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On the Conjecture of
Mazur, Tate, and Teitelbaum

RALPH GREENBERG AND GLENN STEVENS

§0. Introduction

Let E be an elliptic curve defined over Q. Assuming that E is modular
and has stable reduction modulo a given prime p, one can associate to E a p-
adic' L-function L,(E,s). If E has split multiplicative reduction at p then the
interpolation property defining L,(F, s) implies that Ly(E, 1) = 0. This is an
example of a so-called trivial zero—the vanishing is forced by the Euler-like factor
that arises in the interpolation property. In this article, we will sketch a proof
of a formula for L,(E, 1) which was discovered experimentally by Mazur, Tate,
and Teitelbaum [Mz-T-T]. To make the idea behind the proof transparent, we
will make several simplifying assumptions. The proof in general is given in (G-
S], covering also the p-adic L-function attached to any normalized newform of
weight 2 for ['1(Np) (p /N) whose pth Fourier coefficient is equal to 1. In §6 we
will show how Hida theory and the results of §2 can be used to prove a special
case of Ribet’s “lowering the conducteor theorem”.

Define the £-invariant L,(£) by

_ log,(g)
- ord, ()

where ¢ € Q) is any element (# 1) in the kernel of Tate’s uniformization

. e .
Al Qp - E(Qp)

Here log,: Q) — Zy is the usual p-adic logarithm on Z), extended to Q, by the

convention log,(p) = 0, and ordp: Q, — Zis the normalized valuation. Since

ker(}) is infinite cyclic, the definition (0.1) is independent of g. The main result

is the following.

(0.1) Lp(E)
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" vith the theorem is equivalent to the assertion that
(0.2) a)(2) = —%EP(E).
The key to the proof of (0.2) is that £,(E) can be described in terms of the
: representation space V (E) = Tap(E) ®z, Qp of the local Galois group Gq, and
. Ton that there exists an analytic family Vj of 2-dimensional representations of Gg
: {and hence of Gq,) parameterized by the p-adic variable % in a neighborhood
' nd- of 2, which specializes at k = 2 to V3 = V(E). For arbitrary k, ap(k) is the
Jso eigenvalue of Frobenius acting on the (1-dimensional) unramified quotient of V.
| of The first examples of two-variable p-adic L-lunctions were constructed by
no- Manin and Vishik [M1, M2, M-V] as a p-adic analogue of Hecke L-functions
B, associated to an imaginary quadratic field K. A more precise version, in this case,
-his is provided by Katz's two-variable p-adic L-function {Kz]. The two variables
correspond to the possible “infinity types” for grossencharacters of K. If the
11 elliptic curve F has complex multiplication, then the p-adic I-function with
. has properties (i), (ii), (i) above can be obtained as a special case of Katz’s p-adic
: L-function. In this case o, (k) can be described quite precisely. Essentially it is
just the (k — 1)st power of the p-adic unit eigenvalue oy for E. If E has split
multiplicative reduction at p, then j(E) is not integral and so E is not a CM
elliptic curve. Nevertheless, based on Hida’s construction of p-adic families of
;s ordinary modular forms, one can associate to any modular elliptic curve E which
em is ordinary (in the sense that the p-th Fourier coefficient of the corresponding
can modular form fg is a p-adic unit) a two-variable p-adic L-function with the
‘1is properties (i), (i), (iii) above. However, without the simplifying assumptions
'in stated below, we can only assume analyticity in (k, s) for k in some neighborhood
of 2. This is, of course, sufficient for the argument outlined above. The existence
of such two-variable p-adic L-functions was first proved by Mazur in some cases
[Mz| and more generally by Kitagawa IKi]. Though we cannot describe ay,(k)
explicitly, its characterization as the elgenvalue of Frobenius on the unramified
1 of quotient of the Galois representation V;, is enough information to verify (0.2).
' We want to mention one other case of a trivial zero. The Kubota-Leopoldt
p-adic L- function L,(¢, s) associated to a Dirichlet character (with values in.
- bat Q,) satisfies the property Ly(1,0) = (1 — ¥1(p)) Leo (91, 0) where ¢ = yw L.
. hat Now assume that we have trivial zero, i.e. that 41 (p) = 1 so that L,(%,0) = 0. A
im- formula for L,(1,0) is derived in [F-G . It seems likely that one can give a proof
the of this result by again making use of a two-variable p-adic L-function. The idea is
can similar, though the details (which we have not carried out) are more involved. Let
" at K be an imaginary quadratic field in which p splits, chosen so that K NKy, =Q
) where Ky, is the cyclic extension of Q cut out by 7, regarded now as an Artin
-ich, : character. One considers the branch of Katz’s two-variable p-adic L-function
the which includes in its domain of definition the character ¥1ig, = v¥1,x- This p-
. 1ere adic I-function vanishes at 91 k. We normalize the p-adic variables (k,s) so that
vin 41 i corresponds to (k, s) = (0,0). In the “cyclotomic” direction, L,(k, s) should
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THEOREM. Let p be a prime > 5 and let E be a modular elliptic curve with
split multiplicative reduction at p. Then

Lo{E,1)

L (B, 1) = L(E) 2

Here Loo(E, 2) is the Hasse- Weil L-function of E/Q and Qg is the positive Neron
period of E.

Let ¢ be any quadratic Dirichlet character and let E4 denote the correspond-
ing quadratic twist of E. If ¢(p) = 1, then E4 = E over Q, and hence F; also
has split multiplicative reduction at p and Lp(E;) = £,(E). By a theorem of
Waldspurger, Leo{Fy, 1) # 0 for infinitely many such ¢’s. So we could, alterna-
tively, define the L-invariant £,(E) to be the ratio L},(Es,1)/(Loo(Ey, 1)/Qp,)
for any ¢ satisfying ¢(p) = 1 and Loo{Fy, 1) # 0—assuming, of course, that this
ratio is independent of the choice of ¢.

Here is an outline of the rather simple idea behind the proof. Let € = %1
denote the sign in the functional equation for L (¥, z). Assuming that E has
split multiplicative reduction at p, L,(F, s) satisfies the functional equation

L.’P(E: 2 - 5) = €P<N)871LP(E1 8}

where €, = —€q, N is the conductor of E and (N) = Nw™}(N) where w is
the Teichmiiller character. If eo, = —1, then ¢, = +1 and the above theorem
is obvious. Both sides are zero. So we may assume that ¢, = —1. One can
construct a “two-variable” p-adic L-function L,(k, s) associated to E, which is
defined and analytic for all s € Z, and for all & in some neighborhood of 2 in
Z,. This p-adic L-function satisfies several properties:

(i) Lp(2,s) = Ly(E, s) for all s € Zyp;

(il) Lp(k,k—s) = ep(N)*73F Ly (K, 5);
(i) Lp(k,1) = (1~ op(k)™*)Ly(k) where L (k) is a p-adic analytic function of

k such that L3(2) = Loo(F,1}/Qs.
We will describe the function ap(k) below. We just point out here that
ap(k) is an ana.lytic function of k¥ and ,(2) = 1. Thus (jii) implies that
i
(2 1) ’(2) (E ) . Also, since we have assumed ¢, = —1, (ii) im-
Qg

phes that Ly(k,s) vamshes identically along the line s = k/2 and therefore the
derivative at (k, s} = (2,1) in that direction is certainly zero. Hence, if we can
compute o,(2), then we can find all the directional derivatives for Ly(k,s) at

L
(k,s) = (2,1). In particular, we will obtain a new expression for s —£(2,1) which,

by (i), we already know is equal to L,(E, 1). To be precise, the linear terms in the
Taylor expansion at (k, s) = (2, 1) will be of the form c¢(—% (k—2)+(s—1)) where
¢ = ~20,(2)Loc(E,1) /2. We have L,(E,1) = ¢ and therefore the formula in
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factor as a product of two Kubota-Leopoldt p-adic L-functions, one of which is
L,(s,s). This bas been proved by B. Gross under a certain restrictive hypothesis.
Calculating the derivative in this direction and using a formula of Leopoldt
involving cyclotomic units for the other factor would yield the value of Ly(¥, 0).
There is a “weight” direction in which one has a factorization analogous to
property (iii) above, as mentioned in the previous paragraph. One can calculate
the derivative in this direction since ap(k) is simply a power of some fixed o €
1+ pZj, and the value at k =0 of L3 (k) comes from 2 formula, of Katz involving
elliptic units. One must then determine the direction in which the linear term
at (k,s) = (0,0) vanishes. Now a theorem of Rubin (the so-called two-variable
Main Conjecturé) allows one to relate the above branch of Katz’s p-adic L-
function to a characteristic ideal of a certain Galois group, which is an Iwasawa
module for Gal(Ko./K) where K. is the composite of the Z-extensions of K:
Gal(Koo/K) = Z2. But it turns out that one can identify the direction where
the linear term vanishes for the generator of the characteristic ideal and hence
for Katz's p-adic L-function. As an example, assume that 1 has values in Z;.
Then there is a cettain Zp-extension of KKy, in which Gal(K Ky, /K) acts by
Wy 5. Since p splits in the extension KKy, /Q, this determines a certain Zy-
extension of Qp. In defining Katz’s p-adic L-function, one chooses one of the
two primes of K over p. By completing K at the other prime, the Z ,-extension of
Q, determines a certain Zp-extension of K itself. By a genus theoretic argument,
one can prove this Zp-extension corresponds to the direction in which the 11 k-
branch of Katz’s p-adic L-function has at least a double zero. :

Notation.

In the following, p will denote & rational prime. As in the work of Hida [H1,
H2] we will often add the technical hypothesis p > 5. We let Q denote the field
of algebraic numbers in C and let Qp be a fixed algebraic closure of Qp. ‘We also
fix once and for all an embedding

(0.3) QCQ,.

Letiing Gq = Gal(Q/Q) and Gq, = Gal(Q,/Qp) we note that (0.3) induces
a natural injective restriction map Gq, S Gq-

The group ZJ of p-adic units decomposes canonically as the product of the
group of principal units 1 + pZ, and the group fip—1 of (p — 1)th roots of unity. .

Zy = (1+pZp) X fip-1
a = {a) - w(a)
We denote the projection to principal units by (). The projection to roots of
unity is given by the Teichmiiller character w.

Let Z,[[Z7]] denote the completed group ring of Z7 and for each a € Z; let
[a] € Z,{[Z)]] denote the corresponding element of Z{[Z;]]. For each continuous

character « : Z; — Q: we denote by the same symbol the unique continuous
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r.ing homomorphism « : Z,[[Z)]] — Q, sending [a} to x{a) for all a € zZ;.
Contained in Z,[[ZX]] we have the Iwasawa algebra

A= Zp[[L + pZy]] € Z,[[Z;7]).

Forr € Z; let 0, : A — Z,, be the continuous homomorphism associated to the
continuous character 1+ pZ, — Z,; defined by ¢, : a — a". Then each element
« € A gives rise to an analytic function on Z, defined by

r— a.(a).

The ring of all such functions is the ring of Iwasewa functions.

§1. A Theorem of Hida

Fix a positive integer N prime to p and let v > 0. Let Sx(T1(Np™), Q) denote
the space of weight &k cusp forms of level Np™ whose fourier coefficients are
algebraic. Define

(1.0.1) Sk(C1(Np")) := Se(F1(Np"), Q) 85 Q,

where the tensor product is with respect to our fixed embedding (0.3). We say
that a Hecke eigenform f € S (I'1(Np")) is ordinary at p if the eigenvahue a, of
the Hecke operator T}, is a p-adic unit. In that case, the Euler factor at p of the
L-function of f has a factorization (1 —ap=*)(1 — 8p—*) where « is a p-adic unit
and 3 is divisible by p. We call « the unit root of Frobenius and 8 the non-unit
root of Frobenius. Note that if r > 0 then 3 = 0.

Definition. We say that a Hecke eigenform f € Sx(T') (Np") is a p-stabilized
ordinary newform of tame conductor N if one of the following is true.
e f is a newform of conductor Np™; or '
e there is a newform g of conductor N such that f(z) = g(z) — Bg(pz) for 2 in
the upper half-plane where 3 is the non-unit root of Frobenius attached to g.

Note that in either case, the formula f(z) = g(z) — Bg(p=z) is correct for some
ordinary newform g whose non-unit root of Frobenius is 3. In the first case we
Just take g = f and § = 0. We call f the p-stabilized ordinary newform associ-
ated to g. For a modular elliptic curve F with good ordinary or multiplicative
reduction at p we let fg be the p-stabilized ordinary newform associated to the
newform attached E. Note that for the associated complex L-functions we have
the identity (1 — 8p™*)Loo(E, 8) = Loo(fE, ).

We have the following important result of Hida [H1, H2], Mazur, and Wiles
[Mz-W, W] on p-adic analytic families of p-stabilized ordinary newforms. For
a disk U C Z,, we let Ay denote the space of analytic functions o : U —
Zy. Recall the Galois groups Gq = Gal(Q/Q), Gq, = Gal((_jp/ Q) and the
natural injection Gq, € Gq induced by the embedding (0.3).
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(1.0.2) THEOREM. Let E be a modular elliptic curve of tame conductor N
with good ordinary or multiplicative reduction at the prime p > 5. Then there
is an open disk U C Z, about 2, a formal g-ezpansion f = S ang® in
Ay lid]] and a Galois representation p : Gq — GLa(Au) satisfying the following
properties.

a. For each integer k > 2 in U, the power series £, 1= Y oo | om(k)q"™ € Zy[[g]]
is the q-ezpansion of a non-zero p-stabilized ordinary newform of tame
conductor N, weight k and character w?>~*. Moreover, f2 = fi.

b. For each integer k > 2 in U, the Galois representation py : Gg —
GLo(Z,), obtained by composing p with the specialization map a — alk), is
equivalent to Deligne’s representation associated to fy. In particular, pa 15
equivalent to the Galois representation attached to the p-adic Tate module
of E. '

c. For oll k € Zy, the local Galois representation pilcg, : Ga, — GLy(Zyp)

(XO(_XU)k_Z‘P,u:E

-0 i
character sending o Frobenius element to ap(k) and (xo) : Gq, — Z, s
the local Galois character obtained by composing the cyclotomic character
Yo with projection to the principal units.

has the form pkigqp = where @y, 15 the unramified

The first two assertions follow from [H1, H2] and the third assertion follows
from [Mz-W] and [W] Theorem 2.2.2. Though we do not provide any details
of the proof, it will be useful to describe how f and p are constructed. In (1.1.5)
we will make an additional simplifying assumption, under which we may assume
that all of the functions arising in the theorem are actually Iwasawa functions.
In general they live in a finite extension of the Iwasawa algebra.

1.1. The universal ordinary modular p-adic Galois representation.

For each integer r > 0, let X, ;q be the complete modular curve associated to
To(N)YNTI(p") and endowed with Shimura’s canonical Q-structure in which the
O-cusp is rational [Sh2]. Let J,,q be the Jacobian of X and let Tap(J;) be the
p-adic Tate module of J,. We define the abstract A-adic Hecke algebra of tame
conductor N to be the free polynomial algebra

H = Zy|[21[Tn (n € Z7)]

generated over Zy[[ZX]] by T (n € Z+). We let H act on J,, and hence also
on Tap(J;), by letting Z* act via the Nebentype operators and T, act via the
nth (covariant) Hecke correspondence. For each pair of integers v > rg > 0, the
natural projection X{Np™) — X;(Np™) induces a Galois equivariant map
of Tate modules Tay(Jy,) — Tay(Jr,) which commutes with the action of H,
hence we may form the projective limit and obtain an H[Gq]-module

Tap(Joo) = lim Tay(J;).
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Shimura [Shl, O] was the first to recognize the significance of Tay(J). In
H1, H2|, Hida extended Shimura’s ideas in some quite beautiful and surprising
directions by studying the ordinary part of Ta,(J.). More precisely, there is a
canonical decomposition

Tap(Joo) = Tap(Joo)® @ Tap(Joo)™

into H[Gq)-modules such that the Hecke operator T, acts invertibly on T'ap(Joo)®
and topologically nilpotently on T'a,(Js)™. Along with many other striking
results, Hida has proven the remarkable fact that Ta,(Jx)? is a free A-module
of finite rank. Moreover, if we let ¢t =[1 4+ p| — 1 € A (or any other generator of
the augmentation ideal) then the sequence

(1.1.1) 0 — Tap(Joo)® = Tap(Joo)® — Tap(Jy)® — 0

is exact.

Now suppose F is a modular elliptic curve of tame conductor N with either
good ordinary or multiplicative reduction at the prime pandlet fz =5 oo ang"
be the associated p-stabilized ordinary newform, normalized so that a; = 1. Now
define Ap : H — Z, by mapping Z to 1 and each Hecke operator T, to a,. We
let H act on the Tate module T'a,(F) via Ag. (Note that if the conductor of E
is IV, prime to p, then according to these conventions T, acts via the unit root of
Frobenius, not the trace of Frobenius as in [D]). Fix a modular parametrization
X1 — E and let Ta,{J,}* — Ta,(E) be the induced homomorphism on Tate
modules. This map commutes with the action of G as well as with the action
just defined for H. We have the following theorem of Hida asserting, among
other things, that Ta,(E) can be lifted to an H-eigenspace in T'a,(Jo0)°.

(1.1.2)} THEOREM. There is an integral domain Rg finite and flat over A
and a surjective A-homomorphisin hg 1 H — Ry with the following properties.
(1) R is unramified over the augmentalion ideal Py in A.
(2) The homomorphism Ag : H — Z, factors through hg, i.e. there is a
homomorphism ng : Rg — Z, such that \g =7gohg.
(3) Let Tp C Tap(Joo)® ®a Re be the Rp-submodule consisting of elements
© on which H acts via hp. Then Tg has rank 2 as an Rg-module (i.e. if Kg
is the fraction field of Rg, then Tg ®ry Kg has dimension 2 over Kg).

The ingredients in Theorem 1.0.2 can now be described as follows. For each
positive integer n, we let o, = hg(T,) € R and define fg := 3" | ang" €
Re(lg)]- Also, let pg : Gq — Autr,(Tr,) be the representation of Galois on
Tg. To pass from fg and pg to the data f and p prescribed in theorem (1.0.2)
we proceed as follows. Recall, first of all, that for each & € Z, the character
1+ pZ, — ZJ defined by o — a*~? extends to a continuous homomorphism
Or—2: A — Z,. For each o € A we define

(1.1.3) alk) = op_2(a).



190 RALPH GREENBERG AND GLENN STEVENS

Then the functions «(k), for @ € A are the well-known Iwasawa functions on
Z,. In particular, the map o — a(k) endows Ay with a natural structure as A-
module for every disk U in Z,. Since the A-algebra R is finite and unramified
over the augmentation ideal Py of A, it follows that for a sufficiently small disk
U about 2 in Z,, there is a unigue A-homomorphism

(1.1.4) Rg — Au.

The formal g-expansion f is obtained by applying this homomorphism to the
coefficients of fr and the Galois representation p is obtained by tensoring Tg
over Rg with Apy. '

We will frequently invoke the following simplifying hypothesis.

(1.1.5) HYPOTHESIS. Rg = A.

(1.1.6) Example. Let p = 11, N = 1, and let E be the modular elliptic
curve X;(11), which has split multiplicative reduction at p. In this case J; = £,
hence the Tate module T'a,(J1) is a free rank two Z,-module. Then from Hida’s
exact sequence (1.1.1) and an application of the compact version of Nakayama’s
lemma, we see that Tay(Joo)? is a free rank two A-module. Hence we must have
Re=A and Tg = Tap(Jw)’

In the final section of the paper, we will give another example of an elliptic
curve with split multiplicative reduction at p for which Rg is not A.

§2. The L-Invariant and Deformations
of Local Galeis Representations

Let E be a modular elliptic curve with split multiplicative reduction at the
prime p, which we now assume to satisfy p > 5. Let f = >~ | an(k)q™ € Auilq]]
be the analytic family of ¢-expansions given by Hida’s theorem 1.0.2. In this
section we prove the following result establishing a connection between the pth
coefficient of f and the £-invariant of E defined by (0.1).

{2.0.1) THEOREM. Let a,(k) be the p-adic analytic function attached to the
pth coefficient of Hida’s A-adic modular form. Then

a2 =1  and a;(z):—%cp(fz).

The first assertion, a,(2) = 1, follows at once from the identity £ = fr
and the fact that E has split multiplicative reduction at p. The proof of the
expression for the derivative rests on two interpretations of the L-invariant and
a connection between them expressed by Tate duality. Both interpretations
depend on the simple fact that for any Qp[Gq,}-module W, there is a one-one
correspondence

non-trivial extensions } { one-dimensional subspaces }
—

(2.0.2) { of Q by W

of HY(W)
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where H™(—) denotes cohomology with respect to the group Gq,- Indeed, if X
is a Gq,-module, then X is an extension of Q, by W if and only if there is an
exact sequence of Gq ,-modules

0—W —X-—Q,—0.

This sequence is non-split precisely when the map H°(X) —— H%(Q,) vanishes,
in which case the image of H%(Q,) in H'(W) under the coboundary map is
a one-dimensional subspace of H'(W). Conversely, if £ : Gq, — W is a
non-zero 1-cocycle, then define X = W x Q, with Gq, acting by the formula
g(w, A) = (g{w) +X&(g), A) for g € Gq, . It is easy to verify that X is a nontrivial
extension of Q, by W if and only if £ represents a non-zero cohomology class in
HY(W) and that the isomorphism class of X depends only on the line spanned
by the cohomology class of £ in H'(W).

2.1. Kummer theory and the group of Tate periods.
Kummer theory gives us a canonical isomorphism

(2.1.1) HY(Qp(1)) = QX6Q, = E(QE/QSPn) ®z, Qp-

‘Thus each ¢ € Q) determines a cohomology class v, € H(Q,(1)), which we
will refer to as the Kummer class associated to g. More precisely, letting g, be
the group of p™th roots of unity, and choosing a compatible sequence, ( g*/?" ),
of p-power roots of g, we can define a sequence of 1-cocycles &, : Gq, — tpn
by &.(0) = (¢1/*P") ! for o € Gq,- The sequence &, determines a 1-cocycle
£ : Gq, — Zy(l). We define the Kummer class v, to be the element of
HY(Q,(1)) determined by &.

Now let & 1Q, be an elliptic curvé over Q,, with split multiplicative reduction.
Set V(E) = Ta,(EY®z, Qp where Ta,(E) is the Tate module of E. Let gz be
a generator of the group of Tate periods and consider the analytic isomorphism

TN o R
E(Q) = Q, /¢3.
given by the Tate parametrization. For each integer n > 0 there is a canonical
exact-sequence 0 — gy — E[p"] — Z/p"Z — 0 of Gq,-modules. Passing to

the projective limit and tensormg with Q,, we obtain the following fundamental
exact sequence

(2.1.2) 0 — Q1) — V(E) — Q, — 0.

We have the following simple result whose proof is a straightforward calculation.

(2.1.3) PROPOSITION. Let Eq, be an elliptic curve with split multiplicative
reduction and let ¢ € QY be any nontriviel element of the group g% of Tate
pertods. Then the Kummer class v, spans the line in H*(Q,(1)) associated to
the extension (2.1.2).




(232)

2.2. Infinitesimal deformations.
Let @, := Q,[t]/¢* be the ring of polynomials over Q, modulo 2.

(2.2.1) Definition. Let V be a finite dimensional Q,[Gq,]-module. We will
say that a Qp[GQp]-module V is an infinitesimal deformation of V if V is free
as a Q -module and V/tV 2V as a Gq,-module.

In particular, we see that if V is an infinitesimal deformation of V', then both
V /tV and tV are isomorphic to V. So we have an exact sequence of Gq,-modules

0—V V-V _—0.

Hence V is an extension of V by V.

For example, Qp with trivial Galois action is an infinitesimal deformation
of Qp. More generally, if ¥ : Gq, — Q;‘ is a nontrivial continuous Galois
character satisfying the congruence 1(¢) = 1 (mod £} for every ¢ € Gq, then

the twist Qp () of Qp by % is an infinitesimal deformation of Q. In particular

Q,,(i,b) is a nonsplit extension of Q, by Qj, hence determines a line in H 1(Q,)
as in (2.0.2). It is a simple matter to describe this line. Differentiation with

d .
respect to ¢ induces a continuous isomorphism i 1+tQ, — Qp from the

_ multiplicative subgroup 1 +1Q, € Q;f 0 the additive group Q. Hence, the

d
composition of ¢ with d/dt is an nonzero additive character Ef;ﬁ 1 Gg, —— Qp.

Since Hom{Gq,,Qp) = H 1(Q,), we may interpret di/dt as a cohomology class

d
in H'(Q,) and the line de—if C HY(Q,) it spans is easily seen to correspond

o Qp(?,b) under (2.0.2). Indeed, we have the following proposition.

- = d
(2.2.2) PrOPOSITION. The correspondence Qu(¢) «» de—f induces a one-
one correspondence
Nontrivial infinitesimal . One-dimensional
deformations of Qp subspaces of HY(Qp)

Moreover, dip/dt spans the line in H HQ,) associated to Qp (’t,[))

2.3. Tate duality.

From Kummer theory and class field theory we know that each of the coho-
mology groups H'(Q,(1)) and H'(Q,) is a two-dimensional Q,-vector space.
Moreover, Tate duality gives us a perfect pairing

(2.3.1) () HY(Qu(D) x HY(Qp) — HH(Qp(1)) = Qp

Hence a line in either one of the cohomology groups H'(Qp(1)), H'(Qp) deter-
mines a line in the other one — namely, its orthogonal complement. In the light
of (2.0.2) and (2.2.2) this means that there is a natural one-one correspondence

non-trivial extensions non-trivial infinitesimal
of Q, by Qp(1) deformations of Qp

“\)
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Let Cr":le be the abelianized Galois group and let o : Q>< — G‘lb be the
local Artln symbol, normalized so that o, is the inverse of a Frobemus element.
With this normalization, the cyclotomic character xg is given by xolow) = u for
u € ZJ . Moreover, the Tate pairing is explicitly given by the formula

(2.3.3) {(79:€) = &(og)

for arbitrary ¢ € QX and { € H 1(Qp), where -y, is the Kummer class of g defined
in section 2.1.

(2.3.4) THEOREM. Let ;g be an elliptic curve with split multiplicative re-
duction ond let v : Gq, — Q;; be a nontrivial character which is = 1 modulo
t. Then the following statements are equivalent.

- Dlog) = 0.

a
b. V(E) corresponds to Qp(t) under (2.3.2).
c

. There is an infinitesimal deformation V of V{E) and o commulative diagram

0 — Q1) — V. — Q) — O
! l l
0 — Q1) — V(E) — — 0.
in which the top row is an ezact sequence of Qp (Gq,]-modules and the vertical
maps are reduction modulo £.

Proof. The equivalence of a and b is an immediate consequence of the above
discussion and the explicit description of the Tate pairing (2.3.3). Indeed, from
(2.3.3'),. we have %(%E) = 0 if and only if ~,, is orthogonal to di/dt with
respect to the Tate pairing. But by proposition 2.1.3, 4 Spans the line in
H'(Q,(1)) determined by V() and by proposition (2.2.2), dyp /dt spans the line
in H'(Q,) determined by the infinitesimal deformation Q, ().

Next we show b==c. Suppose V(E) corresponds to Qp (1) under (2.3.2).
Then we can give an explicit construction of V as follows. Let v denote a
cocycle representing the cohomology class of . Then the function

G x G— Qp(1)
{g1,92) — {g1) - (i—?f(gz)

is a 2-cocycle representing the cup product of 74, and dip/dt. Since this cup
product vanishes, there is a 1-cochain {: G — Q,(1) whose coboundary is the
above map Hence, for all (g1, g2) € GXG, we have £(g1g2)— —xol(g1)&(g2)—~€(q1) =

7(91)‘&‘{(92). Now define foreach g € G

ﬁ(g) - (XUO(Q) | 7(9)71;{';)6(9)) e GLQ(QP)
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A simple calculation shows that g: G — GLg(Qp) is a group homomorphism.
We let V denote Q?, equipped with the Galois action induced by p. It is a stmple
matter now to construct the commutative diagram of part ¢ of the proposition.
This proves b==rc.

Conversely, suppose we have a commutative diagram as in c. ‘We must show
that -y, is orthogonal to di»/di with respect to the Tate pairing. From the
diagram in ¢ we obtain a commutative diagram

0 0

0 _
l | !

in which the rows and columns are exact. Since the leftmost vertical row splits,
the connecting homomorphism d : H'(Q,(1)) — H?*(Qp(1)) vanishes. On the
other hand, letting 8, : H*(Q,) — H*(Q,) be the connecting homomorphist
of degree 0 attached to the rightmost vertical row, and letting 8+ HH(Qp) —
H*+(Q,(1)) (i=0,1) be the connecting homomorphism of degree i associated
to the bottom row (or, equivalently, the top row), we obtain a commutative
diagram

H(Q) =Qy = HYQu(L)
Ly _ ld=0

. H(Q,) 2 HY Q1)

But since 8,(1) = di/dt, this shows that di/dt lies in the kernel of ;. On the
other hand, by proposition 2.1.3, we have g, is in the image of §;. So b will
follow if we can show that the kernel of 6; is orthogonal to the image of do.

Note that multiplication induces a perfect pairing Qp(1) X Qp — Qp(1).
Moreover, as a simple verification shows, there is a unique symplectic pairing
V(E)x V(E) — Q,(1) with respect to which the homomorphisms i : Q,(1) —
V(E) and 7 : V(E) — Q, are transposes of one another. (Indeed this is the
Weil pairing, but we will not need this fact). Hence the fundamental sequence
0 — Q,(1) — V(E) — Qp — 0 is self-dual with respect to these pairings,
and then by duality, the connecting homomorphisms & : H 0(Q,) — HY(Qp(1))
and 6, : H(Q,) —— H?(Q,(1)) are transposes under the Tate pairing. In
particular, the image of &y is orthogonal to the kernel of 6;. This proves e=b
and completes the proof of the proposition.




ON THE CONJECTURE OF MAZUR, TATE, AND TEITELBAUM 195

2.4. Proof of Theorem 2.0.1.

Let E;q be our modular elliptic curve with split multiplicative reduction at
p. Let £ =352, an(k)g™ € Aylg]] be the formal g-expansion given by theorem
1.0.2, where U is a suitable p-adic neighborhood of 2. Consider the representation
p: Gq, — GLy(Ay) given by theorem (1.0.2)c. Then from (1.0.2}c we have a
commutative diagram

0 — Aylxolxo)2¢;t) — AF — Auvlpr) — O
(2.4.1) l | !
0 — Qp(1) — V(E) — Qp —s 0

of Gq,-representations where @y : Gg, —— AY is the unramified character with
wox(Frob,) = ap(k), the bottom row is the fundamental sequence associated to
E, and the vertical arrows are given by specialization to k = 2.

In order to obtain a diagram of the form appearing in proposition 2.34c,
we must twist the terms in the first row of (2.4.1) so that the leftmost term is
Ay(xo). This is accomplished by twisting each term of (2.4.1) by wr{x0)> .
Since this character specializes to the trivial character at k = 2, we obtain a
commutative diagram

(2.4.2)
0 — Aulxo) — Ablerlxo)®™*) — Ay (@2 {xo)>™®) — 0
l ! i
0 — Q1) — V(E) — Q — 0

Letting ¢ := k — 2 € Ay we have Ay/ (t2) = QP. Hence, reducing the terms of
(2.4.2) modulo ¢* and setting V := Q2 (wr {x0}*~*) we obtain a diagram

0 — Q1) — v
(2.4.3) | !
0 — Qul) — V(B

— Qp ('4[’) — 0
!
) - Qp — 0

where ¥ = wi{xo)?~F considered modulo 2. Applying proposition 2.3.4 we
obtain the identity

- d'lp
Writing gg = p™u where n = ordy(¢g) and u € Z; and recalling that @g{op) =
or(Frob,)~1 and i (Froby) = ap(k) we obtain ¥(ags) = 0, (k)= (w2, Now
differentiate this with respect to k and set & = 2. Recalling that ap(2) =1 and
using (2.4.4) we obtain the equality —20rdp{gE) - 04,(2) — log,(gr) = 0. The
desired result '
1 log,(g5)

a;’(2) -T2 ord,(qE)

now follows at once. This completes the proof of theorem 2.0.1.




T R AN TP T R S

a

196 RALPH GREENBERG AND GLENN STEVENS

§3. p-Adic L-Functions

In this chapter we recall the construction of two-variable p-adic L-functions
associated to A-adic cusp forms. Mazur [Mz] was the first to construct examples
of these two-variable p-adic I-functions. Kitagawa [Ki] (this volume) general-
ized Mazur’s construction to associate a two-variable p-adic L-function to any
ordinary A-adic cusp form. A different construction was given with certain ad-
ditional properties in [G-S]. We will recall the details of that construction, but
only under the additional hypothesis that Ry = A '

Let E be a modular elliptic curve over Q having conductor M with either good
ordinary or multiplicative reduction at p. Then we can factor the conductor of
E as M = Np® where N is the tame conductor of £ and e = 0 or 1 depending
on whether the reduction at p is good or multiplicative. Let Lo (F,s), s € C,
be the complex L-function and L,(E, s), s € Z;, be the p-adic L-function of £.
The precise definition of L,(E, s) depends linearly on a choice of a non-zero real
period Qg of some rational regular differential on E. It is customary to let Qg
be the positive generator of the group of real periods of a Neron differential on
E. but any non-zero choice will suffice.

Both the complex and the p-adic I-functions satisfy functlonal equations with
respect to the substitution s — 2 — 5. More precisely, if we put

Ao(F, 5y = M*/*(27)™°T(5) Loo (E, 5) and  AL(E,s) = (N)/2L,(E,s)
then
Aoo(E,2 — 8) = €uhe(E, 5) and Ap(E,2 —5) = Ay (E, 5).

for an appropriate choice of signs €5, = +1 and ¢, = £1. Note that in the
first functional equation s is a complex variable, but in the second s is a p-adic
variable. The relationship between e, and ¢, is given by

—€4 if E has split multiplicative reduction at p;
(3.0.1) €p =
Eoo otherwise.

See section 3.8 for an explanation of this relationship. The main goal of this
chapter is to outline a proof of the following theorem.

(3.0.2) THEOREM. Let p > 5 be prime and let E be a modular elliptic curve
of tame conductor N with either good ordinary or multiplicative reduction at p.
Let o, 3, respectively, be the unit root and the non-unit root of Frobenius at .
Let o, = hp(Ty) € Re and let ap(k) € Ay, be the analytic function associated
to o, as in (1.1.4) defined on a neighborhood U of 2 in Z,. Then there are
anolytic functions Ly(k,s) and Lj(k,1), k € U, s € Z;, satisfying the Jollowing
properties. :

1. Ly(2,8) = Lp(B, 3) for all s € Zy,.

2. Lk, k— ) = ep(NY "% Lo (k, s).
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3. Ly(k,1) = (1 — ap(k)™1) Li(k,1).
5) Loo(E,1)
4, L2, y={1—-—=-]  ————.
p(2 1) P Qg
In fact, for fized k € U, Ly(k,s) is an Iwasawa function of s. 1If, moreover,
RE = A then Ly(k, s) is an Iwasowa function of two variables {and in particular,

we may take U = Zp).

The function Lj(k,1) of this theorem is identical to the function L7 (k) dis-
cussed in the introduction.

3.1. Generalities on p-Adic Measures.

For a compact totally disconnected topological space X we let Cont(X) de-
note the module of Z,-valued continuous functions on X and Step(X) denote the
submodule of locally constant functions. We equip Cont(X) with the topology
induced by the supremum norm and note that Step(X) is a dense submod-
ule. We define the module of Z,-valued measures on X to be Meas(X) :=
Homg, (Step(X),Z;). Every measure p € Meas(X) is easily seen to have a

unique extension to a continuous homomorphism p : Cont{X) — Zp. Hence -
(3.1.1) Meas(X) = Cont.Homg, (Cont(X), Z).

We endow Meas(X) with the weak topology dual to Cont{X).
It is customary to use measure theoretic conventions in reference to the ele-

ments of Meas(X). Thus, if 4 ¢ Meas(X) and U € X is a compact open set,
then we will often write pu(U) for the value of & on the characteristic function
of U. Similarly, if f € Cont(X) then we will often use integral notation and
write [ fdu for p(f) and Jiy fdp for the value of p on f times the characteristic

function of U.
In the applications, X will be a compact open subset of either Z, or Zp x Zy,.

(3.1.2) Definition.

a. The one-variable p-adic L-function associated to a measure v € Meas(Z) is

the function Ly(v, —) : Z, — Z, defined by

Lp(v,8) = -/Zx (£~ du(t), seZ,.

b. The two-variable p-adic L-function associated to a measure p € Meas(Z; x

Zp) is the function Ly(p, —, =) : Z2 — Z;, defined by
Likes) = [ @)/ o), ks €2,
p Xdip

c. The improved two-varieble p-adic L-function associated to a measure p €
Meas(Z; x Zyp) is the function Lo(p, —. — ) 1 Zy X N~ Zy, defined by

Ly(p, kys0) = [ ()2 (y/x)*e N dplx,y), k€ 2Ly, so€N.

ZX XZp
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3.2. Measure Spaces as Iwasawa Modules.

Foreacht € Z>< let &; € Meas(Z") denote the Dirac distribution concentrated
at {. Hence §; is characterlzed by the integration formula [ fdé, = f(t) for
f € Cont(ZX). The map t — & defines a continuous map Zr — Meas(Z;)
and can therefore be uniquely extended to a continuous Z —morphlsm

(3.2.1) 2,][Z%]) — Meas(ZJ).

In fact, this is well known to be an isomorphism.
Let (Z2)’ denote the set of primitive vectors in ZZ (i.e. vectors which are not
divisible by p) and consider the canonical projection

(22 — PH(Qy)

sending (z,) in affine coordinates to [z,y] in projective coordinates. The fibers
of this map are just the orbits of the scalar action of Z;. For X a compact open
subset of P}(Q,), we set '

(3.2.2) U(x) = { (z,y) € (Z2) | [z,0] € X }.
Thus, U{X) is just the preimage of X in (Z2)’. Now define
(3.2.3) D(X) := Meas(U(X}).

When X = PY(Q,), we will simplify the notation and write D instead of

D(P1(Q,)). For an arbitrary compact open set X C P1(Q,), the scalar ac-
tion of Z} on U(X) induces a continuous action of Z¥ on D(X). Hence D(X )
is endowed with a natural structure as continuous Zp[{ZX}]—module

3.3. Measure Spaces as Representation Spaces.

Let Mj(Z,) denote the semigroup of 2 x 2 matrices over Zj. Vlewmg the
elements of Z2 as row vectors, -we let Mp(Z,) act by matrix multlphcatlon on
the right. Th1s induces an action of Ma(Zp) on Cont(Z2) by the formula

(0 f)(v) = flvo), for 0 € Ma(Z,) and f € Cont(Z2).

Identifying Cont((Z2)") with the submodule of Cont(Z2) consisting of functions
supported on (Z2)', we see that Cont ((Z2)) € Cont(Z2) is preserved by the
action of My(Z,). We endow Cont((Z2)') with this action of M>(Z,) and endow
D with the dual action. Hence, for 4 € D and ¢ € Ma(Zy), plo is determined

by the integration formula
[ £l = [ @ au

for f € Cont((Z2)'). Note that this action commutes with the action of Z[[Z)]]
on D defined in section 3.2. Hence D is endowed with a natural structure as
Zp[[Z;‘]][Mz Z,)]-module.
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More generally, if X7, X, are compact open subsets of P*(Q,) and o € Ma(Z,)
satisfies U(X1)o 1 (Z2)' € U(Xa), then o induces a natural Z,[[Z; |]-morphism

We will be interested in the special case X; = Xo = Z,. Let Zo(p) denote the
subsemigroup of Ms(Z,) defined by

mat) = {o= (& 1) € z)

A simple calculation confirms that To(p) preserves U(Z,}, hence Zy(p) induces
a semigroup of endomorphisms of the Z,[[Z]]-module D(Zy).

acZX andc=0 modulop}.

y

3.4. Modular Symbols.

Let D := Div(P'(Q)) denote the group of divisors supported on the rational
cusps P1(Q) = QU {oo} of the upper half plane H. Let Dy C D be the
subgroup of divisors of degree zero. The group GLy(Q) acts by fractional linear
transformations on D and on Dy. If & is a subsemigroup of the semigroup Ms(Z)
of 2 x 2 integral matrices and if A is a right Z[¥]-module, then we define a right
action of £ on Homz(Dp, A) by & — @|o, for ¢ € X, where

(®|o) (D) = (e D)o
for all D € Dy.

(3.4.1) Definition. An element & € Homz(Do, A) will be called an A-
valued modular symbol if the stabilizer of @ in X contains a congruence sub-
group of SLy(Z). If T is such a congruence subgroup then we say that ¢ is a
modular symbol over I'. The module of all A-valued modular symbols will be
denoted Symb(A) and the submodule of modular symbols over I' will be denoted
Symb(A4). ' '

Qur interest in Symby(A4) is motivated by the fact that this group is naturally

- isomorphic to the compactly supported cohomology group H, (I, A) whenever A

is a Z[1/6][-module (see [A-S]}.

In this paper, A will be one of the modules D{X) or Lg(R) where k& > 2 is
an integer. Here D(X ) is the space of measures associated to a compact open
subset X of P1(Q,) as defined in (3.2.3) and L(R) := Sym*~*(R?) is the R-

“module of homogeneous polynomials of degree k£ — 2 in two variables X, Y with

coefficients in a commutative ring B. We let £ act on Lg(R) by the formula
(Flg)(X,Y) = F((X,Y)g*) for g € £ and F € L4(R), where * is the main

. . ( a b ) ( d —b)
involution: — .
¢ d —c @

(3.4.2) Definition. Fix an integer k& > 2 and a commutative ring R. Then
Symb(Lx(R)) is called the module of modular symbols of weight k over R.

This terminology is motivated by the following well known example of Eichler
and Shimura. Let Si(Q) be the space of weight k cusp forms of all levels having
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algebraic g-expansions and let GL3 (Q) act on Sk (Q) via the standard weight
k action: for f € 5k(Q), and ¢ = (CCL Z
(flo)(2) = det(c)* ez + d) *f(oz) for z in the upper half-plane. To each
f € 8(Q) we associate the unique Z-linear function P51 Dg — Lk(C) whose
value on divisors of the form {ep } — {1} € Do, with 1,60 € P(Q) is given by

(3.4.3) dq@fﬁ~{q})z%ﬂ£?f@KZK+Yﬁ4dz

where the integral is over the geodesic path in the upper half-plane joining ¢,
to ¢o. A straightforward calculation shows that for any ¢ € GL3(Q) we have
t¢lo = y,. Hence Py is a modular symbol of weight k over any congruence
group for which f is modular.

) e GL}T(Q), this action is given by

3.5. Hecke Operators.

We define Hecke operators via the action of double cosets as in [Sh2]. For
an arbitrary congruence subgroup I' C T, we let H (I', %) be the double coset
algebra over Z associated to the pair (T, X). The action of H(I', %) on A-valued
modular symbols over I' can be made explicit as follows. If T (g) € H(T', X} is the
element associated to the double coset Tgl', g € I, then we can write Tgl' as a
finite disjoint union of right cosets, | J; Tg:- For a modular symbol ® € Symby(4)
we then define :

(3.5.1) @[T(g) = Plg: € Symbr (4).

Now fix a positive integer M and let Lo(M) be the subsemigroup of GL2(Q)
consisting of non-singular integral matrices whose lower left-hand entry is divis-
ible by M. Note that To(M) = Xo(M) N SL2(Q) is Hecke's congruence group
of level M. We will make frequent use of the following standard Hecke operators
T,(£ prime), Wz, and ¢ € H{To(M), Zo(M)):

(3.5.2)

w3 ) weer((h 2D ()

Note that the double cosets associated to each of the last two operators consists
of only a single right coset. Hence the action of these operators on modular
symbols (or modular forms, or cohomology) is given by the action of a single
-1 0
0 1
modular symbols. Hence, if multiplicatien by 2 is invertible on A, then we can
decompose any modular symbol ® € Symbr, () (A) in a unique way as a sum

(3.5.3) &=t

matrix. In particular, ¢ = € ¥ induces an involution ® — &t on

Where @ﬂ:*b = :lZ(I)i Let SymeG(N) (A) = Symbr-o(N) (A)+ &3] SymeD(N) (A)_
be the corresponding decomposition of the space of modular symbols.
We have the following theorem of Shimura [Sh3].
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(3.5.4) THEOREM. Let f € Si(To(M)) be an common eigenform for the
operators Ty, £ prime, let O(f) be the ring of algebraic integers generated by the
eigenvalues, and let K(f) be the fraction field of O(f). Then for either choice
of sign =, the Hecke eigenspace associated to f in Symbr ary (L (K f))):t is
one dimensional over K(f). Moreover, there are ‘periods’ Q}h € C* such that
the modular symbols r,oj!: = (Q?)‘lv,bfi generate these eigenspaces and are defined

over O(f), i.e. take values in Ly (O(f)).

3.6. The One-Variable p-adic L-functions of Mazur, Tate, and Teit-
elbaum.

Now suppose M = Np where p N, and let f € Sp(To(Np)) be a p-ordinary
eigenform. For simplicity we assume that the Fourier coefficients of f are rational
integers, hence the eigenvalues of the operators Ty are also integral. Let a, € Z
be the eigenvalue of T, on f. Our assumption that f is p-ordinary means just
that a, is not divisible by p. Now choose a real period ij as in theorem (3.5.4) so
that the modular symbol (p}' = (Qj{)_liﬁ}f is defined over Z. Define a measure

vi € Meas(Z)') by setting

(3.6.1) ve(a+p"Zy) = a; ™ of ({ ;Tani } ~ {ieo }) ’X:U,Yzl

for each a € Z prime to p, and each m > 0. It follows from the fact that f is an
eigenform for T, with eigenvalue o, that this defines a finitely additive function
on the compact open subsets of Z;. Since ap is a p-adic unit, the values of
vy are p-adic integers, hence the formulas above do indeed define an element
vy € Mea,s(Z;f).

(3.6.2) Definition. The p-adic L-function associated to f and our fixed
choice of a real period Q}r is defined to be :

Lyp(f,5) = Lp(vs,8)-

We have the following theorem.

(3.6.3) THEOREM. Let 59 be an integer with 0 < so <k. Then

—TT — —5 s0— A ,wl—SU,S
Lp(f,50) = ay '(1—%1w1 °(p)p® 1) Lm_i}
7

For more details on the p-adic L-function and a proof of this theorem, see
[Mz-T-T]. Note that the p-adic measure we have just described is a natural
generalization to p-stabilized ordinary newforms of the p-adic measures associated
to a p-ordinary newforms of conductor prime to p by Mazur and Swinnerton-
Dyer [Mz-SwD)]. Indeed, if g is a p-ordinary newform of conductor N, prime to
p, and if f is the associated p-stabilized newform, then the measure associated
to f as above is identical to the Mazur-Swinnerton-Dyer measure associated to

the newform g.
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3.7. p-Ordinary A-adic Modular Symbols.

As before, N is a positive integer that is not divisible by p. In this section we
explain how one can lift the modular symbols associated to p-ordinary eigenforms
¥ € Sk(To(Np)) to A-adic modular symbols, i.e. to elements of Symbr, vy (D},
where D is the Z,[[ZX]]-module constructed in section 3.3. It is significant to
notice that as we do this we remove the p from the level.

For an integer k > 2 we define the specializaton map ¢ : D — Lx(Z,) by

(3.7.1) LN fz ] (zY —yX) 2 dp(z, ).
p X hp

A simple calculation shows that ¢ is a I'o(N p)-homomorphism. Hence ¢ in-
duces a morphism Symbro( » (D) Prry Symbr(np) (Li(Zp)). Let ¢} . denote the
restriction of ¢« to the ordinary part. The key point is that we can determine
both the image and the kernel of ¢} ...

Fix a topological generator v € Z and let [y] € Z,{[Z; ] be the correspond-
ing element of the completed group ring. For each k > 2, let &y == [y] — k-2 e
Z,[(Z}]]. A straightforward calculation shows that my, - Symbry, () (D) is con-
tained in the kernel of ¢y .. In fact, in {G-S] the following theorem is proved.

(3.7.2) THEOREM. For each integer k > 2, the sequence

0 Dh
0 — Symbr, ) (D)° ™ Symbry(x (D)’ "= Symbr,(wp) (Li(Zp))* — 0
is an exact sequence of H-modules.

We can refine this statement slightly by decomposing the exact sequence ac-
cording to the action of the group pp—1 of {p — 1)th roots of unity. The canon-
ical action of Z> on D restricts to an action of p,_1. For each integer 7, let
Symby, (n) (D), be the A-submodule of Symby,(n) (D) on which pp—; acts via
w”. Now it is easy to see that g annihilates Symbp, vy (D), unless r =k — 2
modulo p — 1. Hence, letting Ay = [1+p] — (1 + p)*~2 € A, we see that the
theorem gives rise to the following exact sequence of A-modules. .

A H
0 — Symbr, ) (D)2 =5 Symbrv, (D) oz — Symbry(np) (Li(Zp))° — 0.

(3.7.3) CorOLLARY. The group Symbp(n) (DY is a free A-module of finite
rank. For each k > 2, the A-rank of Symbp () (D)f,.c_,, is equal to the Zy-rank
of Symbr, g (Li(Zp))-

Proof. This is an immediate consequence of the above exact sequence and
the compact version of Nakayama’'s Lemma.

(3.7.4) THEOREM. Let F be a modular elliptic curve of tame conductor N
with either good ordinary or multiplicative reduction at the prime p > 5. For
simplicity, assume that Hida’s deformation ring Re satisfies Hypothesis (1.1.5):
Rg = A. Let hg : H — A be the homomorphism given by Hida’s theorem
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(1.1.2). Then for either choice of sign %, the submodule of Symbr (D)O’i
on which H acts via hg has rank one as a A-module.

Let Y € Symp, vy (C) be the modular symbol associated to the p-stabilized
newform fg asin (3.4.3) andﬁ:c a choice of periods Qi € C* as in theorem 3 5. 4
so that the modular symbols apE = (Qﬁ) 11,bE are deﬁned over Zy, i.e. 0Z E S
Symbr,np)(Zp Y& Then there is a Hecke eigensymbol ot e Symbr vy (D)
such that

(a) 2. QL = %, and
(b) the Hecke operaiors act on oL via hg.

Sketch of the Proof. This is proved in detail in §6 of [G-S]. Here we will
just recall the main ideas that go into the proof. The key observation is that the
Z,{{Z;}|[L'o(N)]-module D is isomorphic to a projective limit of induced modules
from the groups T, := To(N) N T1(p"} (r > 1). More precisely, for each r > 1,
let D, = { pe((2f p’"Z)z)’ — Z, } denote the module of Z,-valued functions

on the set of primitive elements of ((Z /p’"Z)?')I equipped with the natural action

of FU(N). The map FT\FU(N) - ((Z/p’"Z)Q)I ( i Z

Fo(N)(

) + (¢, d) mod p”

bijective hence induces an isomorphism D, = Ind Z,). Letting Dry1 —

D, (r > 1) be defined by pri1 — e, pir(z) = E Lry1(y) we obtain
Y=z mod pr
a natural isomorphism D = lim D,. A calculation confirms that the following

r

diagram is commutative

Hi(ro(N), D-;-+1) - Hj(FO(N)) Dr)

HYTry1, Z,) F5° HYD., Zp)

where H! denotes either H', H} (compact supports), or Hp,, (parabolic coho-
mology := image of and H} in H') and the vertical isomorphisms are obtained
from Shapiro’s theorem. Passing to the limit we thus obtain a natural isomor-
phism '

HYTo(N), D) 2 lim H(T,, Zp)-

Now it is well known that there is an isomorphism of (covariant) Hecke modules
H., Ty, Zy) = Tay(Jy) for each r > 1 (see [Sh], chapter 8), hence we obtain
an isomorphism of (covariant) Hecke modules

To(N), D) 2 Tap(Joo)-

par(

(A small technical problem arises here since the Hecke operators defined in
§3.5 are the contravariant ones; but we can salvage this by “turning the action
around” by composing the above isomorphism with the W-operator W)
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Applying Hida’s theorem (1.1.2)(3) to this isomorphism we conclude that for
either choice of sign +, the hg-eigensubmodule of H}, (To(N), D)¥? has rank

par

one. Since Symbr, vy (D) = H;(To(N), D), we have a surjective map
Symbr,(xy (D) — Hpor(To(N), D)

par

whose kernel is “Eisenstein” (in particular, if £ is prime = 1 mod N, then T} acts
on the kernel by 1+ £[£]), hence the kernel has no nontrivial hg-eigenvectors. It
follows that the above map induces an injective homomorphism

Symbp,ny (D), — Hpar(To(N), D)ps

par

on the hg-eigensubmodules and moreover that the cokernel of this map is a
torsion A-module whose annihilator is not contained in the augmentation ideal.
Theorem 3.7.4 is now an easy consequence.

3.8. Two-variable p-adic L-functions.

In this section, we will give a construction of two-variable p-adic L-functions
based on the ideas of this chapter (compare Kitagawa [Ki], this volume). We
are going to impose our simplifying hypothesis (1.1.5), but the general case is
not much harder.

Let E be a modular elliptic curve defined over € having conductor M and.
either good ordinary or multiplicative reduction at p. Choose a real period {1g
for E so that the normalized modular symbol gz = Q5 @5 € Symbr, (Z,)°
takes p-integral values and let L,(E, s} be the associated p-adic L-function de-
fined as in (3.6.2). Assume, for simplicity, that Rg = A and let hg : H — A
be the homomorphism of theorem 1.1.2. _

Let fz be the p-stabilized ordinary newform associated to £ and let N be the
tame conductor of fz. The relationship between M and N is given by

N if £ has good reduction at p;
M=
Np if E has multiplicative reduction at p.

The Atkin-Lehner operators Wy, Wy act as involutions on Si(I'g(Np)) and
preserve the eigenspace spanned by fg. Hence we have felWn = wn fg and

‘fEIWM = wyrfr where wy = *1 and wys = £1. Now it is a well known

fact that —was is the sign of the functional equation of E, i.e. in the notation
of section 3.0, Ao(E,2 — 8) = ~wpyAa(E,s). Moreover, Mazur, Tate, and
Teitelbaum showed that the p-adic L-function satisfies the functional equation
A,(E,2—s) = —wnA,(E,s). (This functional equation is also a consequence of
theorem 3.8.1 below). Hence €, = —wys and €, = —wn.

The relationship between €., and €, described in (3.0.1) follows easily from
this description of €5, and €,. Indeed, if £ has good reduction at p, then M = N,
hence wps = wy. We know by Deligne-Rapoport [D-R) that £ has multiplicative
reduction at p if and only if a, = %1 and in that case a standard result of Atkin
and Lehner tells us wy = —apwy. Combining these two cases we see that




ON THE CONJECTURE OF MAZUR, TATE, AND TEITELBAUM 205

; for wpr = —wy if and only if a, = 1, which, according to [D-R], is equivalent to
‘ank saying that £ has split multiplicative reduction at p.

(3.8.1) THEOREM. Let a, = hg(Tp) € A and let ap(k), k € Zp, be the
Twasawa function associated to a, as in 1.1.3. Then there are functions Ly(k, s),
k,s € Z, and L}(k, 1), k € Zy, which are Twasawa functions in each of the p-adic

I8
?Cli variables k and s, and which satisfy the following properties.
™ 1. L,(2,8) = Lo(E,s) for all s ¢ Zy.
2. Ly(k,s) = ey (NYE~5 . L, (k. k—s).
3. Ly(k, 1) = (1 — ap(k)} 1) L3{K, 1)
. E1
15 a 4, L;(gy}) = (1 — é) L;”S(z_’__)
leal. P E
Proof. Let vg € Meas(Z)) be the p-adic measure associated to the pair
(E,Qg) as in (3.6.1). Let &g = &% € Symbrny (D)O’Jr be a A-adic modular
ions symbol satsifying the conclusions of theorem 3.7.4. Let p = pp = ®g({0} -~
We , {ic0 }} € D and let v € Meas(Z,') be the measure determined by the integration
se is formulas
[rar=]  iwm e
and - r <25
Qg for f € Cont(Z)). Now define the functions Ly(k,s) and Li(k,1) by
0 : ,
&) - Lo(k, 8) = Lp(t, ) L5k 1) = Ly 1)
L de- :-
= A ‘ where the p-adic L-functions Ly(p, —, —), Ly (g, —, —) are as defined in (3.1.2).
‘ To prove 1 we must prove v = vg. So fix a € Zf and n > 0. We have
1 the va + p"Z,) = pe(U(a + p"Zp)). On the other hand, for each x € P1(Q,), we
5 choose a matrix 3(x,p") € To(N), one of whose rows is in U(x,p") and whose
determinant is p”. Now let pxy» = @[B(x,p"}({0} — {ic0}) € D. It follows
easily from the definitions that p ,» is supported on U(x,p"™). We therefore
f have Od;',u = erp1(z/pnz) e, pm -
: : We therefore have
> afv(a+pZy) = ap-p(U(a+p"Zp)) = (o) (U(a+p"Zp)) = prapm(U(a+p"Zy)).
lOWD : ! I e L 1y n
N i But pgpn =@ ({ o } {0 }) |§(a,p ) so we have |
and n B a . . a .
nd page W+ 5°7,)) = ({ 2} - fioe) ) () = o ({ 1 } - (a0 ).
ce of
Hence v(a+p"Zy) = a,"¢E ({ = } — {icc }) = vg(a+ p"Zy,). This proves 1.
Er(Krn To prove 2, we first show g (,gr _01) = &[{N)!/?]p. Indeed, since &|W3; =
ative ®i{—N] = [(N}]®, we have ®|Wy = twn{{N)¥/2)®. Applying ¢y, and using
itkin the fact that @g|Wy = wy@g, we obtain Wy = wy[(N)1/2]®. Now evaluate
that both sides of this identity on the divisor {0} — {¢co } € Dy. Since the action of
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Wy on @ is given by the action of ( ) , and since this matrix interchanges

N 0
the cusps 0 and ico, the identity p| (](3‘, _01) = &,[(N)/?]y follows from the

equality ¢, = —wy. A simple calculation shows that 2 is just a reformulation of
this identity.
Recall the identity app = erPl(Z /) B, pn - Setting n = 1 gives us

Qpft = Z b, p-

xePL(Z/pZ)

A simple calculation shows that

arl8) Lk o) = Y [ (0 /2 eyl

a=1

p—1
ap() - Ly(hssa) = 3, [ (@2 u/a) ™~ ditas(2,)

a=0
Hence, ap(k) - (Li(k,1) — Lp(k, 1)) = [{2)*7? duop(z.y). Bub pop is given
by pop = #l (é g) and the function (z,y) +— {(z}*~% on U(Z,) is fixed by

(é ;) It follows that the last integral is equal to

Li(k, 1) = f ()% du(z,y).
U(Z»)
This proves ap(k) - (L3 {(k, 1) — Lp(k, 1)) = L;‘,(k,l 1) and 3 follows.
Finally, we have L3(2,1) = w(Z; x Zp} = ¢ap = es{{0} — {ico B o=
L
%}—)‘. Hence L;(2,1) = M—%}l and 4 follows from the equality (1 —
E _ .
Bp~%)- Loo(E,8) = Loo(fE, s}

§4. Proof of the Main Theorem
In this section we prove our main theorem.

(4.1) THEOREM. Let E be o modular elliptic curve over Q with split multi-
plicative reduction at the prime p > 5. Let Qg be the Neron period of E and let
Lo(E, s) be the associated p-adic L-function. Then '

d Loo(F, 1}
- —L,(E, = Ly (E) =,
SolelBos) | = £p(B) 25
Proof. We will give the proof only under the simplifying assumption that
REg = A. Since E has split multiplicative reduction at p we have €p = —€x by
(3.0.1). '

e P T 5
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In case ¢, = 1, the p-adic L-function has an even order zero at s = 1 and

anges
& the complex L- functlon has an odd order zero at s = 1. Hence, in this case, the
o the theorem is trivially true, since both sides of the desired equality vanish.
Now assume ¢, = —1. Let L,(k,s) be a two variable p-adic L-function sat-
on of isfying the properties listed in Theorem 3.0.2. From the functional equation
(3.0.2.b) it follows that L,(k,k/2) = 0 identically for k ¢ Z,. In particular, the
linear terms in the Taylor expansion of L,(k, s) around the point (k,s)=(2,1)
must vanish along the line s = k/2. Hence, there is a constant ¢ € Z,, such that
[
| 1
' (4.2) Ly(k,sy~c- ((s —1)— E(k - 2))
where f(k, s) ~ g(k, s) means that the Taylor expansions of f and g at (k,s) =
(2,1) agree modulo terms of order > 2. The theorem will follow by calculating
¢ in two ways.
Setting £ = 2 in (4.2) and applying theorem (3.0.2.a) we obtain Lp(E,s) ~
c{s — 1}, hence
(4.3) ' = (B,
given ’ €= ds P\ ol
«d by On the other hand, setting s = 1 in (4.2} and using theorem (3.0.2.c) we obtain
1 ]
(4.4) (1—ap(k)™ ") Lok, 1) ~ ——c(k - 2).
Now recall from theorem 2.0.1 that ay(2) = 1. Hence differentiating (4.4) with
respect to k and setting k = 2gives us -~ 3¢ = ap(2}15(2,1). But by theorem 2.0.1
| we also have of,(2) = —§ p(E), and by theorem (3.0.2.d) we have L3(2,1) =
Lo (E,1 ‘
H = : —°°S—(2’—), so this last identity is equivalent to
E
- 1 Loo(E, 1)
4. ——p=——fL (F
The theorem now follows immediately from a comparison of (4.3) and (4.5).
: 85. Final Remarks
ulti- 5 In this section we add a few final remarks.
v let (5.1} PROPOSITION. Let E be a modular elliptic curve with split maultiplicative
reduction at the prime p > 5. Suppose L,(E) & pZ,. Then
Re # A
Moreover, if N is the tame conductor (so the conductor is Np), then there is a
th}j‘t weight two newform f of conductor N such that
x DY

f = fg modulo p.
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] .

Remark. The hypothesis £,(E) ¢ pZ, in the proposition is equivalent to

assuming that plordy,(gz) (or equivalently that plord,(jg)) and that the repre-
o sentation of Gal(Q,/Qp) on the p-torsion group Efp| is a nonsplit extension of
il Z/pZ by pp. (In Serre’s terminology this is equivalent to saying that F[p] is
: “un pew” wildly ramified at p). Hence the conclusion that there is a newform i
it f of conductor N satisfying the above congruence is a special case of Serre’s :
i conjecture (see [S} §2.9) and is a consequence of the work of Ribet, [R].
h h "~ Proof. Let F be a modular elliptic curve satisfying the hypotheses of the
T: i proposition. Let Ry be Hida’s deformation ring and kg : H — R be the
; homomorphism associated to E as in proposition 1.1.2. Let a, = hg(T,) €
' Rpg. Then according to theorem 2.0.1 o,(2) = —1L,(E) & pZ,. But a simple
i calculation shows that the derivative of an arbitrary Iwasawa function takes
i values in pZ,. Hence, o, (k) is not an Iwasawa function, and therefore o € A.
This proves the first assertion: Ry # A. _ :
_ To prove the second assertion, we need to recall another result due to Hida.
j | Let f = fg € Rg(lg]] be the A-adic cusp form associated to fp as in theorem
1.1.2. Let Xg := Homeont(RE, Q,) be the set of continuous homomorphisms
k:Rgp — Qp. Following Hida’s conventions we refer to the elements of Xz as
the “points” of R and view the elements of R as functions on Xg by setting i
afk) == k(a} for @ € Rg and « € Xg. Let og : A — Z, be the augmentation
homomorphism whose kernel is the augmentation ideal Py. We say that a point
k € Ay lies over oy if the restriction of & to A is og. For each k € Xg we let

£o= ) anlk)e" € Q,llg]
n=1
: be the g-expansion obtained by specializing f to k. We are interested in the :

1 : g-expansions f,; for x lying over op. The following result is due to Hida.

LEMMA. The A-algebra R is unramified over the augmentation ideal Py C A.

Moreover, for each k € Xg lying over oy, £, is a p-stabilized ordinary newform
of tame conductor N

T T T B TS

li , We can now prove the second assertion of the proposition. Let kg € Xz be the
] . point for which f¢, = fg. We are going to prove that there is another point & of

: R g lying over og for which £, is not a newform of conductor Np. The proposition
i will then follow easily from Hida’s theorem. Indeed, by Hida's theorem we know
that f,; is an ordinary p-stabilized newform of tame conductor N. Thus, if f. is
A not a newform, there must be a newform g of conductor N such that

E
Pl £u(z) = f(2) = B1(p2)
g

RIRET

for z in the upper half plane, where § is the non-unit root of frobenius at p for
il f. In particular, f = f; = fr modulo p.

To prove that there is such a point & for which f, is not new, we use the
following criterion. '
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Criterion. Suppose & € Ap lies over 0g. Then f,; is a newform <= (k) = 1.

Indeed, if f; is a newform, then cp(x) = %1, but since o, (k) = ap(kg) = 1
modulo p we have o,(k) = 1. Conversely, if f, is not a newform, then op{K)
is one of the two roots of frobenius at p for a newform of conductor N. Hence
oy ()| = /P by the Weil bounds, and in particular a,(x) # 1. This establishes
the criterion.

The proposition will therefore follow if we can show that cv,(x) # 1 for some
« lying over ay. Suppose, to the contrary, that a,(x) = 1 for every such x. Let
P(X)= X"+ X" +..-+ X, € AIX] be the minimal polynomial of o, — 1
over A and let K be the splitting field of P(X) over the fraction field of A. The
element T = [1 + p] — 1 € A generates Fy. Let A(7) denote the localization of
A at (T) and let R be the integral closure of A(ry in K. Then A(ry is a discrete
valuation ring and, by Hida’s theorem, R is a Dedekind domain finite over Ay

Since we have assumed a,(x} = 1 for all x € Xp lying over og, it follows that
a, —1

&p — 1 is in every maximal ideal of R. Hence € R. But the minimal

ap 1

polynomial Q(X) € A¢y)[X] of over Ay is given by

QX)=X"+MT X+ -+ 2,77

Hence T7|A; in A¢py for each 1 = 1,... ,n and consequently 7%|); in A for each

Qp

T is integral over A. But a simple calculation shows that

i. Hence v :=

1 L,(F)

"= g, 40

which is not integral over Z,, since, by hypothesis, £,(E) & pZ,. This gives us
a contradiction and the proposition is proved.

5.2. Example. _

Let f be the newform of conductor 280 labeled 280B in Cremona’s tables
[Cr]. Then f has rational fourier coefficients and there is an elliptic curve E/q
for which L(f,s) = L(FE, 5). Cremona’s calculations strongly suggest (but do not
prove) that £ = E' where ' is the curve y? = z° — 4122 + 3316 of conductor
280 labeled 280B1 in the tables. Now E’ has split multiplicative reduction at 5
and its L-invariant is easily seen to satisfy the congruence

L5(E") = 1 modulo 5.

Indeed, the j-invariant is jm» = —30211716096/(5° - 7°), hence ords(ge:) = 5
and, writing gg = 5° - v where u € ZZ, we have © = 17 modulo 25. Hence
{u} = 6 modulo 25 and therefore log, g = 5 modulo 25. The congruence
Ls(EY = 1 modulo 5 follows.

Now suppose that F 2 E’ (as predicted by the Taniyama-Shimura-Weil con-
jecture). Then, since 5 fL5(F), proposition 5.1 implies R is not isomorphic to
A and, moreover, that there is a newform f; of conductor 56 with fi = f mod 5.
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conductor 56 is two-dimensional and is spanned by two eigenforms with rational
1, fourier coefficients, labeled 56A and 56C in the tables. By inspection, we see
i that the second of these newforms is not conguent to f modulo 5. Hence fi
must be the newform labeled 56A in the Antwerp tables (which, according to
l] the tables, is probably associated to the elliptic curve £ : y? =z —z? - 4).
\ We therefore expect that there is a congruence f = fi modulo 5. Indeed, the
tables confirm that

\3 According to the Antwerp tables [B-K] the space of weight two newforms of
b

a.(f) = an(fi) modulo 5, for n < 100.

The full congruence would follow from the above arguments if we could prove M

E = F', or even if we could just prove that the representation of Gal(Q,/Qp)
on E[5) is a nonsplit extension of Z/pZ by fip. '
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