
Ay — pik(’)L ®p, Ay can be identified with [p*]. It follows that the rank of the kernel of the map of
M-torsion is also a power of p, but it has to divide M?9, so the map is injective hence an isomorphism.

Now we claim that the top map &, is actually equal to the twist [o].

Indeed, the varieties have good reduction at x(*3) and so the diagram (of constant group schemes)
is equivalent to the corresponding diagrams over x(*B) but there &,y was defined by the Frobenius
map which is exactly [o].

In a more rigorous form, this argument is as follows. Consider the Neron model 7 of A over
the discrete valuation ring (O )q. Then the torsion 2% [M] is finite etale over (Ok )y, and by the
Neron mapping property (plus functoriality of the Serre tensor construction) the diagram expands
to

Eo,p

<o [M]

A [M]

\ ~ T 9(,;,;3

(Na(p) ™' ®o, )[M]

Over the generic fiber, this is our old diagram. Over the special fiber, ¢,y is by definition
equal to Frobz (). whose effect on the x(3)-points is exactly the action induced by the arithmetic
Frobenius element of Gal(k()/x(p)) and that element equals o. But the torsion groups «%[M| are
constant, so we can identify morphisms over the special fiber and morphisms over the generic fiber;
which shows that &,y and [0] indeed coincide.

It only remains to prove that <%[M] is indeed a constant group scheme, knowing that its generic
fiber is:

Proposition 0.4. Let R be a normal noetherian ring with total ring of fractions K. The functor
X ~» Xg from finite etale R-schemes to finite etale K-schemes is fully faithful. In particular, if X
15 a constant K-scheme then X is a constant R-scheme.

Proof. Faithfulness is obvious since X is R-flat and affine, so the problem is to prove that for finite
etale R-schemes X and X', any K-morphism X} — X extends to an R-morphism. The graph
of an R-morphism X’ — X is the same thing as a section to pry: X’ x X — X’ so it suffices to
show that a section of this map over X} uniquely extends to a section over X’. But X’ is normal
noetherian affine since it is finite etale over R, and X is its "scheme of generic points” (i.e., Spec
of the total ring of fractions of its coordinate ring), and similarly for X’ x X and X} x X. Thus,
we can replace X — Spec(R) with pry to reduce to showing that the natural map X (R) — X (K) is
bijective. For this purpose it is harmless to treat the connected comppnents of X separately, so X
is connected. But X is also normal noetherian and R-finite, so by connectedness X = Spec(R’) for
a domain R’ finite flat over R. Hence, Frac(R') = R’ ®g K, so if R’ # R then there is no K-point
(hence nothing to do) whereas if R’ = R then the problem is trivial. O



1. CORRECTING THE APPROXIMATION MAPS

Recall that for £ { N, the reflex norm on Ng: Af , — AJ , sends {-integral ideles to ¢-integral
ideles (i.e. sends Op, =[], , Ey-components into O,-components).
In particular, U C Af ; = [[ Ur is an open subgroup where

Uy =05, (| Noy({u € O, [u=1 (mod M)})

for all /.

So we require K to contain the class field for the open subgroup E*EXU.

This condition will ensure that the kernel of the Artin map Ay, — Gal(K/ E)?* is contained
in EXU. We need this assumption because we want to approximate s well enough that our con-
struction will indeed be independent of the approximation - as seen before, [p] is way too coarse an
approximation so the maps 0, are not quite right.

More precisely, we have o |x= (KTéE) and rg(s) = o |ga». Because p is unramified, if we pick
a uniformizer m, and naturally regard it as an E-idele, then s - 7, !

map and so s = myuc where ¢ € E* and u € U. We see that Ng(u) € A ; is a local integral unit,

is in the Kernel of the Arine

congruent to 1 modulo M (as an integral idele in L).
The adjustment is that instead of Ng(p)~' we need to look at Ng(cp)~!. More precisely we have
the following commutative diagram

O

Nao(p) ™ — Ag

SR /

N‘P(Cp)_l Xo,, AO

[No(s)].' @0, Ao

where Ng(cp) = [No(cmy)]r = [Nao(s)] as u is a unit. The map Ng(s)];' ®0, Ao — AF produced
above will be our "right” approximation. We write it as Oy r,.c s, m because it depends on all these
parameters (u is defined by them too).

The next step is to show that after base change to Q, these maps agree and only depend on o, s.

2. INTERLUDE ON BASIC PROPERTIES OF THE SERRE TENSOR AND TATE MODULES

Here we describe some easy basic things we will need later; but it is worth just pointing them
out.

Recall that there is a natural Ag -module structure on V(A); integral adeles restrict their
action to T¢(A). Since we also have an Op-action on Ty(A) and an L-action on V¢(A), we see that
Vi(A) is canonically an L®q Ag ; = A} ;-module, and integral adeles restrict their action to T(A).
(In fact, we showed before that V;(A) is 1-dimensional free over A} . but we do not need it.) We
will implicitly use this below.



Some of the stuff we’ll be proving is actually unnecessary: Weil pairing are not needed to define

the polarizations, so Proposition 2.1 is actually not needed. The Weil pairing properties part is just

for fun.

Proposition 2.1. (a) The Serre tensor construction is functorial in the module component: if

(d)

(e)
(f)

Proof.

¢: M — N then there is a map M @0 A — N ®o A, and the dependence is functorial in
the obvious way. Further, there is a canonical isomorphism M ®@¢ Tf(A) ~ T (M ®0 A) and
under this identification, the map M ®o Tr(A) — N ®o T¢(A) corresponding to ¢ is just
1.
If a,b are fractional ideals of L, and a C b then there is a natural isogeny jop: a ®o, A —
b ®o, A, whose degree is the index [b : a]. Without the inclusion requirement, there is a map
in the isogeny category jo» € Hom’(a ®p, A.b ®0, A) of “degree” equal to the “index” (both
defined by multiplicativity) - equivalently this number is the positive rational generator of the
Q-ideal Npjq(ab™t). Further, jo.© jap = Ja-
Set jo = jo,a- The map j, induces an isomorphism of the rational Tate modules Vi(A) =
Vi(a ®p, A), in the sense of the commutative diagram below. Under this identification,
Tr(a®o, A) inside Vi(A) is identified with a-T¢(A). If O C a so0 jq is an actual isogeny then
it becomes the natural inclusion Tf(A) — a - T¢(A) obtained by tensoring the map Op — a.
Moreover, the following diagram of L ®q Aa’f—module 1somorphisms 1s commutative:

a®o, Vi(A) — Vi(a ®o, A)

mult l /
Vf (ja)

Vi(A)

where the horizontal map is natural from the Serre contruction; the wvertical map is just
multiplication on pure tensors, and the diagonal map is induced by the Q-isogeny j. on the
rational total Tate module.

Choose x € L. The map [x]: A — A (which is an isogeny if v € Oy and in the isogeny category
in general), on the Tate modules equals the map [z]: Tf(A) — T§(A) which is multiplication
by the principal idele x.

Suppose xa C b. Then the isogeny jiap © [x] from a ®p, A — a o, A, with respect to the
identification in c), produces the map a - Vy(A) — b - Vi(A) equal to multiplication by x.
(a®o, A)Y =~ (a7)" ®o, A and j; = j lu..

a) On the functor of points get the natural map M ®e A(T) — N ®0 A(T).

For the result on Tate modules, let’s work over C so assume A is a C-abelian variety. Its complex

points form a commutative complex lie group, and consider the exponential (uniformization) map

exp: V. — A(C) where V is the tangent space to A at the identity, whose kernel is the lattice

A. It is easy to show tha for any integer n > 1, the n-torsion of A is canonically identified with
LA/A C A(C).

For any m € M, the scheme map A — M ®o A defined functorially by x — m &® x induces on C-
points the map A(C) = M ®o A(C) = (M ®¢ A)(C) of complex tori given on points by z — m® .
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This lifts uniquely to analytic uniformizations T,,,: V' — V) where exp,;: Viy = (M ®0 A)(C) =
M ®o A(C) is the exponential uniformization of (M ®» A)(C).

We make V into an O-module (linear over its C-structure) by unique lifting from A(C), and
similarly for V};. By uniqueness, T, is automatically O-linear and varies O-linearly in m, since this
is true for the maps A(C) - M ®¢o A(C) that T, lift.

It follows that the maps 7T;, for varying map define an O-linear map wy;: M Qo V — V3. We
claim that this map is an isomorphism that carries M ®o A isomorphically onto Ay := ker(exp,,).
Moreover, by construction this is all functorial in the O-module M.

To prove these maps we first note that T}, is compatible with direct sums in M, due to the
compatibility of exponential uniformization with respect to direct products, and so Than is Thy &
Ty Since every projective module is a direct summand of a free module, we have thus reduced to
the case M = @0. By compatibility with direct sums again, this reduces to the case M = O, in
which case it is quite easy to see that under the canonical identification O ®o V' ~ V' the map Ty,
becomes the identity (because T, is just multiplication by m, since this is true functorially using the
definition of Serre tensor on the functor of points), and the conclusion trivially holds.

After this is done, we see that T}, induces isomorphisms between M ®o (*A/A) and LAy /Ay
for all n > 1 and passing to the direct limit we obtain our desired identification of total Tate modules
M ®0 TF(A) = T(M @0 A).

Finally, if ¢: M — N is a map of O-modules call j,: M ®nA — N®p A the map associated to ¢.
We need to show that T (j,) corresponds to ¢®1 under the identifications M ®pTf(A) ~ T (M ®pA)
and N ®o Tr(A) ~ Ty(M ®0 A) just exhibited.

It is quite obvious by definition that the following diagram commutes

Vv,

T(j4)
T¢kl ’

VN

in which the vertical map 7'(js;) being the map of tangent spaces corresponding to j, under the
previous discussion (alternatively the lift of js on C-points).
By O-linearity, the combine together into the diagram

M®oV T—>M Vi

1 l l T(5e)
Tn
N®oV —Vy
Reducing this diagram to the n-torsion and then taking the inverse limit in n identifies ¢ ® 1 with

Ty(¢) as desired.

b) Apply part a). For the degree, base change to C, and identify A with its analytification
(these operations preserve degrees of maps). We can identify A*" with V/A for a torsion-free finitely
generated Or-module A of rank 1. In that case, a ®p, A is identified with V/(a - A) and b ®n, A
with V/(b - A) - this fact is easy to prove using the functoriality of the Serre tensor construction. If
a C b the map is just induced by the inclusion a < b and the kernel is identified with b\ a whose

8



size is the index of a in b. Also this is IV, L/Q(ab_l) regarded as a positive integer. For the general
case, pre-multiply by an integer to get an honest isogeny, and use the fact that multiplication has
the degree we want.

c¢) The identification a ®p, Ty(a) ~ Tf(a ®p, A) constructed in a), when tensored with L over
Or, becomes a ®p, Vi(a) ~ Vi(a®p, A). Since a ®p, L ~ L and the isomorphism is obtained by the
multiplication, we obtain the following diagram of isomorphisms

a®o, Vi(A) —= Vi(a®o, A)

)

Vi(A)

We need to figure out what the map labeled by 777 is.

Assume first that Op C a so j, is an actual isogeny induced by ¢: Op € a. Then the map mult
has as inverse the map V;(A4) = V(O ®o, A) = O ®o, Vi(A) LN (it is obvious that it is a left
inverse, hence it is also a right inverse since we know mult is an isomorphism). It follows that under
the identification of a ®p, V¢(A) with Vi(a ®o, A), 77" corresponds to ¢ @ 1; but we have shown in
a) that the map corresponding to ¢ ® 1 is precisely Vi(jq).

This finishes the proof in the case when j, is an actual isogeny. In the general case, just multiply
with some ¢ € Z to make it an honest map, and apply the discussion above. The factor ¢ will simplify
since everything is Q-linear.

d) By definition.
e) Follows by the previous two parts.

f) On points, the dual abelian variety represents line bundles etc. plus we have an action of Oy..

Alternatively, go to C, perform analytification and use the fact that (a)" is functorially identified

with (a)71. O
Now we discuss how polarizations enter the picture.

Definition 2.2. Assume that € Hom"(A, B) and ¢: B — B" is a Q-polarization. Define 8*¢: A —
AY be the Q-polarization equal to 6Y o ¢ o 6 i.e. which makes the following diagram commute

AﬁAV

J e

B —— BY
¢
If 6 € Hom(A, B) and ¢ is a polarization, then 6*¢ is also a polarization.
This definition also commutes with composition.

Proposition 2.3. If ¢ is an L-polarization then [z]*¢ = (za*)¢p for x € L.

Proof. The map [z]¥ equals just [z*] (i.e. the action of 2* on AY) by construction of the dual action.

Therefore [x]*¢ = [x*] 0 ¢ o [x] and we can swap ¢ and x because ¢ commutes with the L-action. [



Definition 2.4. For a number field K, let I denote the group of fractional ideals of K. Define the
”Serre torus of ideals” T'(I1) to consist of those fractional ideals a of L, for which aa* is actually an
ideal of Q; the positive rational generator of this ideal is written [aa*]a. Alternatively, T'(I) can be
defined as [T(Aq ;)]z, the L-ideals corresponding to the adelic points of the Serre torus.

The Weil pairing stuff, in particular the next proposition is completely optional and can be
skipped.

Recall that every Q-polarization ¢ induces a Weil pairing es: Vi (A) x Vi(A4) — Ag ; and if it is
an actual polarization it restricts to e,: T¢(A) x Tf(A) — Z. This is a priori a Q-bilinear pairing, but
if ¢ is an L-linear polarization we actually get the A  -linear adelic Weil pairing e : Vi(A) xV(A) —
Aj

Proposition 2.5 (optional). (a) Assume that 0 = juep o [z] and x € T(AF ). Then the pairing
egrg: Vi(A) X Vi(A) equals xx*eys In particular if 6 = jap then the Weil pairing remains the
same (but the integral Tate module inside Vi(A) may change)

(b) If 6 = [x] - 0’ then ey = wey for x € Q
(c) If e is a Weil pairing, then the image e(a - Tf(A),a - T¢(A)) equals aa*e(Tf(A),T(A)) for
a€”"T(Iq)” (meaning ideals that when multiplied with their conjugate become Q-ideals).

Proof. a) First assume there is no j map i.e. za = b. If 2 would be principal, then 6*¢ would be
xx* o ¢ because ¢ commutes with the L-action, and zz* € Q so the equality holds. The same holds
when z € Ag ; and now apply T(L)Ag ; =T(Ag )

Now for the j map, apply part ¢) of the previous proposition to see that j preserves Vy(A) and

so composition with j preserves the Weil pairing. Apply also part f) for composition with the dual.
b) Trivial by linearity.

c) Just write a times the integral ideal as x times the integral ideles where x is as in a). Now
we apply part a). O

3. THE CONSTRUCTION OF THE POLARIZATIONS

Now let us construct the actual polarizations ¢;.

Theorem 3.1. Let (A,i) be a CM abelian variety of type (L, ®) over Q with CM order Oy, and let
¢ be an L-linear Q-polarization on A. There is a unique way to assign to each a € T(I1) an L-linear

polarization ¢, of a ®p, A over Q such that

( ) (bl (b;
( ) ¢Cl - [aa*]+ (]a )*¢)
(3) (optlonal) if h: a — b equals the map [x] © jor—16 = Juap © [x] for x € T(Q) C L then

*qq*] T
W = W%;
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(4) if everything descends to K, and a = [Ng(s)];' for s € Ap ¢, then the maps Oy mycs,m
previously constructed intertwine ¢° and ¢q; i.e., the following diagram commutes:

Na(s)];" ®o, Ao —> ([Na(s)];' ®o, 40)
Ha,m,ﬁp,c,s,lbf L ]gz\y/,‘n,wP,c,s,M

Ag (A8)"

so (in terms of descent to K) ¢po =055 - . o 1197
(5) (optional) Identifying Vi([a] ®o, A) with V;(A), the Weil pairing e, equals + €

Moreover, deg(¢o) = deg(p) and these Q-polarizations descend uniquely to avery subfield K over
which the variety and its CM-type descend.

Proof. Note that j; ! = j,0,. The degree equality follows from (2) because Jao, (@) = J@)-1000ja0, -
As computed before, jq 0, has degree N q(a) and similarly j--1 has degree Ny q(a*) so together
we get Npjq(aa*) = ([aa*]§)? since the ideal aa* is in Q and on those ideals norm is just raising to
[L : QJ-power. We offset this by dividing by [aa*]§ which has degree precisely ([aa*]§)* yielding the
cancellation.

For descent, we know that descent theory is effective for polarizations. This was done in Arnav’s
talk, where we could descend the line bundles and ampleness was also well-behaved with descent,
etc. Now also descent theory is ”effective” for the Serre tensor construction in the obvious way (if
everything descends so does the Serre tensor). In particular, the descent of ¢, to the Serre tensor
over K, satisfies the same properties.

Now (1) and (2) can be taken as the definition of ¢,; they also cover uniqueness.

Condition (3) is just a slight generalization of (2), and follows from it. Note that the maps j
and their duals all commute with the L-action. Also note that that the map h can be regarded as
Jap © [z] if we regard [z] as the Q-map a ®p, A — a ®p, A induced from [z] € Homy(a,a). Finally,
write jop = Jo © j; © to obtain h = jy 0 j; ' o [x]

Thus, A () = (o] (7)) (e Ui ()

Move W in front by commutativity, j; and jg ! cancel each other, and recall that [z]
Q

* is just

multiplication by [z2*]g. The result is therefore %(]’a_ D*(¢) and since ¢, = [ai*} (G (8) we
deduce (3).
We move to (4). This is just a computation, once we write 6,y . s 1 as a composite in the isogeny

category:
Combine the two essential diagrams:

11



Ng(c)™t

Ny (cp)™! ®o, Ao
Going across the boundary and inverting the arrows, we deduce that 0,;.. 3 equals 0,3 ©

JNa(eNa ()1 Na(p)-H) [ Na (€)] Dt Oy = Erqp 0 (Jvg(-1)~" and since (jN;gp))_l © JNg(cNa (p)~1,Na (p) 1) 15
Just Jng(eNo(p))-1,0, We obtain O,q . s ar as

_ _ Na(c) _ INg ()1, &, -
[N¢’(S)]Ll ®o, Ao = No(cp) ™' ®o, Ag — : Na(p) ™ ®0, Ao Tel) O, Ap 2% AQ

Now let’s compute the pullback of ¢7 with respect to this map. We already know that 5;%3@‘7) =
q¢ for some ¢ € Q. The constant ¢ was given as degree of &, to the power 1/g, and since 0, is
an isomorphism, the degree of &,y equals the degree of jy, -1 i.e. the positive rational generator of
Nmpq(Ne(p)). Now whatever this norm is, it is clearly also the norm of its conjugate so by taking
the geometric mean we get

g = (Nmpq(Na(p)(No)*(p)))% = (Nmr,q(Nms/Q(p)))

[by abuse of notation, we identify fractional ideals of Q with their positive generator].

t\)‘,_.

s = Nmpgq(p)

After this, we pull back g¢; with respect to the map jy,)-1.0, © [Ne(c)] which, accord-

. .. . [ec* (ep) ™1 ((ep)*) 711G *\—
ing to condition (3), equals ¢ times “HER a0 ()0 = [(Na(p)No()") 01t 1 =

Nmg/q(p) ' dng(ep-1) and since ¢ = Nmp/q(p) the cancellation gives iy, (cp)-1] = PN (s)] 7!
Condition (5) follows immediately from the definition of ¢, given by (2) and proposition 2.5.a).
0

4. TORSION AND POLARIZATION COMPATIBILITY IMPLIES COMPATIBILITY

Now assemble the results before to obtain the compatibility of the maps Oy ¢
We got the diagram

Ap[M)(F) —

A [M](K)

\ ~ T 9033

(No(p) ™" @0, Ao)[M](K)

where the diagonal map is an isomorphism if M is coprime to p because upstairs it has p-power degree.
In fact it’s not just an isomorphism; it is the identity once we identify A¢[M](K) with T((A)[M]
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and (Na(p) ™' ®0, Ao) [M(K) with ([Ne(p) '] T;(A)[M] = (([Na(p)~']/M([Na(p)~']L) @0, /m0,
Tt(A); the two are equal because the natural map O/MO; — ([Ns(p)~'].) is an isomorphism if
(M,p) = L.

Now combine this with the defining diagram for 0,y .1 to obtain

[o]

AFM(Q)

Ao[M](Q)

[Na(s)]L" ®o, A[M](Q)

The composite of the top horizontal maps is just multiplication by Ng(c)™! in the sense discussed
above; this equals multiplication by Ng(s)™ because s differs from ¢ by a factor of 7,, which acts
trivially on M-torsion because 7, — 1 is M times an integral idele, and v is 1 modulo M so is also
trivial on M-torsion. In particular its inverse is multiplication by Ng(s) and so we flesh out the

diagram

[o]

Ao[M](Q) AFIMI(Q)

No(s)
Ga,m,c,s,M

[No(s)]1' ®o, Ao[M](Q)

This writes 0,91 as a composition of maps that are independent of all the extra choices we
need, and thus our maps coincide at least on M-torsion.

Also, the maps do the same to ¢y, ;-1 (both take it to ¢7). For for a different choice 8, g o s 11
the error O,qv o0 © 0;}1370’5, u agrees on ged(M, M')-torsion using the diagram above and is an
automorphism of the polarized CM abelian variety (Ag, 5, 7).

Lemma 4.1. The automorphism group of a principally polarized abelian variety is finite.

Proof. Recall from Arnav’s talk, the Rosati involution + on A := End’(A) that is induced from
our polarization. If ¢ is the polarization and x: A — A is an isogeny, then x* is defined to be
Y=t oxV o Tt is also proved in Mumford that the map x — Tr(zx*) is positive-definite, where
Tr = Trz/q o Trda 7 for the center Z of A.

Now if z*1) = 1 (i.e. Vorpox =) then zax* = xp~'2Ve) equals 1. Indeed, ! = 71y~ (zV) ™!
and multiplying by « to the left and x¥ to the right we get z)~'z¥ = ¢~ and now multiply by
to the right to get za*xyp~'zVe) = 1. Therefore Tr(zz*) = [Z : Q]\/[A : Z], and since Tr(zz*) is

13



positive definite it follows that the level set

{z € Ar | Tr(zz*) = [Z : Q]VI[A : Z]}

is compact. However End(A) is a lattice in Ag is a lattice, so it is discrete and hence the overlap

End(A) ({z € Ar | Tr(z2*) = [Z : Q]\/[A : Z]}
is compact and discrete, hence finite 0

In particular, our discrepancy automorphism 60, o s p © 0;%365 1 breserves the ged(M, M')-
torsion and has finite order. We conclude that Opqv o sarr = 0,3, 3y Once ged(M, M') > 3 by the
following:

Proposition 4.2. Assume that o is a finite-order automorphism of an abelian variety A over a field

k. If M >3 is not diwisible by the characteristic of k and o is trivial on A[M|(k), then it is trivial.

Proof. Every integer greater than 2 has a prime power divisor greater than 2. Therefore it suffices
to assume M = p™ > 3 is a prime power p # char(k). We also may and do assume k is algebraically
closed.

Recall that Endg(A) injects into Endg, (7,(A)) so it suffices to show that o is trivial on T),(A) =
@A[pm]. Since A[p"] is a constant group scheme (Z/p"Z)?9, any automorphism of T),(A) is just an
element of GLy,(Z,). We are left to prove the following elementary assertion:

Lemma 4.3. Let p be a prime and choose n > 1 such that p™ > 3. If S € GL,,,(Z,) has finite order
and S = I, (mod p") then S = 1.

To prove the lemma, recall that for any p-adic field K and g € Ok with ord ,(q) > Iﬁ the log
and exp series give inverse homomorphisms between the multiplicative group 1 + ¢Mat,,(Ok) and
the additive group gMat,,,(Ok). In particular since gMat,, (Of) is torsion-free, so is 1+ gMat,,(Ok).
Now plug in ¢ = p" and K = Q,; the condition p” > 3 implies that the condition ord ,(q) > ﬁ is
satisfied.

O

5. THE GALOIS TWISTING FORM THE MAIN THEOREM OF CM.

Theorem 5.1. Let (A i) be a CM abelian variety of type (L, ®) over Q, and assume that it is
principal i.e. i "' (End(A)) = Op. For any o € Gal(Q/E) and s € Ag ; with rp(s) = o |ga there is
a unique L-linear isomorphism

Ops: [No(s)];' ®0, A S A”
such that for all M > 1 the isomorphism [o]: A[M](Q) = A’[M](Q) equals the composite

-1

AMY@Q) X (Na(s™)]e/M[Na(s™)]i) @0, a0, AIM)(Q)

|~

([Na(s)]L" ®o, A)M](Q)

05,5 lN

A7 [M](Q)
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For an L-linear polarization ¢ on A, the Q-polarization gb[Nq)(S)]Zl of [Ne(s)];! ®o, A and the
Q-polarization ¢° of A% are intertwined by the isomorphism 0, ,. Also for any r € E* we have

Oors = No(1)05,s and the formation of 0,5 (a4 is natural in the principal CM abelian variety (A, 1)

Proof. Our map is going to be 0, = 0,3 1 from the previous discussion. We have checked the
torsion condition with mild conditions on M: M was required to be not divisible by p (also recall
that secretly the descent field K also depends on M via the class field theory condition). However B
(and hence p) was chosen according to the Chebotarev density theorem; there are infinitely such B
so we can pick one that does not divide M, in which case the map 0,y 51 Will satisfy the torsion
condition, and we already know this map is canonical. Also we had M > 3, but this is not a problem
since the condition on 2-torsion follows from the condition on 4-torsion.

Uniqueness follows from the explicit requirements on every torsion. The behavior with respect
to s — rs comes from the uniqueness, as on torsion this is obvious. Alternatively, multiplying s by
r € E, we go back to the step of the construction where we write s = em,u hence rs = (r¢)mu and
from here we immediately see that 6,55 0 differs from 6, crs. 0 by the factor Ng(r), because the
contribution of ¢ to it was precisely multiplication by Ng(c). Naturality also follows from torsion

level descriptions which are natural. [l

Here is a nice optional result: the maps 6, ; are compatible with composition in o and multipi-

cation in s:

Proposition 5.2 (optional). Assume 0,0’ € Gal(Q/E) and s,s' € Ag ; satisfy Tp(s) = o |ga

,re(s) = 0" |pav. In particular rg(s's) = (0'0) |gav. Then the map Opp 95,a,) equals the composite

[No(s's);'] ®0, A — [No(s)];' ®o, ([Na(s);'] @0, A)
L1®90,s,(A,z‘)
[No(s).'] ®0, A°
leo/’s/’(AU'ia)

AJ’U (Aa)a’

1

Proof. 1t is enough to check that the above composite equals the same thing on torsion. That easily
follows from the explicitly writing down the composite and using the fact that (via ¢ and i7) the
Galois twists commute with the action of L hence the action of L-ideles. We also use the fact that
[0] o No = Ng, as well as the fact that the canonical identifications a ®n, A[M] ~ (a ®p, A)[M]
behave well with respect to composition - more exactly if this isomorphism is written as w, then we

have (wy ® 1)wp = wqp. This is simple verification on the functor of points. O
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6. THE PROOF OF THE MAIN THEOREM OF CM

In the above theorem, we combine all the torsions and tensor over Z with Q (or over O, with
L) to obtain the diagram of isomorphisms

M Nals)lg @0, Vi(A) —= Vi([Na ()5 B0, 4)

Vi(0o,s)
\ v

V(A7)

Vi(4)

But recall that V;([Na(s)];' ®o, A) is canonically isomorphic to V;(A) - the diagram from 2.1.c.)
augments our diagram

Nq;(s)_l

Vi(A)

[Na(s)]1' ®o, Vi(A) —= Vi([Na(s)]L' ®o, A4)

ViUing onzt)
mult Vi (0s,s)
Ng(s)™*

Vi(4) Vi (A7)

[o]oNa(s)
The important part is the rightmost triangle: we see that the L-linear Q-isogeny A, s = 6,50
j[Nq,(s)]gl satisfies V;(A\ys)-Na(s)™! = [o]. Further, 6, ¢ pulls ¢7 back to gb[Nq)(S)F, and by construction
JiNa ()5t PULS @y, (g1 back to ¢ times [No(s)™'Ng ' (s)*]§ = [Nmp/q(s)]§ ie. toapositive rational
multiple of ¢. This means that )\;i = p, satisfies the requirements in the construction of the map

pe EX\ A}, — Gal(B™/E) — T(Q) \ T(AY,)

(see Brandon’s lecture notes)

Recall that p(s) was defined to be the coset of the element inducing the map of rational total
Tate modules V;(A) i, V(A7) Vitea), Vi(A). But Vi(¢,) is No(s)™' o [o]~! and hence the above

composition is just multiplication by Ng(s)~'. This finishes the proof of the main theorem of CM.
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