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Introduction

Let E be an elliptic curve which is defined over Q and has stable reduction
modulo a given prime p. Assuming that E is modular, one can associate to
E a p-adic L-function L ,(E, s). (See [Mz-SwD, A-V, Vi, Mz-T-T] for its construc-
tion in various cases.) This function is defined by a certain interpolation property
and is analytic for seZ,,. In this paper, we will assume that E has split multiplica-
tive reduction at p. Under this assumption the interpolation property implies
that L,(E, 1)=0. We will prove a formula for L,(E, 1) which was discovered
experimentally by Mazur, Tate, and Teitelbaum [Mz-T-T].

By Tate’s p-adic uniformization theory, there is a p-adic integer qgzepZ,
(which we refer to as the Tate period for E) and a p-adic analytic isomorphism

(0.1) EQ,)=Q}/q%

which is defined over Q,. Let log,: Qy —Z, be the usual p-adic logarithm on

ZY*, extended to Q} by the convention log,(p)=0. Let ord,: Q} —Z be the
normalized valuation. We define the £-invariant of E by
log,(qx)
0.2 2 (E)y=—32"==.
(0.2) »(E) ord, (4z)

Our main result (Theorem 7.1) specializes to the following.

(0.3) Theorem. Let p be a prime =5 and let E be a modular elliptic curve with
split multiplicative reduction at p. Then

E 1
L,(E, 1)=2,(E)- ﬁ%E—)

* Partially supported by grants from the National Science Foundation
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Here L, (E, z) is the Hasse-Weil L-function for E/Q and Q is the real period
for E.

Let w,=+1 denote the sign in the functional equation for L_(E, z). Then,
under our assumption that E has split multiplicative reduction at p, L,(E, s)
satisfies the functional equation

L,(E,2—s)=w,{(NY* "' L,(E, s)

where w,= —w,,. Here (- is projection to the subgroup 1+ pZ, of principal
units in Zj. If w,,= —1, then w,= +1 and the above theorem is trivially true.
Both sides of the equation vanish. If w,, = +1, then L,(E, s) has a zero at s=1
of odd order. As a consequence of the above theorem, we see that this order
is 1 if and only if both log,(q,) and L (E, 1) are nonzero. Manin has conjectured
that log,(qz)#0 whenever E is a Tate curve with algebraic j-invariant (see
[Manl1], §4.12). The Birch and Swinnerton-Dyer conjecture predicts that
L (E, 1)=+0 precisely when the Mordell-Weil group E(Q) is finite. It is conjec-
tured in [Mz-T-T] that
ord,— (L,(E, s))=1+ord,. - (L, (E, z)).

At the moment, all we can prove is that the order of vanishing of L,(E, s)
at s=11is at least 2 if w,= —1 and at least 3ifw,_ = +1and L (E, 1)=0.

To explain the idea behind the proof of Theorem 0.3, we will give an outline
in the special case E=X,(11) and p=11. For more details see (2.11) and (5.18).
In this case E has split multiplicative reduction at p=11, L_(E, 1)%0, and
w, = +1. Let Ta,(E) be the p-adic Tate module of E and let

pr: Go=Gal(Q/Q)— Aut(Ta,(E)

be the associated Galois representation. Let fy=¢ [[(1—¢")*(1—4¢"''")* be the
unique normalized weight two newform over [(11). Then the Mellin transform
of fiis L (E, z). We have f;|T,=f; and, in particular, f; is ordinary at p.

The basic ingredient in our proof of Theorem 0.3 is Hida’s universal ordinary
deformation of Ta,(E). In our example, the universal ordinary Hecke algebra
turns out to be the completed group ring, A=2Z,[[1+pZ,]]. Thus Hida’s uni-
versal ordinary deformation of Ta,(E) is a free rank two A-module T equipped
with an action of the Galois group

p: Gal(Q/Q)— Aut 4(T)

such that T/R, T= Ta,(E) where F, is the augmentation ideal in 4. The Galois
module T has a number of remarkable properties, which we will describe below.

Foreach keZ,, let 6, _,: A — Z, be the unique continuous Z ,-algebra homo-
morphism extending the character 1+ pZ,— Z¥, t+—t*~ % For ae A we will write
a(k) instead of o,_,(x) and refer to o,_, as specialization to weight k. Let
B = A be the kernel of 0. Let T, =T/RT=T®,,,_, Z, and let

pi: Gal(Q/Q)— Aut(Ty)
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be the reduction of p modulo E.. Now fix, once and for all, an embedding
0.4) Q<=0Q,.
Then p has the following properties.

(0.5)a. p,=pg.

(0.5)b. For each integer k=2, there is a normalized newform f, of weight k
and conductor dividing p such that p, is equivalent to Deligne’s p-adic Galois
representation [D] associated to f, and our fixed embedding of Q into Q,.
The conductor of f, is 1 precisely when k>2 and k=2 modulo p— 1. For exam-
ple, fi,=Ramanujan’s A-function. For other values of k the conductor is p
and the Nebentype character is the Dirichlet character of conductor p associated
to w?~* where w: Z} — p,_, S Z¥ is the Teichmiiller character.

(0.5)c. Let GszGal(Qp/Qp) be a fixed decomposition group over p. Then the
restriction plg, of p to Gg, is equivalent to an upper triangular representation

el o«
plep~( 0 (/))

where ¢: Go, — A* is an unramified character and y: Go,— A* is the unique
character for which o, _,oy=yxt"" w? ¥ where ¥, is the cyclotomic character
and o is the Galois character associated to the Teichmiiller character by class

field theory.

The A-adic representation p can be used to construct p-adic analytic functions
(in fact Iwasawa functions) which interpolate various data attached to the new-
forms f;, k=2. For example, for each prime [+ p let Frob, be a Frobenius element
at [ and let a,= Tr(p(Frob,))e 4. It follows from (0.5) b and the Eichler-Shimura
relations that q,(k) is the [-th Fourier coefficient of f, for cach integer k= 2.

The Euler factors at p will play an important role in our proof of
Theorem 0.3. These factors can be described in terms of the representation p.
Let a,= @(Frob,)eA*. Then for each integer k=2, the p-th Euler factor of the
complex L-function L_(f;,z) of fi has the form [(1—o, p 5 (1—B,p %] ",
where o, =a,(k) and

_fp*"'w if k>2 and k=2 modulo(p—1),
Pi= {0 otherwise.

These numbers satisfy the congruences a,=a,=1 and f,=0 modulo p. We
will refer to o, as the unit root of Frobenius and to f§, as the non-unit root
of Frobenius. From the above description we see that the family of unit roots
of Frobenius {0}, is interpolated by the Iwasawa function a,(k), but that
the family of non-unit roots of Frobenius {f,} cannot be interpolated by any
p-adic analytic function of k.

The remarks of the last two paragraphs may be summarized by saying that
there is a formal g-expansion

(0.6) f= Z a,q"€A[[q]]
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def X
such that for each integer k> 2, the specialization f, = ) a,(k) ¢" of f to weight
n=1
k is the g-expansion of the ‘p-stabilized newform” associated to f,. This is the
cusp form f* defined by

(0.7) JE@ =12 =B filp2)

for z in the upper half-plane [W]. In particular, the L-function of fi* is equal
to the L-function of f, with the Euler factor (1 -8, p~%) ! removed.

The final ingredient we require for the proof of Theorem 0.3 is a two variable
p-adic L-function L,(k, s), k, seZ,. In case E is an elliptic curve with complex
multiplication, which has ordinary reduction at p, the construction of such a
p-adic L-function having the four properties below is due to Katz [Kz]. When
E is a modular elliptic curve with ordinary reduction at p (e.g. if E has multiplica-
tive reduction at p), this function was constructed in special cases by Mazur
[Mz2]. Mazur’s construction was generalized by Kitagawa [K] for arbitrary
ordinary A-adic cusp forms. Property (0.8)d was not treated. In this paper we
will give another construction of the two variable p-adic L-function. The proper-
ties of it which we need for the case E= X (11) are as follows (see Theorem 5.15
for the general case, where we also prove an important functional equation
for the ‘improved’ p-adic L-function L}).

(0.8)a. (Analyticity) L,(k, s) is analytic for k, s€Z,.

(0.8)b. (Specialization to weight two) L,(2, s)=L,(E, s).

(0.8)c. (Functional equation) L,(k, k—s)= —L,(k, s).

(0.8)d. (Specialization to the critical value s=1) There is a factorization

Lp(k’ 1) =(1 —ap(k)— 1) L";(ks 1)
where L% (k, 1) is a p-adic analytic function of k for which

L,(E,1)
52, 1) Q,

In fact, much more is true. The two variable p-adic L-function L,(k, s) interpo-
lates the one variable p-adic L-functions L,(fy, s) associated to the newforms
fi» k=2, as in [A-V, Vi]. More precisely, recall that the definition of L,(f, s)
depends on the choice of a complex period Q,, eC*. This period is determined
only up to multiplication by a non-zero element of the field generated by the
Fourier coefficients of f,. Fix, once and for all, a choice of complex periods
Q. k=2, with Q,, =Q. Then the two variable p-adic L-function L,(k, s) inter-
polates the functions L,(fy,s) in the following sense. For each integer k=2
there is a ‘period’ ,€Q,, such that

L,(k, s)=8-L,(f;,s)
Note that (0.8)b says that Q,=1, and in particular that not all Q, vanish.

Note also that (0.8)c follows from the above interpolation property and the
functional equation of L,(fy, s).



p-adic L-functions and p-adic periods of modular forms 411

The fourth property (0.8)d lies somewhat deeper. For each integer k=2,
and each integer s, with 0 <sy, <k and so=1 (mod p— 1), the p-adic L-function
L,(f., s) satisfies the following interpolation property

09) Ly(fonso)=(1 =y p ™) 1z pro- ). Fx o)
Sk

For a discussion of the Euler factors which occur in this expression, see [Gr].
For so=1, the second Euler factor is interpolated by an Iwasawa function,
namely (1—a,(k)™"). This vanishes at k=2 and so is a nonunit in the Iwasawa
algebra A. The function L,(k, 1) is also an Iwasawa function in k. Moreover,
L,(k, 1) can be shown to be divisible in 4 by (1—a,(k)~"). The quotient L% (k, 1)
is an Iwasawa function in k, which we regard as an “improved” p-adic L-
function. It satisfies the interpolation property

(0.10) Lk, =(1—p™) E2e ) g,

Sk
for all integers k=>2. When k=2, this reduces to (0.8)d since ff,=0, Q,, =Q,,
and Q,=1.

Theorem 0.3 is proved by calculating the linear term in the Taylor expansion
of L,(k, s) about (k, s)=(2, 1). From the functional equation (0.8)c we see that
L,(k, k/2)=0 for all keZ,. Hence the linear term has the form ¢-(—4(k—2)+
(s—1)) for some constant ceZ,. We calculate ¢ in two ways. From (0.8)b we
see that c=L,(E, 1). But from (0.8)d and the fact that a,(2)=a, =1, it follows
that c= —2a,(2)- L, (E, 1)/Qg. Comparing these expressions for ¢ we obtain

L,(E1
L,(E, 1)= —2a’,,(2)~%-—l
E

Theorem 0.3 is therefore a consequence of the following special case of Theo-
rem 3.18.

(0.11) Proposition. £,(E)= —2a,(2).

This proposition can be interpreted as follows. The analytic isomorphism (0.1)
leads to an exact sequence

(0.12) 0-Q,()-»V-Q,-0

where V=Ta,(E)® Q, is the Tate module of E tensored with Q,. For an arbi-
trary continuous Gq,-module M, we let H"(M) denote the continuous Galois
cohomology H"(Gq,, M). Then the isomorphism class of the exact sequence
0.12) i1s determined by a nontrivial extension class {eH'(Q,(1)) and the
isomorphism class of the middle term V is determined by the line spanned
by ¢ in H'(Q,(1)). Now, by Kummer theory, ord, and log, give rise to coordi-
nates on H'(Q,(1)) in terms of which we get an isomorphism

(0.13) H'(Q,(1)=Q}.
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With respect to these coordinates, the 2-invariant £,(E) is the slope of the
line spanned by ¢. In this way the isomorphism class of V' is determined by
£,(E) and vice-versa.

Now let ¢, x: Go, — A* be the characters of (0.5)c. Let T(¢ ') denote the
underlymg free rank two 4-module of the representation p with Gg actingon T
via p® ¢ . Then (0.5)c gives us an exact sequence 0 — A(y ) > T(p )= A -0
where Y =¢ 2. For each keZ, we “specialize this exact sequence to weight
k> and tensor with Q,to obtain an exact sequence

(0.14) 0-Q, () >V, —Q,—0

where y,=0,_,°x and Y, =0,_,°¢ and V,=T(¢ '), ®Q,. Now, as before,
the isomorphism class of V, is determined by an extension class &, H' (Q, (xi ¥4))
up to homothety. Clearly, &, 0 for k sufficiently close to 2. But for k=2 the
cohomology group H'(Q,(x ¥,)) is one-dimensional. Hence the isomorphism
class of V, is completely determined by the character y, /.. As k approaches
2 in Z,, the sequence (0.14) flows into the sequence (0.12). Thus we should
expect that the sequence (0.12) is completely determined by the characters i,
for k in a neighborhood of 2. More precisely, what we prove is

dy,(Frob,)

0.15) ik

=2 (E).

k=2

Since Y, (Frob,)=a,(k) 2, this is equivalent to proposition (0.11). This completes
our outline of the proof of Theorem 0.3 in the special case where E=X,(11)
and p=11.

In general, we may start with an arbitrary newform f of weight 2 over
I (Np)(p¥N) which is split multiplicative at p (i.e. the pth Hecke eigenvalue
of fis +1). In this case f corresponds to a simple quotient of the Jacobian
variety of X,(Np) which has multiplicative reduction at p. Our Theorem 7.1
is a strengthened form of Theorem 0.3 in which the £-invariant of f is defined
asin [Mz-T-T]. For example, if E is a modular elliptic curve with split multiplica-
tive reduction at p and if ¥ is a primitive Dirichlet character (not necessarily
quadratic) for which y(p)=1, then we have L,(E,y, 1)=0 and Theorem 7.1
implies L,(E, y, 1)=2,(E) LoE Y. 1) (5125 v, 1) where Q; , = Qi /1()) with Qi being the

E,
real or imaginary period of E degendmg on the sign of y. This is the “local”
property of the £-invariant discovered numerically by Mazur, Tate, and Teitel-
baum in [Mz-T-T].

Some interesting problems arise in the general case which are not apparent
in the special case E= X,(11) described above. In the general case, as in the
special case, Hida has constructed a finite A-algebra # called the universal
ordinary Hecke algebra and the newform f corresponds to a Q,-valued homo-
morphism k of #. But, in general, # is larger than A, and we can no longer
say that keZ, parametrizes an analytic family of Q,-valued homomorphisms
of #. However, it turns out that by restricting k to a neighborhood of 2, we
do get such a parametrization locally (see (2.7) and the remarks thereafter for
a precise formulation). We then obtain, as before, an analytic family of ordinary
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Galois representations p, and a p-adic L-function L,(k, s) which is defined for
all seZ, and all k in a neighborhood of 2. In general, however, the functional
equation relates the p-adic L-function to the contragredient family of Galois
representations, which will differ from the original family if the Nebentype is
nontrivial. This means that the p-adic L-function need not vanish identically

. koo . .
along the line s=7 as it did in our special case. However, in Theorem 5.15¢

we will also prove a ‘functional equation’ for the improved two-variable p-adic
L-function. This allows us to show that the restriction of the standard two-

variable p-adic L-function to the line s=>5 vanishes to order =2 at the point

(k, s)=(2, 1). This is sufficient for our purposes.

We may also inquire about the ‘denominators’ in the various p-adic L-
functions. In general, we expect the two-variable p-adic L-function to have no
denominator at all. On the other hand, the improved p-adic L-function may
have a denominator. This denominator is a “divisor’ of the characteristic power
series of a certain torsion A-module — the A-adic cuspidal group — which arises
in our calculations (see 6.12). It would be interesting to analyze the structure
of this group and to perform a descent analogous to Mazur’s Eisenstein descent
[Mzl1].

We close this introduction by mentioning the following question. Assume
that E is a modular elliptic curve with good, ordinary reduction or multiplicative
reduction at p. Then there is an associated two-variable p-adic L-function
L,(k,s). Let n=ord,_, L, (E, z). Then it seems reasonablc to believe that the
expansion of L,(k,s) at k=2, s=1 should begin with the homogeneous term
of degree n (or n+ 1 in the case of split multiplicative reduction). If this degree
is odd, then —1(k—2)+(s—1) will be a linear factor in this term. Can one
determine the other linear factors?

1. Hecke operators and ordinary eigenforms

In this section we fix some of the terminology and conventions which will be
used in the rest of the paper.

Following [Sh2] we define Hecke algebras as double coset algebras. Let
2=GL,(Q)nM,(Z) be the semigroup of 2 x 2 integral matrices with nonzero
determinant. For each arithmetic group I in SL,(Z) we let D(I; 2) denote the
double coset algebra associated to the pair (I, X). The elements of this algebra
are the Z-valued functions on 2 which are bi-invariant with respect to I' and
which are supported on the union of finitely many double cosets of I Clearly
D(T, %) is generated by the characteristic functions T(g)eD(I, ) of the double
cosets I'gl, for geZ. If X, is a subsemigroup of X containing I, then we will
denote by D(I, X,) the subalgebra of D(I, X) consisting of functions supported
on X,. For each such 2, we will denote by X" the subsemigroup of X, consisting
of matrices with positive determinant.

In this paper, X-modules will be contravariant (i.e. 2 acts on the right)
unless otherwise stated. The algebra D(I; X) acts contravariantly and func-
torially on the cohomology of Z-modules. If I' is preserved by the anti-involu-
tion grsg*=det(g) g ', then =*induces an anti-involution on D(I;X) by
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T(g)— T(g)* = T(g*). In this case we can also define a covariant action of D(I; X)
on the I'-cohomology of X-modules by defining

def
(L1) T(g)-@ = P|T(g)*
for a cohomology class ¢ and ge 2.
Fix a positive integer N, a prime p which does not divide N, and an integer r > 0.
1
Let 2, (p) ={geZ g z( 0 :) modulo p’}. If N> 1, the algebra D(I, (N p"), Z, ("))

is not commutative, but we can construct a central subalgebra as follows.
Let Z' denote the multiplicative set of integers which are prime to p. For
each aeZ’ choose y,eI;(N)nIy(p") whose lower right hand entry is congruent

to a modulo p" and let [a]p=T((a 2) ya) in D(I;(Np"), XZ,(p"). The map

0
Z' - D(I(Np"), Z,(p"), a—[a],, is multiplicative, hence extends to a Z-algebra
morphism Z[Z'] — D(I;(N p"), Z,(p"). The image of this map is a central subalge-
bra. On the other hand, Z[Z’] embeds naturally in the completed group ring
Z,[[Z}]] Hence we may form the Z,[[Z} ]]-algebra

(12) D,(N )= DL (N ), 5, (7)) @iz Z, [ [Z2]].

If Aisa Z,[ X, (p")]-module which satisfies Hypothesis P below, then the (contra-
variant or covariant) action of D(I3(Np"), X,(p") on the I7(N p")-cohomology
of 4 extends uniquely to a continuous action of D,(N p").

(1.3) Hypothesis P. The action of the scalar matrices al, aeZ', extends to a
continuous action of the scalar matrices al for acZ}.

We are going to view D,(N) as a universal algebra which acts on the
I (N p")-cohomology, for every r=0, of every Z,[X]-module A satisfying
Hypothesis P. To define this action we note that the Hecke pair (I7(N p"), Z,(p")
is weakly compatible to (I7(N), X) in the sense of [A-S]. Hence, as in [A-S],
there is a natural surjective Z,[ [Z}]]-morphism

(1.4) D,(N)- D,(Np")

induced by restriction of functions on X to X,(p"). Let D,(N) act on the
I (N p")-cohomology of A via the composition of this morphism with the natural
action of D,(N p").

The elements of D(I;(N p"), 2, (p") supported on X;" (p") (elements of positive
determinant) generate a Z,[[Z}]]-subalgebra of D,(Np") which we denote
DS (Np). As before, the algebra D, (N) acts naturally on the I3(Np")-
cohomology of any Z,[Z," (p")]-module A satisfying Hypothesis P.

(1.5) Definition. We define the following standard elements of D,(N).

0

b. For each integer a prime to N choose an element f,€y(N) whose lower
right entry is congruent to a modulo N and define [a]y= T(S,).

e 1 0
a. For each positive integer n, let T, = T(( n))
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c. We extend [-],: Z} — D,(N) to a multiplicative function on all nonzero
p-adic integers by defining [p],= T((p 2))

ooty
& W”:T((—ON (1)))

All of these elements, except i, are in the subalgebra D, (N). Moreover,
D,(N)=D, (N)[1]. The elements [a]y, for acZ prime to N, generate a subgroup
Ay in D) (N) isomorphic to (Z/NZ)*. Let # be the Z,[[Z}]]-subalgebra of
D, (N) given by

(1.6) A =Z,[[Z;1][4y, T, (neZ”),[p],].

Then # is commutative and is centralized by 1. If we define [a]=[a]y-[a],€#
for integers a which are prime to Np, then the map a— [a] extends uniquely
to a continuous multiplicative map from Z%* y=1lim(Z/Np"Z)* to #. In this
way we obtain a Z,[[Z*]]-morphism N

(1.7) Z,[[Z;N1] -

in terms of which we may view # as a Z,[[Z} y]]-algebra. The element Wy
does not centralize #[i]. Indeed, W, does not even normalize # (e.g.
Wy T, Wy ¢ # if (n, N)>1). However, we do have the following relations in
A1, Wy]:

(1.8) W,-[a]-Wy '=[aly'-[a], forallacZ} y;

Wy-T, Wy '=[n]3 ' T, for every n which is relative prime to N;
Wyt Wy t=[—1]y-1;

Let k be an integer =2 and, for each congruence group I let % (I; Q) denote
the space of holomorphic weight k cusp forms over I" whose g-expansions have
algebraic coefficients. Let

(1.9) %Q=U AT Q)

be the union over all congruence groups I' We let the subsemigroup X A =5)
of elements with positive determinant act on %/(Q) by the weight k action:

if g=<z 3)62+ and fe.%,(Q) then (f|g)(z)=det(g) (cz+d) *f(gz) for z in

the upper half plane. We extend this by linearity to an action of Z* on
%(0,)=%(Q)®q Q, and define

(1.10) S (NP'), Q) = %(Q) 7.

Since the nonzero scalar matrices over Z act on #,(Q,) via al+—d*~ 2, Hypothes-
is P is satisfied and we obtain an action of # [Wy] on % (I7(Np"), Q,).
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(1.11) Definition. a. If r is a nonnegative integer and ¢ is a Dirichlet character
whose conductor is a power of p, then we let o, ,: Z;’;—»Q;’; be the character
defined by ar—y/(a) a". Such a character will be called an arithmetic character.
If  is trivial we will suppress it from the notation and write simply o, instead
of o, .

b. If Ig is a commutative Z,[ [Z¥ y]]-algebra we let 2 (R)=Hom,,, (R, Q,) den-
ote the set of continuous Q,-valued homomorphisms on R. We will refer to
the elements of Z'(R) as the Q ,-valued points on R. A continuous homomorphism
k: R—Q, will be called an arithmetic point if its restriction to Z* is an arith-
metic character. In that case we say that x has weight r+2 and character ¢
if k([a])=¢(a) a" for every rational integer a prime to N p. Let

4 (R) = the arithmetic points on R.

c. We will write 2 and 2%*? for the points and the arithmetic points, respective-
ly, of our base algebra Z ,[ [Z}]].

It will often be convenient to view the elements of R as functions on Z'(R).
When we wish to emphasize this point of view, we will write a(k) instead of
k(o) for aeR and ke % (R).

The homomorphism k: # — Q,, associated to any eigenform f is easily seen
to be an arithmetic point on the Z,[[Z} y]]-algebra #'(1.7) whose weight is
the weight of f and whose character is the nebentype character of f.

2. Deformations of ordinary Galois representations

Fix a positive integer N and a prime p=5 which does not divide N. For each
integer n=0, let J,,o be the Jacobian of the modular curve X, (N p") equipped
with Shimura’s canonical model [Sh2] associated to the adelic group
1 =
{gEGL2 (Af)|gs<0 *> (mod Np")}.

There is a natural covariant action of the Hecke algebra #[1, Wy] on J,(C)
induced by the action of the double coset algebra D (I (N p"),Z{ (p") via algebraic
correspondences and letting 1 act by complex conjugation. The elements [a],
for aeZy \ operate through the nebentype.

Let Ta,(J,) denote the p-adic Tate module of J,. The action of # on J,
is defined over Q, and therefore induces an action of # on Ta,(J,) which com-
mutes with the action of the Galois group Go. For each pair of nonnegative
integers m=n, the natural projection X, (Np™) — X,(Np") is defined over Q,
hence induces a Galois equivariant map of Tate modules Ta,(J,)— Ta,(J,). If
m,n are positive then this projection also commutes with D ,(N) and in particular
with . (When n=0 and m>0, it respects all of the generators T,, [a] of #

except T, and [p],.) We may therefore form the projective limit over n>0
and define an s [Gg]-module

2.1 Ta,(J,)= liin Ta,(J,).

n
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The importance of Ta,(J,) for the study of p-adic Galois representations
attached to modular forms was first recognized by Shimura [Sh1] (see [O]
for a published account). More recently, Hida defined a certain factor of Ta,(J,)
called the ordinary part and made a careful and beautiful analysis of its structure.
The following discussion is based on his works [H1, H2].

(2.2) Definition. Let A be a profinite abelian group and T,: A— A be a con-
tinuous homomorphism. The ordinary submodule of A is defined to be

A= F) T;(A).

n=1
(2.3) Proposition. Let A=lim A, be a profinite abelian group and let T, be an

operator on A which is equal to a limit of operators on the finite quotients A,.
Then T, acts invertibly on A° and there is a canonical decomposition A =A° @ A™!
where Aml {aeAI 11m T, (a)=0} is the subgroup on which T, acts topologically
nilpotently.

Proof. In case A is finite, A® is the subgroup on which T, acts periodically.
Clearly, T, acts invertibly on A° in this case. The asserted decomposition then
follows in the finite case from the fact that every orbit of T, is eventually periodic.
The general case follows from the finite case by a simple compactness argument.

Since the Tate modules Ta,(J,) are profinite, so also is Ta,(J,). Moreover,
Ta,(J,,) satisfies the hypotheses of Proposition 2.3, so we may define the ordinary
part Taop(JOO)O. Since the operator T, commutes with #[Gy], we see that
Ta,(J,)" is a direct factor of the # [ Gg]-moduleTa,(J,).

Let A be the Iwasawa algebra Z,[[1+pZ,]] embedded in the natural way
in Z,[[Z%]] and let £ be the fractron field of 4. Let H® be the image of
A in the endomorphrsm ring of Ta,(J,)°. Hida has proven ([H1], Thm. 3.1)
that Ta,(J,)° is a free A-module of ﬁmte rank. Moreover, he has constructed
an 1dempotent ep,,meH S=H°®,.%( [H2] pp. 250, 252) analogous to projection
to the space of N-primitive eigenforms in Atkin-Lehner theory. We define the
primitive part of Ta,(J,,)° to be the # [Gq]-submodule T = Ta,(J. )p,lm obtained
as the intersection of Ta,(J,)° and e,p-Ta,(J,)°®, L. Then T is a reflexive
A-module and is therefore free of finite rank Smce 1 and Wy preserve the N-
primitive part of Ta,(J,), they induce operators on T. Note, however, that Wy
does not in general commute with 4 and that neither 1 nor Wy commutes
with the action of the Galois group.

We associate to T the following data which will be used throughout the

paper.

(2.4) Definition. a. The universal ordinary p-adic Hecke algebra of tame conduc-
tor N is defined to be the image # of # in End ,(T). The natural map h: # — X
endows # with the structure of Z,[[Z} y]]-algebra inherited from . The
induced character #:Z% y— Z* will be called the canonical character. Let
A =RR®, L where £ is the fraction field of 4 and let 2 be the normalization
of Zin A'. Let =% (#)=Hom,,, (%, Q,) and set

Zranith — grarith( ) — the arithmetic points on Z (see (1.11)).

b. Let T* denote the + eigenmodules of 1.
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c. The universal ordinary p-stabilized newform of tame conductor N is defined

to be the formal g-expansion fe Z[[¢q]] given by f= Y a,¢" where the coeffi-
cients are given by a,=h(T,) for each integer n>0. »=!

d. The universal ordmary p-adic Galois representation of tame conductor N is
defined to be the representation p: Go — Aut,4(T).

(2.5) Definition. a. We will say that an eigenform fe % (I3(Np™), Q,)(k=2) is
ordinary if the eigenvalue a, of T, on f is a unit, that is, if |a,|,= 1

b. An ordinary eigenform f will be called a p-stabilized newform of tame conduc-
tor N if it is normalized (its leading Fourier coefficient is 1) and the following
two conditions hold.

(1) The conductor of f is divisible by N.

(2) The level of f is divisible by p.

It is not hard to see that an ordinary p-stabilized newform f is either already
a newform, or is related to a newform g of conductor N as described in (0.7).
In the latter case, f has level Np.

(2.6) Theorem. Let p be a prime =5 and suppose pXN. Let r be the number
of ordinary p-stabilized newforms of tame conductor N in %,(I(N p), Q,).

a. (Hida) The L-algebra # =R ® , L is a finite product of finite field extensions
of £ ([H2], Thm. 3.5). Moreover, dim o, 4" =r. For each ke Z*"'", the localization
Ry of # at k is a discrete valuation ring which is unramified over A ([H1],
Cor. 1.4).

b. (Hida) The map x+f, establishes a one-one correspondence

Arithmetic points Ordinary p-stabilized newforms
«> .
on# of tame conductor N

c. (Hida) The A-modules T are free of rank r. As A -modules, Te =T* ®, ¥
are free of rank one. We may therefore regard p as a two-dimensional Galois
representation over A . This representation is unramified outside N p and for each
prime | outside N p, the characteristic polynomial of p(Frob) is X*—a, X +1y(l)
where n: L} y — R* is the canonical character (2.4) a.

d. (Mazur, Wiles) ([Mz-W], and [W] Theorem 2.2.2) Let ¢: Go, — #* be the
unramified character for which ¢(Frob,)=a,. Let yo: Go, = Zj}, be the cyclotomic
character and let n: Go, > Zj y S R* be the Galois character associated to the
canonical character n (2 4)a by class field theory (i.e. compose n with the homo-
morphism Gq, — Zj y induced by the action on Np*™ roots of unity). Then, as
a Go,-module, Ty has a filtration

0->AH (xone™ ") =Ty — A (¢)—0.

These results can be interpreted analytically as follows. For each arithmetic
point keZ*™ of weight k, and character ¢, let .o/(x) be the subring of
Q,[[x—ko]] consisting of formal power series in x —k, with a positive radius
of convergence and let .# (k) be the field of fractions of .« (k). We endow o7 (k)
with an #,,,-structure K: # — </ (k) as follows. On the image of Z,[[Z}]] in
2 we define & by associating to each te Z} the power series in .o/ (k) representing
the analytic function ki ew*°(t){t>*, where w is the Teichmiiller character and
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{ ) is projection to the principal units 1+ pZ,. Now it is well-known that the
ring of convergent power series is Henselian ([N7], Thm. 45.5) and, from (2.6)a
we have #,,, is unramified over 4. Hence there is a unique extension of this
map to a morphism

2.7) R: Ry — A ()

such that & (a)(ky)=k(a) for every ac #. Moreover, we can extend K by linearity
to an ¥-homomorphism K: 4 — .# (k). We define the domain of convergence
about k to be the intersection of the disks of convergence of the power series
K(a)e o/ (k) where a ranges over #. Since # is finite over A, U, is an open
disk centered at k.

(2.8) Notational Conventions. Let k be an arithmetic point on £ and let ae.*".
a. Define a(k, k) to be the meromorphic function of k about k, represented
by %(a)e.# (x). For each ke U_, let K®eZ be the point defined by k¥ (a)=a(k, k)
for ae .

b. We say that a is regular at x if a(k, k) does not have a pole at k=k,. In
that case, we will write a(x), a'(x) for the value, respectively the derivative,

of a(k, k) at k=k,.

For each keZ™ "™ and keU,, we let f,, denote the specialization X a,(x, k) 4"
of f to k. As a function of ke U, this is an analytic family of formal g-expansions
which interpolates the g-expansions of ordinary p-stabilized newforms at integers
k=2 in U,. Similarly, we can specialize p to obtain an analytic family p, .,
ke U,, of Galois representations interpolating the Galois representations asso-
ciated to the forms f, , at integers k=2 in U,.

We close this section by describing an involution on #" which will play
an important role later.

(2.9) Proposition. Conjugation by Wy in End,(T,) preserves the subalgebra A
and induces an involution x on A" satisfying the following properties.

a. [(x=[tIx"! for all teAy; and

b. af=[I]5" a, for all primes | ¥ N.

Proof. Since, by Atkin-Lehner theory, the actions of # and of Wy # Wy !
commute with one another on the N-primitive part of Ta,(J,) for each n, they
also commute on T. In particular, Wy A Wy ' centralizes " in End,(T).
Since T% are free of rank one as #-modules and are preserved by Wy 4 Wy !,
there are involutions iy : 4 — 4 over Z,[[Z*]] such that, for every
ae A, i, (a)=WyaWy ! on TE. By (1.8), each of these involutions satisfies prop-
erties a and b of the proposition. We need to show i, =i_. Let keZ*"" be
an arbitrary arithmetic point on %, and let x, =xvi,. Then f,, and f,_ are
ordinary p-stabilized newforms which, according to b, have identical eigenvalues
for the Hecke operators T,,(n, N)=1. Hence, by the strong multiplicity one
theorem, we have f, =f, . By Theorem 2.6b we conclude that k, =x_ and,
since k was arbitrary, that i, =i_. This completes the proof.

The involution * on X% induces an involution on & which we will denote
ks i* If k is an arithmetic point of weight k, and Nebentype character =¢y ¢,
then k* is an arithmetic point of the same weight k,, but with character ¢y ' ¢,,.
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Moreover, for any ae#” we have the following identity of meromorphic func-
tions in a neighborhood of k=k,:

(2.10) a*(x*, k)=a(k, k).

(2.11) Example. In the example of the introduction, where E= X,(11), p=11,
and N=1, the space &,(I;(11)) is one dimensional and is spanned by f;.
Since f is ordinary at p=11 we have r=1 in Theorem 2.6. Hence the uni-
versal ordinary Hecke algebra (2.4)a is given by #=A. Moreover, we have
T="Ta,(J,)%im=Ta,(J,)°. If we set

f=Ya,q"eA[[q]]. p: Go— Aut,(T)

as in (2.4)c, d, then f, and p are the deformations of f; and Ta,(E), respectively,
whose properties are described in (0.5). For each integer k=2 let f, (respectively,
p) be the specialization of f (respectively, p) to weight k and trivial character
and let f, be the associated normalized newform. The assertions (0.5) are then
immediate consequences of Theorem 2.6. The precise prescription of the conduc-
tor of each f; given in (0.5)b follows from [A-L]. Indeed, in [A-L] it is proven
that if fis a ne\;(vfgrm of weight k=2 with prime level p and trivial character,

then a,(f)=+p 2 . Hence f can be ordinary at p only if k=2.

3. The L-invariant
The LQ-invariant of an abelian variety with split multiplicative reduction

Let p be a rational prime and let 4, be an abelian variety over Q, with
split multiplicative reduction. Then the dual abelian variety B,Q also has split
multiplicative reduction. Let X, Y be the character groups of BFP, AF , respective-
ly. Then X and Y are free abelian groups of rank dim(A4) on which the local
Galois group GQP=Ga1(Qp/Qp) acts trivially. From the theory of p-adic unifor-
mization [M°C, Mo] we obtain a bi-multiplicative pairing

(3.1) Jjr XxY-Qp
and exact sequences of Gg -modules

0 — X —2» Hom(xQ}) — 4@Q,) — 0
(3.2)

0 — Y —.» Hom(Xx.Q¥) — B@Q,) — 0

where the maps labeled j are induced by (3.1). Moreover, the pairing
a=ord,cj: X xY—>1Z is nondegenerate. Let X,=X®Q,,Y,=Y®Q, and let
a, be the non-degenerate pairing of Q,-vector spaces induced by «:

(3.3) oy XpxY,-Q,.
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Recall that log,: Qf = Z, is the unique group homomorphism for which
log,p=0 and logp(1+x) x—x*2+x33—. .. +(—=1)"*"'x"/n+... whenever
xepZ,. The composition of j with log, induces another pairing

(3.4) B X, xY,>Q,.

(3.5) Definition. The L-invariant of 4 is the Q,-endomorphism £,(4): X, - X,
for which ,(x, y)=a,(2,(A4) x, y) for all xe X ,, ye Y,.

(3.6) Example. If A4 is an elliptic curve then A4 is canonically isomorphic to
its dual abelian variety. Hence we may take A=B and X =Y. Moreover, X
is free of rank one over Z. Tate’s multiplicative period g, is given by g, =j(x¢, Xo)
where j is the pairing (3.1) and x, is a generator of X =Y. Hence f,(xo, Xo)
=log,(q4), *(xo, xo)=o0rd,(q,) and it follows that the f-invariant defined in
(3.5) agrees with the £-invariant defined in the introduction for elliptic curves
over Q, with split multiplicative reduction.

Returning now to the general case we will show how the £-invariant can
also be described in terms of the p-adic Galois representation associated to
A. Indeed, we will generalize the above definition by first introducing the notion
of a split multiplicative Galois representation and then associating an L-invariant
to an arbitrary split multiplicative Galois representation.

The L-invariant of a split multiplicative representation

Let art: Q*—»G‘”; be the Artin symbol, where we observe the conventions of
[Ser]. Thus, if y, is the cyclotomlc character then xo(art(u))-u for all ueZj.
We will write Frob, for art(p)~'. This is a lifting to G of the Frobemus
element on the maximal unramlﬁed extension of Q,. If W is a finite di-
mensional vector space over a finite extension K of Q, and if W is equipped
with the trivial action of Gg,, then there is a canonical isomorphism
H' (W)= Hom(G“”,W) of K-vector spaces. Moreover, for any nontrivial
principal unit uel+ pZ, the map

H W)->WxW

Ers <§(Fr0b ), —— &(art(u )))

1
log, u
is an isomorphism whose definition is independent of the choice of u. The space

H'(W) therefore decomposes into a corresponding direct sum
H' (W)=H"(W)yne® H' (W)eyc

where H'(W),,, is the space of unramified homomorphisms and H'(W),,, is
the space of homomorphisms which factor through the basic cyclotomic
Z -extension of Q,,. Let

(3.7 A W—-H' (W), and A0 W—H' (W),

unr

be the induced linear isomorphisms. Hence for each we W, 4, (w) is the unique
unramified homomorphism for which 4,, (w)(Frob,)=w and /. (w) is the
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unique cyclotomic homomorphism for which 4. . (w)(art(u))=log,(u)- w for every
ueZy.
(3.8) Definition. A finite dimensional Go -representation V over K will be called

split multiplicative if the following conditions are satisfied.
a. There is an exact sequence of Go -representations

0- Vo) Vo V' -0

where G acts trivially on V¢ and VO (hence via the cyclotomic character
on V°(1)).
b. The degree one coboundary map é: H! (V) — H2(V°(1)) associated to the long ex-

act cohomology sequence of a induces an isomorphism &: H' (V). —— H*(V°(1)).

Since H2(V°(1)) is canonically isomorphic to V° the composition of § with
Aunr and A, (3.7) gives rise to maps ,,,, Oy V' — V. Condition b of (3.8)
is equivalent to the assertion that d,, is an isomorphism. In particular we
see that a split multiplicative representation must be even dimensional.

(3.9) Definition. Let V be a split multiplicative Gq -representation. Then the
L-invariant of V is defined to be the endomorphlsm 2,(V)eEndg (V') given
by

i!;;(I/) 5uml' 5cyc’

To compare the definitions (3.5) and (3.9) we will need some well known facts
from Kummer theory and Tate duality theory. For each integer n=0, let
7™: Q¥ —> H'(u,-) be the Kummer homomorphism. This sends qeQ} to the
cohomology class y("’eH (u,») represented by the 1-cocycle which sends oeGq,
to (q'"")°~! where q”" is a fixed choice of a p "-th root of ¢ in Q. The family
{y%"}ns0 corresponds to an element of (h_mH (u)=H"'(Z,(1)). Let y, denote

n

the image of this element in H'(Z,(1))® Q,=H"'(Q,(1)). Then the map g7,
defines a continuous group homomorphism, y: Q% - H'(Q,(1)) whose image
spans H'(Q,(1)).

To a finite dimensional continuous Q,[Ggo ]-representation V we associate
the contragredient representation V*. From Tate duality we know that cup
product induces perfect pairings

H(V)x H* 7 (V*(1) » Q,=H?*(Q,(1))

for i=0, 1, 2. In the important special case when V'=Q, and i=1, the pairing
is explicitly given by (&, y,)— ¢ (art(q)) for e H'(Q,) and y,e H' (Q,,(1)). It follows
that the transposes of the maps A,,,: Q,—H'(Q,) and 2. Q,— H'(Q,) are
given by

Gy H'@M) = Qg H'Q) T Q,
Yq ——— ord,(q) Ta log, ().

(3.11) Theorem. Let Ta,(A) be the Tate module of an abelian variety A/Q, with
split multiplicative reduction and let V= Ta,(A)® Q,. Then V is a split multiplica-
tive Galois representation and £,(A)=2,(V).
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Proof. For each integer n=0 a simple application of the snake lemma to the
p"-power map acting on the exact sequences (3.2) gives us exact sequences

0 — Hom(Y,p,) —— A[p] —> X/p'X — 0

0 — Hom(X,u,) —— B[p"] —> Yp'Y — 0.

Passing to the projective limit over n, and tensoring with Q, we obtain the
exact sequences

0-Yx(1) »V -X,-0
0-X¥1)-»V*->Y, -0

These sequences are Q,(1)-dual to each other, hence Tate duality gives us a
perfect pairing between the associated long exact cohomology sequences. In
particular, the coboundary map é: H' (X ,) — HZ(Y,,*(l))= Y of degree one asso-
ciated to the first of these sequences is the transpose of the coboundary map
o*: H°(Y,) > H' (X} (1)) of degree zero associated to the second sequence. If
we identify H°(Y,) with Y, and H'(X}(1)) with X} ® H'(Q,(1)) in the natural
way, then a simple calculation shows that 6* is given by

(3.12) o*: Y, XFQ@H'(Q,(1)

yH(xH‘thx,y))'

Let Ayqr, Aeye: X, = H'(X ) be as in (3.7) and define 0,,,,, d.,.: X, — Y, by setting
Oyne =00 Aynr and 6,y =90 Ay.. We will show that §,,, and J,,, induce the pairings
—o, (3.3) and S, (3.4). Indeed, their duals are given by &, =A%, -6* and
0¥ =A%, 00* where the maps A%,, A%, H (X} (1)=X}Q H'(Q,(1) > X} are
induced by (3.10). Hence, using (3.12) we find that 6%, 0%.: Y,— X} are given
by 6%, (1)(x) = —ord, (j(x, Y))= — %, (x, ) and %.(y)(x)=log,(j(x, )=, (x. y)
By duality we therefore have

Oune(X)(¥)= =0, (x,y) and  Ocy(X)(¥) =B, (x, )

for all xeX, and yeY,. From the nondegeneracy of «, we see that d,,, is
an isomorphism, hence V is split multiplicative. The above identities together
with the definition of £,(4) (3.5) imply 6,,,°£,(4)= —J,,.. Hence, by the defini-
tion of €,(V) (3.9) we conclude that £ ,(4)= — 0,120y = £,(V) and the theorem
is proved.

The L-invariant and infinitesimal deformations

The L-invariant exerts a strong influence on the p-adic deformations of a split
multiplicative representation. To explain this, we begin with a few remarks about
infinitesimal deformations. Let Q,=Q,[T1/T>.

(3.13) Definition. An infinitesimal deformation of a Q,[Gq, ]-module W is a
Qp [Gq,]-module W such that W/TW = W.
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If Wis a trivial Q,[Gq,]-module, we let W= WOQ » denote the trivial infinitesi-
mal deformation of W, If /8 GQ — Autg, (W) is a continuous Galois representa-
tion then W (i) will denote W with Gg, acting via y. Clearly, W () is an infinitesi-
mal deformation of W if and only if Y =1 modulo T. Assume now that ¥ is
such a character. Then  factors through G?,’; and after differentiation with
respect to T gives rise to an additive homomorphism

d!ﬁ ab
o7 G&,—~End(W)

dy
dT

(3.14) Theorem. Let V be a split multiplicative Galois representation and fix a homo-
morphism y: Go, — AthP(T/“) and an exact sequence 0— V°(1) >V - V' () -0
whose terms are infinitesimal deformations of the terms in the exact sequence
(3.8)a. Then for any nontrivial principal unit uel+pZ,

dy
log,(u) AT

for which y=I+-——-T.

d'”(Frob) 2,(V)o

iT ——(art(u)).

Proof. Multiplication by T gives rise to a Galois equivariant map V¢' — V¢ (y))
whose cokernel is V¢'. Thus we obtain an exact sequence

(3.15) 0 Ve 5 Ve () » Ve - 0.

Let d,: V*'=H°(V*")— H'(V*') be the degree zero coboundary map of the asso-
c1ated long exact cohomology sequence. A simple calculation shows that for
each xeV*, 6,(x) is the homomorphism whose value on an element geGq,

is given by 6w(x)(a)=%(0)(x). Hence the homomorphism §,: V¢ — H'(V*')
is given by

dy

cyc 10_(“) dT (art (u))

dy
(3.16) 8= hune® o (Frob) 47

Now consider the following diagram.

—— HY(YY) ——  H'(7") —— H*(V°(1) —— 0
1
—— H'(V) ——  H' (V) —— H*(V°(1) —— 0
9y
HO(VGI)EV”

Since i,°6,=0 and the diagram is commutative, we have i;°6-d,=0. By a
simple application of Tate-duality it follows that i, is injective. Hence 6046, =0.
The theorem now follows by composing é on the left with (3.16), and using
the identities J,n, =0 ° Aynr, Ocye =00 ey, and L,(V)= — Ounr ©Ocye-
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The L-invariant of a split multiplicative newform

Let f be a classical weight two newform. Let K, be the completion in Q,
of the field of Hecke eigenvalues and let V, be the two dimensional
Go-representation over K, constructed by Deligne [D]. We will say that f
is split multiplicative at p if V, is split multiplicative at p. From the work of
Deligne and Rapoport [D-R] we know that f is split multiplicative at p if
and only if (1) the conductor of f'is N p where p ¥ N and (2) f|T,= f. In particular,
these two conditions show that if f is split multiplicative at p then f is an
ordinary p-stabilized newform of tame conductor N.

(3.17) Definition. The L-invariant of a weight two split multiplicative new-
form f is defined to be the L-invariant of its Galois representation V,. Hence
2,(N=2L,(V)eK;.

(3.18) Theorem. Let f be a weight two newform of conductor Np with p=5,
and suppose f is split multiplicative at p. Let & be the universal ordinary Hecke
algebra of tame conductor N and let a,=h(T,)eA. If k is the arithmetic point
on R which corresponds to f by Theorem 2.6 then

ap(K)=—12,(f).

Proof. Let ¢: GQP—n%* be the unramified character with ¢(Frob,)=a,. Let
A, be the localization of # at k. From Theorem 2.6d we obtain an exact
sequence

(3.19) 0— @(K)(XO ne- 1) - Tgrim ®a ‘%(k) - -%(x)((P) -0.

Since the specialization of this to « is the sequence 0— VP (1) >V, — Vf' =0,
we see that ¢ and 7 are congruent to 1 modulo the maximal ideal B, in #,,,.
In particular we see that x(a,)=1, that n(art(u))=[u], for any principle unit
uel+pZ,, and that n(Frob,)=1. Now tensor (3.19) with ¢~ ' and reduce
modulo P2. This gives us an exact sequence

0K, (1)»> V>R (¢*n~")—0

where ¥ is an infinitesimal deformation of V. Since @7~ '=1 modulo F,, we
may apply Theorem 3.14 with iy =27~ ! to obtain the identity

(. Wlartw) ()
(3.20) (Frob,) ()= 2,(/)- =0
for any nontrivial principal unit wuel+pZ,. But ¢(Frob,)=a,,
n(Frob,)=o¢(art(u)=1, and n(art(u))=[u],ed. Hence |//(Frobp)=a§ and

Y(art(u))=[u], . The theorem now follows from (3.20) and the simple fact that
[ul, (k) =1og, (u).
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4. Modular symbols and special values of L-functions

In this section we review the basic definitions and properties of modular symbols.
Modular symbols will be useful to us in two ways. First of all they give us
a concrete realization of the one-dimensional compactly supported cohomology
groups of a congruence subgroup of SL,(Z) as well as a concrete description
of the action of the Hecke operators on these groups. On the other hand they
provide a powerful tool for studying the arithmetic properties of critical values
of L-functions associated to modular forms. We will recall how modular symbols
are used to attach one-variable p-adic L-functions to p-stabilized ordinary new-
forms as in [Mz-T-T].

Definitions and first properties

Fix a commutative ring R and let 4 be a contravariant R[X]-module where
2=M,(Z)nGL,(Q) as in “section 1.

(4.1) Definition. Let Qd;f Div(P'(Q)) denote the group of divisors supported

on the rational cusps P'(Q)=Qu {0} of the upper half plane H. Let Z,= %
be the subgroup of divisors of degree zero. Note that X acts by fractional linear
transformations on & and on %,. Let I" be a congruence group.

a. An additive homomorphism @: 9, — 4 will be called modular symbol over
I' if @ is a I'-homomorphism, ie. if @(yD)|y=(D) for all De%, and yel. We
will denote the R-module of all 4-valued modular symbols over I by Symb(A).
b. An A-valued boundary symbol over I' is a I'-homomorphism ¢: 2 —» 4. We
will denote the group of all A-valued boundary symbols over I by Bound(A).
¢. More generally, we define

Symb(A4)=| ) Symb;(4), Bound(4)=|) Bound (4)
r r

where I' runs over all congruence groups. We let X act on these groups according
to the formula @|g: D ®(gD)| g, for geX and ®eSymb(4), De P, (respectively
®eBound(4), De2).

Our interest in Symb(4) and Bound(A4) is motivated by the following theorem
which allows us to relate these groups to the cohomology of I' (see 4.3). Let
H be the Borel-Serre completion of H. Also, let t(I') be the least common
multiple of the orders of the torsion elements of I

(4.2) Theorem. Let I' be a congruence subgroup of SL,(Z) and suppose
t(I') is invertible in R. Then the long exact cohomology sequence of the
pair (P\H, 6("'\H)) with coefficients in A is isomorphic to the right-
shift of the long exact I'-cohomology sequence of the exact sequence
0— A—>Homz(2, A)—»Homg(2,, A)—0. More precisely, for each integer i=0
we have the following commutative diagram:

———H'" (T Hom(Z, A)—— H'(A) ——— H'(I;Hom(2, A)——

—_— H{('\H, 4) ——H(I'"\H, A)—— H(0(I"'\H), 4)) ——

where the vertical arrows are isomorphisms.
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For a proof of this, see [A-S]. Recall that the parabolic cohomology group
H],.(I] A) is defined to be the image of the map H!(I'\H, A)— H'(I'\H, A).
The following theorem is an immediate consequence of Theorem 4.2.

(4.3) Theorem. Suppose t(I') is invertible in R. Then there is a canonical isomorph-
ism Symbp(A)= H (F'\H, A). Moreover, there is a canonical exact sequence

0 H(I; 4) - Bound (4) - Symb,.(4) » H',. (I, A) - 0.

Now let I be a congruence group and let D(I; X) be the double coset algebra
associated to the pair (I; X). The action of the algebra D(I] X) on A-valued
modular symbols over I' can be made explicit as follows. If T(g)eD([; 2) is
the element associated to the double coset I'gl, geZX, then we can write I'gl"
as a finite disjoint union of right cosets, | JI'g;. For a modular symbol

1

®eSymb,(A) we then have
(4.4) P|T(g)=) P|g;eSymb,(A).

. -1 0 . . .
The matrix 1=( 0 1)62 induces an involution @+ @|1 on modular symbols.

If 2 is invertible in R, then we can decompose any modular symbol & in a
unique way as a sum

(4.5) =0 + b

where @%|1=+®*. Let Symb,(4)=Symb (4)*®Symb,(4)” be the corre-
sponding decomposition of the space of modular symbols.

Modular symbols of integral weight k=2

For each non-negative integer r =0, let Sym’(R?) denote the R-module of homo-
geneous polynomials of degree r in two variables X, Y with coefficients in R.
We let X act on Sym"(R?) by the formula (F|g)(X, Y)=F((X, Y)g*) for geX
and FeSym'(R?), where # is the adjoint involution defined in “section 1.

(4.6) Definition. Fix an integer k>2. Then the R[2]-module Symb(Sym*~2(R?))
is called the module of modular symbols of weight k over R.

This terminology is motivated by the following well known example of Eichler
and Shimura. Recall from “section 17 that .%(Q) is the space of weight k cusp
forms of all levels having algebraic g-expansions and that £* acts on %/(Q)
via the weight k action.

(4.7) Definition. The standard weight k modular symbol associated to a cusp
form fe #,(Q) is the modular symbol @ e Symb(Sym* ~2(C?)) defined on divisors

{Cz}"{ci}ea@m ¢;,c,€PY(Q) by

®,({c) — (e ) =2mi [ f() X+ YP2dz
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where the integral is over the geodesic in the upper half-plane joining ¢, to c,.

A straightforward calculation shows that the map fi—®, commutes with
the action of Z*. We have the following theorem of Shimura [Sh].

(4.8) Theorem. Let fe % (I;(Np") be a Hecke eigenform of weight k=2 and let
K(f) be the field generated by the Hecke eigenvalues of f. Then for either choice
of sign +, the Hecke eigenspace associated to f in Symbr. y,-(Sym*~*(K(f)*)*
is one dimensional over K(f). Moreover, there are ‘periods’ Qf eC* such that
the modular symbols W =(QF)™' ®F are defined over K(f) and span the associat-

ed eigenspaces, that is
0+ ¥* eSymby, (v,m (Sym* ™ 2(K (f)?)*.

Recall from Theorem 2.6b that Z*ith= Zrit"(%) parametrizes the ordinary p-
stabilized newforms of level N p", r>0.

(4.9) Definition. For each ke 2" we fix the following data and notations.

a. K, is the p-acid completion of K(f,) with respect to our fixed embedding
(0.4).

b. W, is the Hecke eigenspace in Symb, v, (Sym*~?(K})) associated to f,.
Here k is the weight of f,.

c. We fix, once and for all, two periods Q,i,c eC* as in Theorem 4.8 and let
%X eWZ be the associated generators.

Consistent with the notational conventions of “section 2” (see (2.8)) we will
write K, , and W, , to denote K, and W,..,, respectively.

Special values of L-functions

Modular symbols provide us with a convenient tool for studying values of L-
functions. We will attach “special values of L-functions” to modular symbols
and show how the critical values of the L-function of a cusp form of weight
k=2 can be described in terms of the “special values of the L-function” of
the associated modular symbol.

(4.10) Definition. Let ®eSymb(A). Then the special value of the L-function of
@ is defined to be the element L(®) of A given by L(®)= P ({0} — {io0}).

Let y: Z — R be a primitive Dirichlet character of conductor m=1. Then we
may also define “special values of L-functions twisted by ”. For simplicity,
suppose I'=1I;(M) for some positive integer M. Define the twist operator
R,: Symb,(A4) - Symb(4) by the formula

e m—1 1
o5 vy 1)

(4.11) Definition. The special value of the L-function of ® twisted by Y is
L(®, )= L(®|R,). In case ® is a modular symbol of weight k=2 over R then
the special value L(®, ) is a homogeneous polynomial of degree k—2 in X
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and Y If the binomial coefficients (ka), 0<r<k—2, are not zero divisors

in R, then we define the ‘special values’ L(®, Y, so)eR, for integers s, with
0<sq <k, to be the unique elements of R for which

k=1
4.12) L(®,¥)= ) (Sko_—zl)(_l)so—l.L(@’ W, 5o)- X% ykTso- 1,

so=1

These definitions are motivated by the following well known example. If

f(z)=) a,e*™ is the Fourier expansion of a weight k cusp form fe%(Q)
n=1

and if Y: Z— C is a primitive Dirichlet character with conductor m>0, then

the complex L-function of f twisted by y is defined by the Dirichlet series

k+1

Lo (fy,s)= i (ma,n”*  for Re(s)>=——.
n=1

This function extends to an entire function in s. We are interested in its values
at integers s=s, in the ‘critical strip’ 0 <s, < k. For such values of s, we define

. R L ; —,
(@13) A9 5o )1 T = 8%

m—1
where (/) is the Gauss sum Y, y/(a) e™™. If  is the trivial Dirichlet character,
a=0
then we will suppress it from the notation and write simply L (f, s) and A(f, so)
instead of L (f, ¥, s) and A(f, ¥, s,) respectively.

(4.14) Theorem. For every primitive Dirichlet character Y and each integer s,
with 0 <sy <k we have

L(®y, ¥, 50)=A(f, ¥, So)-

The proof is a straightforward calculation.

p-adic L-functions attached to p-stabilized ordinary newforms

For an arbitrary topological Z,-algebra R, we let Meas(Z}, R) denote the R-
module of all bounded R-valued distributions on Z} (see [Mz-SwD]). For fixed
neMeas(Z¥, R) we associate to each continuous character o: Zj — R* the ele-
ment

(4.15) L,(u,0)= [ a(t)du(t)eR
z3

in the usual way (see, for example, [Mz-SwD]). The resulting function of ¢
will be called the R-valued Iwasawa function associated to u.
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For each keZ*™ we follow [Mz-T-T] and define measures
pEeMeas(Z}, K,) by setting

(4.16) W (P L) = ay (k)™ B ({;“—}— {ioo})|

X=0,Y=1

for each aeZ prime to p, and each m>0. We then define the p-adic L-function

(4.17) L,(fe, ¢, ) =L, (E" Y, ¢ (- >*7 1)

for each xkeZ™", If y is the trivial character, then we will suppress it from
the notation and write simply L,(f,, 5). We have the following theorem.

(4.18) Theorem. Let keZ ., be an arithmetic point of weight k. Let  be a
finite character of 73 of conductor p™, m =0 and let s, be an integer with 0 <s, <k.
Then

Ly(Fo s 50) = a, ()™ (1 —ay ()~ oo =50(p) po=1)- *’g;‘:w, +20)

For more details of the construction of the p-adic L-function and a proof of
Theorem 4.18, see [Mz-T-T].

5. A-adic modular symbols and two-variable p-adic L -functions

Fix a prime number p>0 and a positive integer N which is not divisible by
p. Let I'=1;(N). In this section we examine the structure of the group of modular
symbols over I' which take values in the module D of Z,-valued measures
on (Z2) (=the set of primitive elements of Z2). Such modular symbols will
be referred to as A-adic modular symbols. Our interest in Symb, (D) stems
from two facts. First of all, the module D is rich enough to admit non-trivial
morphisms to each of the modules Sym"(Z2), r>0. Thus a measure gives rise
to a family of elements in Sym" as r varies, and correspondingly, a A-adic
modular symbol gives rise to a family of modular symbols of varying weights.
The second reason for our interest in D rests on the fact that the elements
of D give rise in a natural way to two variable p-adic L-functions. The main
results of this section are Theorems 5.13 and 5.15. Theorem 5.13, which is proved
in the next section, asserts the existence of ordinary A-adic modular eigensym-
bols which are p-adic deformations of the modular symbols associated to any
given ordinary p-stabilized newform. In Theorem 5.15 we describe the analytic
properties of the two-variable p-adic L-function associated to such an eigensym-
bol.

Let Cont(Z2) denote the Z,-module of continuous Z,-valued functions on
Z? and let Step(Z?) be the submodule of locally constant functlons The group
ﬁ of Z,-valued measures on ZZ is defined to be D= Homg (Step(Z}), Z,). As
is well known every ueD has a unique extension to a Z homomorphlsm
Cont(Z2)— Z, which is continuous with respect to the supremum norm on
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Cont(Z2). If peD, peCont(Z?) and K<Z? is a compact open set, we will
use the integral notation and write

Jodu
K

for the value of u on the product of ¢ with the characteristic function of K.
In case ¢ is identically 1, we will also write x(K) for this integral.

We will be particularly interested in a certain direct summand D of D which
may defined as follows. Let (Z;) denote the primitive elements of Zj,, i.e. those
elements which are not divisible by p. Then D is the submodule of D consisting
of measures which are supported on (Z 2). Restriction of measures from Z2
to (Z}) glves a projection from D to D, hence D is a direct summand of D.

There is a natural continuous action of M,(Z,) on D. To describe this
action we regard the elements of Z2 as row vectors and let M,(Z,) act by
matrix multiplication on the right. Then M ,(Z,) acts covariantly on Step(Zz)
by the formula (pH(g(p erzH(p(xg)) The contravariant action on D is given
by u—u|g where p|g is given by the integration formula

ffpd 1lg)= 5g<pdu

Since the kernel of the natural projection D — D is preserved by this action
of M,(Z,) we also obtain an induced action of M,(Z, on D. We will take
this 1nduced action as the natural action of M,(Z, ) on D. Note, that while
the action has been defined to commute with the ndturdl surjection D - D,
it does not respect the natural inclusion D < D.

The group Z} acts continuously on D and D via the scalar matrices in
M,(Z,). We extend this to a continuous action of the algebra Z,[[Z}]]. Note
that the action of M,(Z,) commutes with these Z,[[Z}]]- structures on D and
D. Now restrict the action of M,(Z » to an actlon of X. Since Hypothesis P
(1.3) is satisfied, we may form the - modules

(5.1) W=Symb,(D) and W =Symb,(D).

Restriction of measures induces a natural surjective #-morphism W — W.

We now describe a simple procedure for attaching p-adic L-functions to
the elements of W. Recall (1.11)c that 2, is the space of Q,-valued points
on Z,[[Z*]]. To each #eW we attach its “special value of the L-function’

= L(®)eD as in the last section (4.10) and define the standard 2-variable p-adic
L-function associated to @ to be the Q,-valued function L,(®) on %o x Z, given
by

(5.2)a. L(@,k,0)= [ Kk(x)o(y/x)dpe(x,y)

Zpx 2y

for («,0)eZoxZ,. If ¢ is an arithmetic point, then its restriction to Z%}
is an arithmetic character of the form o, ,. We can then extend ¢ to a con-
tinuous multiplicative function Z,— Q, by the convention a(p)=p" if Y is the
trivial character and o(p)=0 otherwrse With this convention, we define the
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improved 2-variable p-adic L-function associated to @ to be the function L%(®)
on &y x L given by

(5.2)b. L@, k,0)= [ k(x)o(y/x)due(x,y)

24 xZy

for (k, o)X o x Aarith,

It is clear from the definitions that L,(®, k, ¢) is analytic in (k, ) and that
L¥(®, k, 0) is analytic in k for each e Z§™". Moreover, for fixed ¢ there are
unique Z,[ [Z*]]-morphisms

(5.3) L,(+,0): W—Z,[[Z%]] forfixed ce%,, and
L¥(-,0): WoZ,[[Z}]] forfixed oeZy™,

such that x(L,(®, 0))=L,(P, k, ¢) and k(L%(®P, 0))=L(®, k, o) for all ke X .

Now fix a continuous Z,[[Z}]]-algebra R. Let Dg=D ®y yz;; R and
Wr=W®gz,yzsn R There is a natural isomorphism Wy=Symb(Dg) of #-
modules. Extending the maps (5.3) by R-linearity, we obtain R-homomorphisms
L,(+,0), IX(+,0): Wg— R. We may therefore extend our definitions (5.2) and
associate to each €Wy a two-variable p-adic L-function L,(®) on Z(R)x %,
and an improved p-adic L-function L%(®) on # (R) x Zy*" by the formulas

(5.4) L,(®,k,0)=k(L,(®,0)) for (k,0)eZ(R)xZ,, and
LY, k, 6)=k(L5(P,0)) for (k,0)eZ (R) x Za™™.

In Proposition 5.8 we will prove a fundamental interpolation property of these
p-adic L-functions. In particular we will show that they interpolate special values
of L-functions attached to a certain family @, , ke Z***(R), of modular symbols
of integral weights attached to &. This family of modular symbols is defined
as follows. For each xeZ*"(R) with weight k=2 and character ¢ define the
specialization map ¢,.: D — Sym*~2(Q?) by the integration formula

(5.5)a. b= [ &) (xY—ypX) 2dpu(x,y)

%2,

and extend this to the unique map ¢,:Dg—Sym* *(Q2) which inter-
twines k. If, moreover, the character ¢ is trivial, then we also define a map

$.: D - Sym*~2(Q2) by
(5.5)b. Few= [ (xY—yX)"2du(x, y)

2
ZP

and extend this to a map @,.: Dg — Sym*~?(Q?) intertwining « as well. A simple
calculation shows that if the conductor of ¢ divides p" and r>0 then ¢, com-
mutes with the action of X;(p"). Hence, ¢, induces an # [1, Wy]-morphism
B 2 Wr— Symby, v, (Sym*~2(Q2)). If ¢ is trivial, then ¢, commutes with all
of X, hence ¢, induces an # [1, Wy ]-morphism

Gr. - Wr— Symbp, ) (Sym*~2(Q3)).
We may therefore make the following definitions.
(5.6) Definition. Let @ Wp.



p-adic L-functions and p-adic periods of modular forms 433

a. For each arithmetic point keZ*""(R) we define @, to be the image of &
under ¢, .
b. For each x with trivial character, we also define @, to be the image of ®
under ¢, .

In Proposition 5.8 we will describe the behavior of the p-adic L-functions when
¢ is transformed by the operator T,. For this purpose, it will be useful to
first record a few facts about the Hecke operators at p acting on W. We will
say that a modular symbol #eW is supported on a given compact open subset
U of Z2, if, for every De%,, the measure & (D)eD is supported on U. Hence,
W may be described as the set of modular symbols in W which are supported
on (Z2). Since the scalar matrix pI transforms any modular symbol deW to
one supported on pZ2, we see that [p], annihilates W.

The action of the operator T, and its powers T,",m>0, on W can be
described as follows. Consider the reduction map (Z;) —P'(Z/p™Z). For each
xeP!(Z/p™Z) the preimage of x in (Z3) is a compact open set which we denote
by U(x, p™). Choose an element g, ,.€X;(N) with determinant p™ for which
U(x, p")=((Z,)?) gx. m The coset I'g, ,. is independent of the choice of g, ,m
with this property. The mth power of T, acting on ®eW is then given by

(5.7) OITy= Y Plgapm

xeP(Z/pmZ)

This decomposes @|T,;" into a sum of modular symbols which are supported
on the disjoint compact open sets U (x, p™), xe P (Z/p™ Z).

We will say that a pair of arithmetic points (k, d)e *"**(R) x 2% is critical
if the weight of k is greater than or equal to the weight of ¢. This is equivalent
to saying that k¢~ ! defines an arithmetic character on Z*.

(5.8) Proposition. Let @e Wy, and (k, 6)e X (R) X X |
1. (Relation Between the Standard and Improved p-adic L-functions.) If ge 24t
then

L,(®|T,, . 0)=L(®| Ty, , 0) — o (p)- Li(®, k. 0).

Here 6(p) is defined as in the paragraph preceding (5.2)b.
2. (Interpolation.) Suppose the pair (k, o) is critical and suppose o=a, , where
r is an integer 20 and  is a finite character of L} of conductor p™, with m=0.
Then

LXN(@| T, k,0)=L(®,, ¥, r+1)

where @, is the specialization defined by (5.6)a and L(®,., Y, r+1) is defined

by (4.12). 0 1
3. (Functional Equation for the standard p-adic L-function.) Let Wy :(_ N 0).

Then
L(®,k,0)=—0"'(=N)-L,(®|Wy,k, k67 ").

4. (Functional Equation for the Improved p-adic L-functions.) Suppose the pair
(k, 0) is critical and that both k and ¢ have trivial characters and fix r=0 so
that 6 =o,. Then

LX(®, k, 0)—a(—N)"'LK(P| Wy, k, k6~ )=L, (D, k, 0)+L(®,,r+1).
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Proof. Each of these statements is verified by a straightforward calculation.
We will only sketch the details. We restrict ourselves to the special case
R=Z,[[Z}]], since the general case then follows by linearity.

Let u=L(®)eD. Then for each m>0 we can write L(®|7,") in the form

(5.9) L@IT)= Y il pm

xeP1(Z/pmZ)

where p,=®(g, m ({0} —{ioo})). As remarked above, the decomposition (5.9)
exhibits L(®|T,") as a sum of measures supported on the disjoint compact open
sets U(x, p™), for xeP'(Z/p™Z). Since the standard and improved p-adic L-
functions are defined as integrals over Z} x Z} and Z} x Z,, respectively, only
those terms in (5.9) associated to x of the form x=[1, a] with aeZ,/p" L, will
1 .
enter. Moreover, when x=[1, a] we may choose gx‘pmz(o pam). Now a simple
1 . .
calculation shows that when (0 ;") operates on the characteristic function

of U([1, a], p™) the result is the characteristic function of Z} x Z,. Hence we
easily obtain

(510) L@ Tr.ko)= Y [ k@ola+p"y/x)dp,x.y)
ae(Z/pmZyx ZH X Zp

(@I T k,0)= ) [ xk(x)ala+pmy/x)dpu,x, )

aeZ/pmZ 2% xXZ,

where we have written g, for the measure @({a/p™} — {i}).

Now consider the first assertion of the proposition. Setting m=1 in (5.10)
and calculating the difference of the two expressions occurring there we see
that only the term corresponding to a=0 survives. Thus

L4(@|T,, k,0)~Ly(®|T,, k,0)=0(p) [ x(x)o(y/x)dpuo(x, ).

ZyxZ,

But py=L(®) so 1 follows.

We now turn to the proof of 2. Fix an arithmetic point ke 4" of weight
k=2. We must prove the identity L(®|T)", , 0, ;)= L(®,, 0, ,) for every finite
character ¢ on Z* of conductor p™ and every integer r with 0<r=<k—2. Fix
the character y of conductor p™. Using (5.10) one easily calculates

k—2

) (k 2)‘_1)' (@[ Ty, K, 0,.,) X7 Y*~2"

r=0
= Y Y@ [ ex@—aX)=yE"X)du,(x,y).
acZ/pmZ 4 xZ),

On the other hand, from the definition of @, (5.6)a and the definition of
L(®P,, Y, r+1) (4.12) we have

k—2

y (k—r—z)(—1)’-L(<DK,1//,r+1)-X’Y"'2"

r=0

- ¥ V@ | c(x)(xY—yX)"-Zdua(x,y)I((‘) p‘fn)

aeZ/pmZ ZH X ZLp
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where the last |-operator denotes the action on the given homogeneous polyno-
mial of degree k—2 in Sym*~2(Q}). Now 2 follows easily by comparing the
last two displayed equalities.
To prove the functional equation 3, we just notice that since Wy interchanges
the cusps oo and 0, we have gy, = — gl Wy. Now a simple calculation proves 3.
The last property 4 follows from an application of the inclusion-exclusion
principle. We have

L@, 0)= [ xo "(x)o(y)dpu(x,y)

@2y
IR
Zyx<Z), Z,xZy Zy x
The first of these three integrals is I*(®, k, o) and the last is L,(®, , 6). The
middle integral can easily be calculated as in the proof of the functional equa-
tion 3 and is equal to —o([—N],) ' L%(®|Wy, k, ko~ '). This completes the

proof of Proposition 5.8.

Recall the notations of (2.4) where # is the universal ordinary Hecke algebra,
H=RR, %L, and ¥ =% (#). For each kel let R, be the localization of R
at k. The fraction field 4", of #,,, is a direct factor of .#" and correspondingly,
the A" -space W,  is a direct factor of W,. We will say that an element
PeW, is regular at k if the projection of @ to W lies in the #,,-submodule
Wy, Every @e W, is regular at all but finitely many « in 2. To each ¢eW
we associate elements L (P, o)e A, for €X', and Lk (P, a,)e A, for arithmetic
oo eXy™, as in (5.3). If @ is regular at k, then L,(®, k, 6) and L(®, «, g,) are
defined as in (5.4).

We are going to recast Proposition 5.8 in terms of the local charts (2.8).
Fix an arithmetic point ke 2" of weight k, and character ¢. Let ®eW,, be
a modular symbol which is regular at k. Let U, be the domain of convergence
about k (see the remarks before (2.8)) and define the domain of analyticity of
@ about « to be the open set

def .
U, .o = {keU,| @ is regular at c}.

This is just U, minus a finite set. For each rational integer k=2 in U, 4, let
@, , denote the specialization of @ to x*. Then &, , is a modular symbol
of weight k and character ew*e~* For arbitrary ke U, 4, and for ¥ a finite
character of Z}, s€Z,, and s, Z" we define

def
(511) Lp(¢’ i, kv lpv S)=L,,(¢, K(k),lp< . >SV1);

* def * (k) so—1
LE(D, K,k s0) = LE(D, k™, (- > ).

We will be especially interested in these functions when @ is an eigensymbol
for the Hecke operators.

(5.12) Definition. For each arithmetic point ke, let h,: # — %, be the com-
position of the natural map h: # — % defined in (2.4)a with the localization
morphism. Define W, to be the h,-eigenmodule in Wy, .
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+ eigenmo-
dules for 1. The following version of Hida’s Control Theorem will be proved
in the next section.

The involution 1 preserves these modules. Let W, denote the +

(5.13) Theorem. Suppose p=5. Then for every xkeX*™ and for either choice
of sign +, the following are true.

a. WE is a free rank one R ,,-module.

b. The specialization map ¢, ,.: PP, (5.6) induces an isomorphism

WE/BWE=WE.

If @ is in one of the spaces W), then for each integer k=2 in the domain
of analyticity of @ about k, the specialization @, , lies in the Hecke eigenspace
W, associated to k® by (4.9). This is a one dimensional K, ,-vector space
generated by the element ¥{ | defined in (4.9). Thus there is a unique ‘period’
Q. (P)eK, , such that

(5.14) B, =Q, (D) HE,.

If k is equal to the weight of x, then we will suppress it from the notation
and write simply ,(®). Of course, our definition of the periods @, , depends
on the choice of complex periods used to define %*. It is interesting to ask
whether there is a natural choice of complex periods and a choice of @ so
that Q,(®) extends to an analytic function of ke Z'? It follows from Theorem 5.13
that there is an element #eWE) for which Q,(®)=1. This is enough for our
purposes.

Consider the sesquilinear map *: W, — W, defined on W by P cD* ¢| Wy
and extended to W, by sesquilinearity: (a®)* = a* ¢* where * is the involution
on % defined in (2.9). A simple calculation shows that, for ke 2, if eW,,,
then @*eW,,.,. Note that * is not an involution though, by (1.8), we do have
the simple relation (®*)* = ®|[ — N], for any #eW . In particular, since [ - N],
acts invertibly on W, the map *: W, —» W, is an isomorphism.

(5.15) Theorem. Let ke 2" be an arithmetic point of weight k, and character
¢ and let Y be a finite character of Z,. Fix an eigensymbol ®c W'Y and let
U=U,, o be the domain of analyticity of ® about k. Then the following assertions
are true.

a. (Analyticity.) L,(®, «, k, , s) is analytic for (k, s)eU x Z, and is an Iwasawa
function in the variable s (up to multiplication by a constant). For each positive
integer so, L%(®, K, k, ), 8,) is analytic for ke U.

b. (Specialization of the weight variable.) For each rational integer k=2 in U
we have the following identity of Iwasawa functions in s.

Ly(®, K, k, Y, 5) = Q1 (P)- L (f 1, ¥, )

c. (Functional Equation.) Let ¢, be the p-component of e. Then for (k, s)eU x Z,
we have

L(®,k, k)= —y " (=N){=NY' "5 L (®* k* ke, oo~ 2y~ k—s).
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d. (Specialization to critical values.) For every keU and every positive integer
So we have

(i) Ly(®, K, ki, 50)=(1—a,(k, k)~ "' "o (p) p~ 1) LE(D, K, k, Y, 50).
Moreover, if k is an integer 22 in U and if 0<sy, <k, then

—-m, A(fh’.k’ l//wl —so’ SO)

(ii) L5(®, 1, k, , 50) = (D) a, (i, k) R

e. (Functional Equation for the improved p-acid L-function.) Suppose the p-
component of ¢ is a power of the Teichmiiller character, say ¢,=o". Then for
every integer k=2 in U satisfying the congruence k=n+ky,—2(mod p—1) and
for every integer s, with 0 <s, <k we have

LE(D, i, k, w071 s50)—(— N)! 7% L (D%, k*, k, * 7507 1 k—s,)
=L, (D, K, k, 0", 50)+ L(®, 4 5,)-

Proof. The first assertion a follows at once from the definitions. The assertions
¢, d(i), and e follow at once from 1, 3, and 4 of Proposition 5.8. Assertion
d(ii) follows from 2 of (5.8), together with (5.14) and Theorem 4.14. To prove
b we note that from d and Theorem 4.18 the desired equality holds if s,=1
and ¥ is any nontrivial character. Since both sides of the equation are [wasawa
functions they are determined by these values. This completes the proof of Theo-
rem 5.15.

Note that since the map @+ ®* is not an involution, the functional equations
c and e are not symmetric in ¢ and ®*. Using the identity (¢*)*=®|[ - N],
and applying ¢ with (@*, k*) replacing (®, k) we obtain

L (®*, k* k, 1, )
=—g, 0 2Y T (=N)(=NY 7L (D, k, ke, o 2y~ 1 k—s).

A similar identity is easily derived for the functional equation of the improved
p-adic L-function. In case the N-component of ¢ is trivial the next lemma shows
that @ is actually an eigensymbol for the operator *. In that case the functional
equations (5.15)c and e take on a simpler, more symmetric form which we
will exhibit in Corollary 5.17 below.

(5.16) Lemma. Let ke be an arithmetic point of weight k, and character ¢
and suppose the conductor of ¢ is prime to N. Then x acts on W, as multiplication
by an element we#, where w>=h,([—N],). I-{enzce for k in the domain of

convergence about k, we have W(k, k)=w-{—N) 2 where weZ?* is a square
root of ew*~2(—N).

Proof. The condition that ey is trivial guarantees that the involution =
fixes %, clementwise. Hence * induces an automorphism of W, and
this automorphism is identical with W,. Moreover, using (1.8) and the
fact that ey(—1)=1, we see that * preserves the + submodules W(,.
Since these are free of rank one over %, * acts on each of them as
multiplication by a unit in #,,,. Now specialize to W, and use the fact that
Wy acts by a scalar on W, to deduce that w acts on all of W, by the same
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unit in . The identity w?=h,([—N],) now follows from the fact that
(P*)*=@|[—N], for all $eW. The last assertion follows from the identity
R([—N],, k)=ew*~2(— N)<{—N>*"2 This completes the proof of the lemma.

(5.17) Corollary. Let €W, where keZ*™"™ is an arithmetic point of weight
ko and character & with conductor prime to N. Let w be the square root of
ew* ™2 (—N) determined by Kk as in Lemma 3.16. Then

a. Lp((p’ K, ka lﬁ, S)= _W¢_1(_N)<'—N>§7s Lp((p’ K, k5 kao_z‘//_l9k—s);
an

b. Suppose e=w". Then for each integer k=2 in U satisfying

k=n+ky—2(mod p—1) and for each integer s, satisfying 0 <s, <k we have

k_g
Ly(@, 1, k, %07 50)—w- (= NY2 - (&, K, k, 707 k—s0)
=LP((D’ K, ka w®©” 1’ SO)+L(@K.I(5 SO)'

(5.18) Example. As an illustration we will construct the two-variable p-adic
L-function described in the introduction associated to E=X,(11), p=11, and
verify the properties (0.8). Let Q be the real period of E and let

1
v =5 @/ _eSymbr 1,(Q)
E

where @/ _is the plus part of the modular symbol associated to f; by (4.7).
Then the p-adic L-function L,(E, s), s€Z,, is given by (4.16) and (4.17). In (2.11)
we showed that #=/ in this case. Let k=0, be the unique arithmetic point
on A of weight two and trivial character and use Theorem 5.13 to choose a
modular symbol ®e W}, with nonzero specialization to k. Since Z=A4 we can
also assume that @* is integral, ie. #e W™, by ‘clearing denominators’. Now
define L,(k, s)=Q,(®) 'L, (D, k, k,s) and LX(,k, 1)=Q(P)" ' LX(P, k, k, 1) for
k,seZ,. It is clear from the definitions (5.2) that these are Iwasawa functions
in both variables (up to multiplication by a scalar). Since the tame level is
equal to 1, we have ®*=¢@|W,. But @ is invariant with respect to SL(2, Z)
and is therefore fixed by W,. Thus ®*=¢®. The properties (0.8) now follow
from Theorem 5.15 and its corollary 5.17.

6. Existence of A-adic eigensymbols

In this section we will prove Theorem 5.13. The proof is based on the following
two propositions.

(6.1) Proposition. The group W° of ordinary A-adic modular symbols is a free
A-module of finite rank. For each arithmetic point keZy™ let B.<Z,[[Z}]]
be the prime ideal associated to k. Then for e W°we have &, =0<>deP, W°.

(6.2) Proposition. There is a natural injective #-homomorphism Ta,(J,,)° > W$.

Proof of Theorem 5.13. Let ke Z*™™®. Since h(T,)=a, is a unit in %, the module
Wgc) is contained in the ordinary part W°® , %, Since, by Proposition 6.1,
W is a free A-module of finite rank, W, is a free #,,-module of finite rank.
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From the last assertion of Proposition 6.1 and the fact that x is unramified
over A (Hida’s Theorem (2.6)a), we conclude that the kernel of ¢, , in WB,(K)
is P, Wﬂ‘ .- In particular we see that the linear map W /B W, — W, induced
by ¢, , 1s injective.

Since W, has dimension two (Theorem 4.8), surjectivity of the map
W o/P. W, — W, will follow if we show that W ,, has 4 ,-rank at least two.
Recall the submodule T=Ta,(J, )% of Ta,(J,)° from “section 2. By Hida’s
Theorem 2.6¢ we know that Ty is a free # -module of rank two. Using Proposi-
tion 6.2 we lift this to a free rank two .#-submodule of WY. Since £ is a
semisimple #-algebra, this space projects injectively to the h-eigenspace in
W°® , . #". The intersection of this eigenspace with W,., is a rank two
A -submodule of W . Hence W, has rank exactly 2 and the specialization
morphism induces an isomorphism W, /P, W, =W, Since specialization com-
mutes with the complex conjugation involution, (5.13) b follows. Assertion (5.13)a
is a consequence of (5.13)b. This completes the proof.

Proof of Proposition 6.1

Our proof of Proposition 6.1 will be based on two simple lemmas. Fix ke 43,
We will say that a function ¢: (Z2) - Q, is homogeneous of degree « if p(tx)
=x(t) p(x) for every teZ} and every x€(Z}). The following lemma follows
easily from the definitions.

(6.3) Lemma. A measure pueD lies in F.D if and only if {@du=0 for every
continuous function ¢ on (Z2) which is homogeneous of degree k.

For each integer m>0 let ¢{® be the continuous function on (Z2) given
by
o k(a) if b=0mod p™;
(a,6)= {0 otherwise.

(6.4) Lemma. Let ®eW be a A-adic modular symbol. Then the following are
equivalent.

a. PePW.

b. [ d®(D)=0 for all De%, and all continuous functions ¢ homogeneous of
degree k.

¢. oM™ d®(D)=0 for all De %, and all m>0.

Proof. Since P, is a principal ideal, we have P, W=Symb (P, D). From this it
follows that #e P, W& (D)e P. D for all De &,. So the equivalence a<>b follows
from Lemma 6.3. The implication b=>¢ follows a priori. Now assume c is true.
Then for every yel, [y o™ d®(D)=[ ¢ d®(yD)=0. So b follows from the fact
that every continuous function ¢ which is homogeneous of degree x is the
uniform limit of a sequence of linear combinations of the functions y¢!™. This
completes the proof of Lemma 6.4.

Proof of Proposition 6.1. We first prove the equality ker(¢? ,)=F. W°. Recall
from (5.6)a that for ®eW the specialization @, is the element of
Symb,(Sym*~?(Q2)) whose value on a divisor De %, is given by

(6.5) (D)= | e(x)(xY—yX)2do(D).

ZyxZp
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Since the integrand is homogeneous of degree «, the inclusion ker(¢, ,)2F W
follows from the implication a=>b of (6.4). Conversely, suppose ®eW?° and
that &,=0. We will show that ®cP. W° by using ¢=-a from the last lemma.
Fix m>0 and De%,. Since @ is ordinary, there is a ¥ e W® such that ¥|T)" = &.
Using the notation of (5.7) we then have the identity

j(pim)d¢(D):Zj‘gx.pm (Pscm)dlp(gx‘pm‘D)

where the above sum runs over xeP'(Z/p™Z). But g, . ¢{™ =0 unless x=[1, 0].
Hence the above integral is equal to

jg[l.Ol.p"‘ q’fcm) d lP(gII,O],p""D): f &(x) x*72d q’(g[l,ol.pm’D)~

Z4xZ,

But this vanishes since it is the coefficient of Y" in ¢¥(®D)(g(; ¢y, =" D) (see (6.5)).
We have therefore proven the equality ker(¢2 ,)=PB. W°, or equivalently, that
&, =0<=decP, WO. It follows from this and the compact version of Nakayama’s
lemma that WP is a free 4-module of finite rank. The proof of Proposition 6.1
is complete.

Proof of Proposition 6.2

The proof of Proposition 6.2 is based on a study of the cohomology exact
sequence attached to D by Theorem 4.3. It will be convenient to simplify the
notation and write

(6.6) B=Bound, (D), W=Symb.(D), V=H.. (D).

[t is easy to see that are no nonzero [-invariant measures in D, hence Theo-
rem 4.3 gives us an exact sequence

(6.7) 0-B-W->V-0.

(6.8) Lemma. There is a natural # -isomorphism Ta,(J,)=V.

Proof. Since the operator W), intertwines the covariant and the contravariant
actions of # on V, it will suffice to give an isomorphism n: V= Ta,(J,) for
the covariant J-structure on V. For each integer n=0 let H,(X,(C), Z,),
H'(X,(C), Z,) be the singular homology, respectively cohomology of the com-
pact Riemann surface X,(C). Then the Albanese map gives us a canonical
isomorphism Alb: H,(X,(C), Z,)=Ta,(J,) of #-modules. Moreover, by Poin-
caré duality the intersection pairing gives us an isomorphism
H'(X,(C), Z,)=H,(X,(C), Z,) which intertwines the covariant action of # on
cohomology with the natural (covariant) action on homology. Now write V,
for H,,.(I't (N p"), Z,) equipped with the covariant action of 5#. Then the Eichler-
Shimura theorem gives us a canonical isomorphism ES: V,~H'(X,(C), Z,) of
#-modules. We define &, to be the composition

Alb

£y Vs HY(X,(C), Z,) ——— H, (X, (C), Z,) —— Ta(J,).
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For positive integers m, n with m>n, we have a commutative diagram of -
modules

V, —" Ta,(J,)

|

V, —  Ta,(J)

where the vertical arrow on the left is the corestriction morphism cores,, ,.
We may therefore construct the limit V —llmV and patch together an
isomorphism

£t Vo= Tay(J,).

For each n>0, consider the map n,: D — Z,, given by u— pu((0, 1)+ p"Z}). This
map commutes with the action of I, hence induces a map n,,:V—-V,. A
simple verification shows =, =cores,, ,°n,,. Thus there is a natural homo-
morphism

VoV .

We will prove that n, is an isomorphism by using Shapiro’s Lemma and the
simple observation that D is naturally isomorphic to a projective limit of induced
modules. For each integer n>0, let M, =((Z/p"Z)?)’ denote the primitive vectors
in (Z/p"Z)*. Let D,={pu,: M, —>Z,} be the Z -valued functions on M, and let
I act on D, by the rule (u,|y)(v,)=p,(v,y""). Since I acts transitively on M,
and I, is the stabilizer of (0, 1) we see that D, is an induced I'-module. Hence,
by Shapiro’s lemma, the map D,— Z,, i, 11,((0, 1)) induces an isomorphism
HY\ (L (N), D)= HY,\ (1. Z,) =V,

For each m=n, let M,, » M,, be the natural projection and define the connect-
ing homomorphism 6, ,; D,,—»D, by 0, ,(¢#.)=pn, where for each v,eM,,
Ua(v,)= Z,u,,, v,,) where the sum is over all v,eM,, lying over v,. The maps
D - D, given by urpu, where pu,(v,)=pu(v, +p" M) for v,eM,, commute with
the connecting homomorphisms 6, , and induce an 1somorph1sm

DxIlimD,.

Since I'-cohomology commutes with projective limits in the category of compact
I'-modules we conclude

Vzlim H'(I'(N),D,) > lim V,.

This completes the proof of Lemma 6.8.

To complete the proof of Proposition 6.2 we need to construct a Hecke
equivariant splitting of the exact sequence (6.7). In general such a splitting does
not exist over A. The obstruction is a group analogous to the classical cuspidal
divisor class group. We need to first extend scalars to the quotient field ¥
of A. Then, as in the classical setting, we will apply the Manin-Drinfeld principle
to produce the desired splitting over #. In order to use the Manin-Drinfeld
principle we first need to analyze the structure of the s#-module B= Bound (D).
The next lemma shows that B is a free Z,[[Z} ]]-module of finite rank and
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gives an explicit description of the action of the Hecke operators T, for
I=1(mod N).

For each xeP!(Q) let I, =TI be the unipotent stabilizer of x in I Also,
let M, denote the ‘line” in (Z2) which is stabilized by I,.

(6.9) Lemma.

a. Let cusps(I')SP'(Q) be a complete set of representatives of the I'-orbits in
P'(Q). Then there is a natural isomorphism of Z,[ [Z}]]-modules

B~ (P Dist(M,).

xecusps(I')

Hence B is a free Z,[ [Z}]]-module of rank # cusps(I).
b. If | is a prime different from p which is congruent to 1 modulo N then
T,—I[]—1 annihilates B.

Proof. A function @: P'(Q)— D represents a boundary symbol ®eB if and
only if ®(yx)=®(x)|y for all xeP!(Q) and yeI. Hence ®(x)eD"~ and the map

B— @ D!~
xecusps(l')
P Y D(x)

xecusps(I')

is an isomorphism. Thus our problem is reduced to a determination of all mea-
sures on (Z2) which are invariant under I,,. We can obtain examples of such
measures by ‘extending by zero’ measures on M,. More precisely, define
i,.: Dist(M,) — D™ by i, (v)=pu where ueD is given by the integration formulas

Jo)du)= | @ dv(v)

M

for all locally constant functions ¢ € Step((Z>)). Lemma 6.9a follows immediately
from the following lemma.

(6.10) Lemma. The map i.:DisttM,)—»D" is an isomorphism of
Z,[[Z}]]-modules.

Proof. We will prove this assertion for any congruence group I' whose level
is prime to p. The collection of all such groups is closed under conjugation
by elements of SL,(Z). Since P!(Q) is acted on transitively by SL,(Z), it suffices
to prove the lemma in the special case x=00. The map i, is clearly injective.
We must show that it is surjective. So let ueD’=. We need to show that u
is supported on the line M, ={(0,r)|reZ*}. Let U be an arbitrary compact
open subset of (Z?2) which is disjoint from M, . We will show u(U)=0.

Choose a positive integer m, such that v+p™Z2<cU for every veU.
Each v in U can be expressed as v=(p"a, b) for some aeZ}, beZ,, and r=0.
Since the set v+p™Z? is contained in U it does not intersect M, . Hence
0¢p"a+p™Z, and consequently r <m,. Now fix an arbitrary integer n=0. Then
U is the disjoint union of sets of the form V=v+p™*"Z2 The open sets
Vi=(p a+pm™*"Z,) x (b+p" "ok +p>met 27 ) k=0, 1, ..., pmt" " —1, are all
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0 1

these sets have the same measure under u. Since V is the disjoint union of
the V¥, we conclude that p(V)=p™* """ u(U,)=0(mod p"). Since U is a disjoint
union of such sets it follows that p(U)=0(mod p"). But n is arbitrary. Thus
u(U)=0. This completes the proof of Lemma 6.10 and hence also the proof
of assertion a of Lemma 6.9.

To prove b of Lemma 6.9, we let | be a prime which is congruent to one
modulo Np and compute ¥|T, for an arbitrary element YeB. Let xeP!'(Q)

and choose geSL,(Z) so that gx=cc. For k=0, ...1—1 let 6,=g ! (1 k)g

. 1 me +n—r k a” 1
I,-equivalent to one another. Indeed V,=1}- . Hence all of

0 !
and let o,=g ! ((l) (1)) g. Using the fact that /=1(mod N) it is easy to see that

the Hecke operator T, is represented by the double coset I'g, I Moreover this
double coset can be expressed as the disjoint union of the right cosets I' gy,
k=0, ..., . Thus

1
(@IT) (%)=}, P(0x )0y

k=0

!
Since each g, fixes x we have (®|T))(x)= ) @(x)|0,. A simple calculation shows
k=0
that o, acts trivially on M, and that for k=0, ..., [—1, g, acts on M, by multipli-
cation by I. Hence ®(x)|o,=[I] ®(x) for k=0, ..., [—1 and @(x)|o,=P(x). Now
b follows easily, and Lemma 6.9 is proved.

(6.11) Lemma. Let l$p be a positive prime with =1 modulo N and let
m=T,—I[[]—1e3. Then n, acts invertibly on V% and annihilates B. Moreover,
the exact sequence

0-B%->W, V% -0

admits a unique splitting which commutes with # .

Proof. The fact that #, annihilates B was proved in Lemma 6.9b. By the Weil
bounds we see that the kernel of 5, acting on Ta,(J,) is trivial. So, by Lemma 6.8,
the same is true of V. Hence %, acts invertibly on the finite dimensional %
vector space V%. This proves the first assertion of the proposition. To construct
a section s: V% — WY we proceed as follows. For each ve VY choose an element
weW$ lying over ;! v and set s(v)=n, . Clearly s(v) lies over v. It does not
depend on the choice of W since #,; annihilates B. This splitting is Hecke equivar-
iant since # is commutative. If s’ is another such section, then s—s’ is a morph-
ism from VY% to B% which intertwines 1,. Hence s=s" and Lemma 6.11 is proved.

Proof of Proposition 6.2. By composing the isomorphism (6.8) Ta,(J,)° — V°
with the section V% — W9 constructed in Lemma 6.11, we obtain a natural
injective #-homomorphism Ta,(J,,)° » W. This completes the proof of Propo-
sition 6.2.

(6.12) Remark. A more careful analysis of the proof of Lemma 6.9b reveals
explicit formulas for the action of the Hecke operators T, for any prime ! not
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dividing N, including [=p. In particular, we have B=B°. As a consequence
we find that the splitting of Lemma 6.11 extends to a splitting of the sequence

0-B,->W,->V,-0.

Indeed, we have Wril=V"i By analogy with the classical situation, it is natural
to regard the p-adic L-functions defined in the last section as being associated
to elements of Ta,(J,). More precisely, for each xeTa,(J,), we view x as an
element of V by Lemma 6.8 and then use the splitting s of the above sequence
to lift x to a A-adic modular symbol ¢,eW .. Since s is not in general defined
over A, we cannot say that @,eW. There will, in general, be denominators
and we can ask what kind of poles these denominators will pass on to the
p-adic L-functions associated to @,. We can say the following.

First, it is not difficult to see that the standard 2-variable p-adic L-function
L,(®,) has no poles. Indeed, we can find another modular symbol ¢, e W which
is congruent to ¢, modulo B, i.e. ®,=P + ¥ for some PeB,. But L(¥)eD
is a measure which, by (6.10) and the definition of L('¥P), is supported on the
set {(a, b)eZ2|ab=0}. Since L,(¥) is defined by an integral over Z} x Z¥ (see
5.2a) we have L,(¥)=0. So L,(®,)=L,(®’) and this is everywhere regular since
@’ is everywhere regular.

Second, we can bound the denominators which arise in the A-adic modular
symbols @, for xeTa,(J,) as follows. The submodule s™'(W)<=V is clearly
preserved by the Hecke operators. In fact, it can be shown that s~ !(W)
corresponds to a Galois invariant submodule S of Ta,(J,). The quotient
C=Ta,(J,)/S is a natural analog of the classical cuspidal divisor class group.
It would be interesting to analyze the structure of C and to attempt an Eisenstein
descent along the lines of [Mz1]. From the above discussion we see that C
is annihilated by the operators T,—1—I[[] for primes /=1 modulo N with
I p. Hence C is a torsion A-module which is annihilated by a,— 1 —I[I]. From
this it follows that the denominator in @, is a divisor of a,— 1 —I[I] for every
positive prime /=1 modulo N. While the denominator in @, does not contribute
poles to the standard 2-variable p-adic L-function (see last paragraph), we expect
that it will contribute poles to the improved p-adic L-function L%(®,). Note
that, by the Weil bounds, a,— 1 —I[I] does not vanish at any arithmetic point
keZ*™ Hence each &, is regular at these points, and correspondingly
L%(®,, k, o) is regular at arithmetic points.

7. The main theorem

We are now ready to prove our main theorem.

(7.1) Theorem. Suppose f is a weight 2 newform which is split multiplicative at
a prime p2 5. Then L,(f, 1)=0 and

L, D= g,(0- Fogh .

Proof. The assertion L,(f,1)=0 follows from the interpolation properties of
L,(f, s) described in Theorem 4.18. Indeed, the eigenvalue of T, acting on f
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is 1, hence the ‘Euler factor’ appearing in 4.18 vanishes when s,=1 and ¥
is trivial.

Let N be the tame level of f and let keZ* ™" be the arithmetic point of
weight two for which f=f,. Using Theorem 5.13 we can choose an eigensymbol
PeW(, so that &, =¥{ . Let L,(®, «k k,s), L,(P*k* k, s), LX(P, Kk, k, s) and
L5 (®*, k*, k, s) be the functions defined in (5.11). They are defined and analytic
for all (k, s)e U x Z,, for some neighborhood U of 2 in Z,. Since f is split multipli-
cative at p, its nebentype character ¢ satisfies ¢(p)=1. Hence, by (2.9)b, we have
ay(x, k)=a,(x*, k). We call this function a,(k) and note that a,(2)=1. From
5.15d(i) we deduce the identities

(7.2) L@k, k, )=(1—a,(k)"")- L5(®, k, k, 1),
L, (9%, k*, k, 1)=(1—a,(k)™")- L (9*, k* k, 1).

In particular, each of the functions L,(®, k, k, s) and L,(®*, k*, k, s) vanishes
at (k, s)=(2, 1). In fact, we will show that the Taylor expansions of these two
functions have the same linear terms around the point (2, 1). To see this we
define constants c, dc—Qp (in fact, we have ¢, de K, ) for which

L,(®,x,k,s)~c(—%(k—=2)+(s—1))+d(k—2)

where f(k, s)~g(k, s) means that f and its first partials agree with g and its
first partials at the point (2, 1). Replacing s by k—s in the functional equa-
tion 5.15¢, we obtain

Ly(®, 16,k k—5)= — (= NYUHSTKL (@%, 1%, k, s).

Hence L,(®* k*, k, s)~ —L,(®, k, k, k—s) and we easily calculate its linear
terms
L, (®*, k*, k,s)~c(—4(k—2)+(s—1))—d(k—2).

Hence L (9, k, k, s)— L,(®*, k*, k, s)~2d(k—2). To see that d=0 we set s=1
and calculate this difference using (7.2).

(7.3) L(®, k, k, 1)— L, (®*, k% k, 1)
=(1—a,(k)™")-(LX(®, k, k, 1) — LX(P*, k*, k, 1)).

From 5.15¢ we have L§(®,k,2, 1)— L (®* k%, 2, )=L,(P, k, 2, )+ L(®,, 1)
where @, is the tame specialization of & defined in (5.6)b. We have
already seen L,(®,k,2,1)=0. As for L(®,, 1), we note that &, is a weight 2
modular symbol over I7(N) with the same eigenvalues as f for the Hecke
operators T, l/Np. But f is a newform whose level is divisible by p.
Hence we must have &, =0. In particular, L(®,, 1)=0, and it follows that
LD, K, 2, 1)— L (®*, k*, 2, 1)=0. Thus the expression in (7.3) has a double zero
at k=2, and consequently d =0. We therefore have

(7.4) Ly(®, i, k, s)~c(— 1 (k—2)+(s—1)).



446 R. Greenberg and G. Stevens

We complete the proof, as in the introduction, by calculating the constant ¢
in two ways. From 5.15b we have L,(®, k, 2, s)=L,(f, s). Hence, setting k=2
in (7.4) we obtain

c=L,(f 1)

On the other hand, setting s=1 in (7.4) and differentiating the first identity
of (7.2) with respect to k we find

—}-c=a,(2)-L5(P,k,2,1).

But from Theorem 3.18 we have a,(2)= —41 ¢ ( f) and since Q. (®)=1, Theorem
5.15d(ii) gives us the identity L*((D K, 2, 1)=L,(f, 1)/Qf . Hencc

L (f 1)
=L2,(f)
and the proof is complete.
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