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1. HECKE OPERATORS

1.1. Classical modular forms. We recall the definition of holomorphic modular forms
with respect to an arithmetic subgroup I' C SLy(Z), introduced many lectures ago.

Definition 1.1. A f: H — C is called a modular form of weight k with respect to I" if we
have

f(vz) = (cz+d)¥f(z) forally=(2Y) el (1.1)
and also that f is holomorphic at the cusps.

Remark 1.2. For any g € GLy(R)™, we define
Tlig(2) = (det 9)"2(cz + &)™ f(g2).

(Since det g € R, we can unambiguously take the “positive square root”.) The condition
(1.1) can then be abbreviated as

flye = f for all y € T

1.2. Hecke operators. We will now focus our attention on the case

T =To(N) ::{(‘j 2) Le=0 (modN)}.

Let My(To(N)) denote the space of weight k modular forms for I'¢(N), and Sx(To(N)) C
M (To(N)) be the subspace of cusp forms. Actually, we will see later that it is more
general to consider the spaces My(To(N), x) D Sk(T'o(N), x) where x: (Z/NZ)* — C* is
a Dirichlet character modulo N; the definition of these is obtained by replacing with

f(v2) = x(a)(cz + d)F f(z) for all v = (2 4) € To(N).

We will define certain Hecke operators T, on My (I'o(N),x), which also preserve the
subspaces S (T'o(N), x)-
1
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Definition 1.3. Consider the double coset
1
ro) (1) 1ol = Ura(s
J

We define
T,f = “pr/?=1 g 1 K =pk/27lz¢(%‘)71f|km'
k,[To(N) ( >F0(N)] J

Since «; is upper-triangular modulo N, we can reasonably define v(vy;) to mean “¢ applied
to the upper left entry”.

Exercise 1.4. Check that we can take the coset representatives

{vj}={<p 1>}u{<1 2):620,...,1}—1}.
Then 4(v;) means ¥(a).

Exercise 1.5. Compute the effect of T, on the Fourier expansion of f = ) an,q" €
Mi(N,x). [The correct answer is T, f = > by¢™ where b, = a,, + X(p)pk_lan/p.]

Definition 1.6. Let f,g € Sk(I'). Then we define the Petersson inner product

o (2 , dzdy
(f.9) = /F RErC (1.2)

where F(T') is a fundamental domain for T" acting on H.
Exercise 1.7. Explain why (1.2) is well-defined.

Theorem 1.8. The T, for (p, N) =1 generate a commutative subalgebra of My (I'o(N), x),
and satisfy

(T f,9) = x(0)(f, Tp9).

Theorem implies that the Hecke operators T, for p { N are individually normal,
hence diagonalizable. Furthermore, they commute with each other and can therefore be
stmultaneously diagonalized.

Definition 1.9. A Hecke eigenform is a modular form f € Mi(T'g(N),x) which is an
eigenvector for all T}, with p{ N.

Exercise 1.10. Show that if f = a,,¢" is a Hecke eigenform with a; # 0, then its Fourier
coefficients a,, for (n,p) # 1 are determined by a;.

Example 1.11. Let N = dM and f € M, (To(M), x). Then we can view f(z) € My(I'o(N), x)
and f(dz) € M(To(N), x). We claim that these are eigenforms for each T, with (p, N) =1,
with the same eigenvalue as f. For f(z), this is obvious from Exercise ([1.4]).

Next note that

Flrdiag(d,1)y; = frdiag(d, 1), diag(d—1,1)diag(d,1)

Since we can write

f(dz) = d7*2 i diag(a.1)s

the fact that conjugation by permutes the coset representatives in Exercise

1
implies the claim for f(dz) as well.
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1.3. Automorphic forms. Recall that A4y(G,w) is equipped with an action of the Hecke
algebra

H(G(A)) = Q(H(G(Qp)), ex)

where e = Ig(z,) is the indicator function of a hyperspecial maximal compact subgroup
K. The action is via convolution, meaning ¢ € H(G(Q,)) takes

bs bxp(y) = /G o, Al s

Definition 1.12. Define T, € #(G(Q,)) to be the indicator of the double coset

1
()

We will use the same notation for the induced operator (with appropriate twist to account
for the central character). We will only ever apply T, on a right K,-invariant function ¢,
on which it acts as

Toota) = [ otoks (§ )1ty

Remark 1.13. Note that this definition is purely local. In other words, in terms of the
tensor product decomposition

!/
= ® Tp
of an automorphic representation, the action of H(G(Q,)) is only on the component 7.

There is a correspondence between modular forms and (certain) automorphic forms,
which we denoted f <+ ¢;. Recall that (in our normalization) this was defined by

05(9) = fli.g (i)

and
1/2

~1/2
fle+iy) =y ey (y g;y—l/z ) (1.3)

How do the two kinds of Hecke operators match up under this correspondence?

Lemma 1.14. We have
PP T, (0r) = dr,(p)-
Exercise 1.15. Prove Lemma [[.14]

1.4. Spherical representations. Let F' be a non-archimedean local field. Recall that
we say that a representation (m,V) of GLy(F) is spherical if VE2(Or) £ (. Recall the
classification of spherical representations from [Zav].

Theorem 1.16. Let F' be a non-archimedean local field. If (V, ) is an irreducible admissible
representation of GLo(F'), which is spherical, then either:

(1) V = 7m(x1, x2) s a (non-special, so x1/x2 # | - |=1) principal series representations
with x1, x2 being unramified characters, or
(2) (V,7) is an unramified character.
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Furthermore, we saw that if V is spherical then V¥ is 1-dimensional, so the Hecke algebra
Hi(G(Qyp)) == H(K\G(Q,)/K) = exH(G(Q,))ex acts through a character. Regarding

Si

T, € Hr(G(Qp)), we have that the spherical representation m(x1,Xx2) where x; = | -
corresponds to Hecke eigenvalue p** + p*2 for T,,. Since the central character pins down
$1 + s2, we conclude:

Corollary 1.17. There is a unique (up to isomorphism) spherical representation of GLa(F)
with given central character and eigenvalue for T),.

2. FROM CLASSICAL MODULAR FORMS TO AUTOMORPHIC REPRESENTATIONS

2.1. The automorphic representation associated to a modular form. Let f €
Sp(To(N),x). We let ¢ C Acusp(G,w) be the automorphic representation generated by

Remark 2.1. Let us first clarify how w and x correspond to each other. We regard the
central character w of Z(K)\Z(A) as a Hecke character on K*\A%. Then it can can be
regarded as a Dirichlet character on (Z/NZ)*. We claim that (with the conventions made
here), that character is x .

Why? If ¢ transform according to the central character w then

by (grpdiag(z, 2)) = w(2)dy(9)

where ¢, is the inclusion of GL2(Q,) into GL2(Aq). By Strong approximation and smooth-
ness of ¢¢, the action of ¢pdiag(z, z) coincides with that of v,diag(2’, ") for 2’ € Q which is
sufficiently congruent to z modulo p. (See Example for a more formulation of this claim.)
When we use an element of Z(Q) to cancel out ¢,diag(z’, z’), the archimedean coordinate
is multiplied by ts.diag(z’, ")~ 1.

Theorem 2.2. Let f € Sg(To(N),x) be an eigenform with respect to almost all Hecke
operators. Then m¢ is irreducible.

Proof Sketch. The basic idea is as follows. Suppose m¢ decomposes into a sum of irreducible
representations. For any constituent, the local components are almost all unramified, and
then their spherical vectors are obtained from f, so their Hecke eigenvalues are all the same.
By the classification of spherical representations, this implies that they are isomorphic. Also,
since f is of weight k by inspection of the eigenvalue for the Laplacian, and f is killed by
the lowering operator, the same holds for a vector in the archimedean component oo in
all of the irreducible constituents, so they are also isomorphic at co. Being isomorphic at
oo and almost all non-archimedean places, the Strong Multiplicity One theorem (|[Feng])
implies that the constituents are globally isomorphic, hence by Multiplicity One are the
same space. O

We now give a more careful development of the proof. Let 77 denote the closure of 7s
in Lzusp(GLQ(Q)\ GLo (AQ)v w)'
Lemma 2.3. We have a Hilbert direct decomposition
7 = P
i€l

where m; is an admissible automorphic representation.
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Proof. We use that 7y is a closed subrepresentation of L2, (GL2(Q)\ GL2(Aq),w), which
decomposes discretely by [Howel], [Howe2]. In fact we claim that any sub or quotient
representation of a Hilbert direct sum of irreducible representations is again of this form.
By duality, iﬁ\sufﬁces to prove the statement for quotients.

Let V = @V; — W be such a quotient. By Zorn’s lemma, the collection of irreducible
mutually orthogonal subrepresentations of W has a maximal element; we have to see that
there is no non-zero vector orthogonal to their Hilbert direct sum W' C W. Otherwise,
the image of some V; is non-zero in W/W’, hence gives an irreducible subrepresentation of
(W")+, which is a contradiction. O

As indicated in the proof sketch, it will suffice to show that the 7; are all isomorphic. By
Flath’s theorem, we have
I
™ = Qi

and by Strong Multiplicity One ([Feng], Theorem 1.7) it will suffice to show that for any
1,7 we have m; , = 7, ,, for almost all finite p, and at oco.
We have
o5 = Z@w ¢; € ;.
il
We must have ¢; # 0, since the projection map is G(A)-equivariant and the translates of
¢¢ generate m¢. Then ¢, is a Hecke eigenvector for T, with Hecke eigenvalue a,(f).

We can write ¢; as a finite sum of pure tensors, almost all of whose local components are
the spherical vector in 7; ,,. Hence for almost all p, the pure tensor has the same component
in at m; ,. Since the Hecke algebra acts locally, this shows that the spherical vector has
eigenvalue a,(f) for almost all p.

Next we move on to the archimedean place. The point is that the holomorphicity of f is
equivalent to ¢; being killed by the lowering operator L, while the fact that f has weight &
corresponds to

cosf sinf
—sinf cosf

¢f(gk0) = eika¢f(g)7 ko = ( ) c SOQ(R),

or in other words that ¢ is the k-weight space of U(g). Therefore each m; o has a non-zero
vector, namely ¢;, which is killed by the lowering operator and in the k-weight space. But
by the classification of irreducible admissible (g, K)-modules, this property characterizes the
discrete series of weight k, i.e. it pins down 7; o up to isomorphism. This completes the
proof. O

We can put an equivalence relation on Hecke eigenforms by saying that f ~ f’ if f and
/' share almost all Hecke eigenvalues. Then the proof of Theorem shows that:

Corollary 2.4. There is a bijection between equivalence classes of f € Mp(I'o(N),w) and
irreducible summands mf C Acusp(GLa,w).

2.2. Newforms. In Example we saw that there are maps
My (To(M), x) = My(Lo(Md), x) (2.1)
sending f(z) — f(z) and f(2) — f(dz).

Definition 2.5. The span M4(To(N)) of the images of (2.1) for all 1 < d | M in
M(To(N)) is called the space of old forms. The newforms M} (I'¢(IN)) are the orthogonal
complement of M4 (To(N), x) under the Petersson inner product.
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Example 2.6. We already know from Example [I.11] that the process of producing oldforms
doesn’t alter Hecke eigenvalues, so they must lie in the same automorphic representation.
Let’s see this explicitly.

Recall from that the modular form attached to an automorphic form is

ro =i (V7 )

Let’s see how the action of G(Ay) turns newforms into oldforms. The action is to right
multiply by
-1
p
o)

where ¢, is the inclusion of G(Q,) into G(Aq). By Strong Approximation for SLy (plus the
fact that Q has class number one), we can write any adele g € GL2(A) as

9 =179k, 7€ GL2(Q), g € GL2(R), k € Ko(N)
where K((N) is the compact open subgroup corresponding to I'g(N). Then

o )= (o))

where (7 is the diagonal inclusion of G(Q) into G(AgQ). So we see that if ® corresponds to
~1
f(2), then ¢, (p 1) ® essentially corresponds to the oldform f(pz).

Theorem 2.7 (“Classical multiplicity one”). Suppose f, f' € MRV (Lo(N)) are Hecke eigen-
forms which are newforms, and that ay(f) = a,(f’) for almost all p. Then f and f' are
proportional.

Remark 2.8. As Example shows, this is definitely false without the assumption of
both f and f’ being newforms.

2.3. The conductor of a local representation.

Theorem 2.9 (Casselman, Novodvorskii). Let F' be a non-archimedean local field with
uniformizer w and (V,7) be an admissible infinite-dimensional representation of GLa(F),
with central character w. There exists a largest ideal cond(nw) of O such that the space

Z) € Fo(cond(ﬂ))} (2.2)

a

{U: m(g)v = w(a)v for all g = (c
is non-zero, and moreover it is 1-dimensional.
Remark 2.10. The result was generalized to GL,, by Jacquet-Piatetski-Shapiro-Shalika.

The proof, which we defer to §2.9] will be by case analysis. For the principal series and
special representations, one has an explicit model of the representation. For supercuspidal
representations, one can use the Kirillov model for this purpose, but that analysis relies on
more theory. A corollary of the proof of Theorem is a more precise estimate on the
number of fixed vectors as the level increases:

Corollary 2.11. We have

dim{v: 7(g)v = w(g)v for all g € Ty(cond(r)w'} =i+ 1.
Definition 2.12. The cond(w) as in Theorem is called the conductor of .
Example 2.13. If 7 is spherical, then cond(w) = Op.
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2.4. The conductor of an automorphic representation. Now we turn our attention
to the global case.

Definition 2.14. Let 7 be a (global) automorphic representation of GLy. Then we have
by Flath’s theorem
I
™= ® Tp-
P

Define the conductor of w to be
cond(n) := HCOHd(TFp).
By Example this is well-defined.

Theorem leads to a distinguished vector in the representation 7¢. Indeed, for the
infinite place we take the lowest weight vector, and for each finite place we take a vector in
the 1-dimensional space for the conductor cond(m,). As 7, is unramified for almost
all p, becomes simply the 1-dimensional space of spherical functions, so we get a
well-defined element of Q' ,.

Proposition 2.15. The preceding construction gives a bijection between newforms and con-
stituents of my.

Proof. We first need to check that the distinguished vector ¢ induces a newform f4. Let
N = cond(rm). It is clear from the definition that 7; cannot contain any oldforms of level
N, as an oldform would give a vector invariant by a bigger group. Now, f4 is evidently a
Hecke eigenform of level I'o(NN), so by the orthogonality of different cuspidal automorphic
representations it must be a newform. This shows at least that we have a well defined
association from cuspidal automorphic representations to newforms.

Next we need to rule out the possibility that there are two different newforms f, f/ in
7. By the one-dimensionality in Theorem [2.9] if this were not the case then without loss of
generality we may assume that cond(f) | cond(f’). By Corollary the oldforms f(p'z)
account for all functions in transforming by w under I'g(cond(f’)).

|

Proof of Theorem[2.7 Theorem [2.15] plus Strong Multiplicity One for cuspidal automor-
phic representations (and the fact that modular forms of weight k have the same infinity
type, as was explained in the proof of Theorem immediately imply the classical Strong
Multiplicity One Theorem for modular forms, Theorem (]

2.5. L-functions. We now compare the classical L-function attached to a modular form
with the L-function of its associated automorphic representation.

Definition 2.16. Let f € M (To(N), x) be a modular form. We define its L-function to
be

o) ‘ . d
L= [ sy 2.
0 Yy

Explicitly, if

0o
f — § an62w1nz
n=1

then

L(f,s) = (2m)°T(s) Y _ann "
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If f is a newform, then we have T,(f) = a,f for every p, hence
—s —s —1-2s\"1
L(s, f) = 2m) " T(s) [ ] (1 — app™* + p*17%)
P
Corollary 2.17. If f € Sip(T'0(1)) is a cuspidal eigenform of level one, then we have
L(f,s) = L(my,s = *51).
Proof. We have Tpn f = a,n f. Since f is an eigenform, and T;,, T,,, commute if (m,n) =1

we have (at least formally)
Zann_s = H (Z apkp_ks) .

p

From the relation
Tpn Ty = Tynir + p* 1 Tpns
we find that (for Rep s > 0)

(Z apnpins) — (1 o appfs +pk7172s)71.

Therefore, we have

L(f,s) = (2m)"°T(s) H(l —app® FphTITE L
P
On the other hand,

L(rg,s) = (QW)_S_%F(S + %) H (1—p*p~ )11 —p*2p~*)~ "

p<oo
Since a, = p%(ps1 + p®2), this can be rewritten as

k= k-1 o= ;
Limg,s) = (2m) "= Do+ =5=) [[ 0 —ap™ ™= +p79)7"

p<oo

O

Remark 2.18. Tt is true more generally that if f € M (To(NV)) is a newform, then L(f, s) =
L(my,s). See [Gelb] §6.

However, if f is not a newform but comes from a newform f,, then we will obviously
have L(my,s) = L(ns,,s) = L(fo, s), which is not equal to L(f, s).

2.6. Proof of Theorem We proceed in cases, using the classification of irreducible
admissible representations over a local field. The proof follows [Cass].

2.6.1. Principal series. By the Iwasawa decomposition, any f € m(u1, p2) is determined by
its restriction to GL2(Op). The central character is pjuo. Since a function in 7(uq, uo) is
determined by its restriction to GLa(OF), the space

{v: (g)v = w(a)v for all g = (Z Z) E ro(wi)} (2.3)

is the same as the space of functions f: GL2(Op) — C such that

H((* 0)e (5 0)) = m@m@s@mnm@.
a v

for all g € GLy(Op), (a Z) g€ B(Z,), (C, d,) € To(w')).
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To do this, we want to compute a convenient set of coset representatives for
B(Op)\ GL2(OF) /To(w").
Note that I'g(w?) D I'(ww?), the kernel of reduction mod w?, so that
B(Op)\ GL2(OF)/To(w') = B(Op/w')\ GL2(Op /@) | B(OF /="). (2.4)

Viewing GLa(Or/w')/B(OF/w') = P1(Op/w"), the orbits of the left B(Op/w!)-action
are represented by

(1,1),(1, @), (1,@?%),...(1,=").
Tracing through what this means, it tell us that coset representatives for (2.4) are

1 0 . .
{<wj 1).]—07...,2}.
Now we compute the stabilizer: we need to solve for a,b,d,a’,b’,d" such that
a b 1 0y (1 0)\/[(d ¥V
d/\w 1) \w? 1 d

This leads to the system of equations (mod =@*):

a =a+ b

=5
wld = wld
d=d + oV

We can use this to eliminate a,b’, and d’, so the stabilizer is parametrized by a’, b, d subject
to the one equation

wlad = wld.

The issue is then to solve for the number of j such that

p(a’ + wlb)ua(d) = pa(a’)pz(a’).

for all permissible a’,b’,d. Therefore we must have cond(u;) | @’. Since we are given
that d’ = a (mod @'), we next need that cond(us) | w?~7. There is a unique solution for
cond(py) cond(puz) = @', j = cond(u1). Furthermore, we see that the number of solutions
then increases by 1 when we increment 3.

2.6.2. Special representations. Next we consider the special representations o (p| - |i1/27 ul -
|¥1/2). The same analysis as before shows that the induced representation has conductor
equal to cond(u)?. However, we have to worry whether or our-dimensional space contributes
to o (| - |F/2, u| - |FY/?) or to the 1-dimensional subquotient. It is easy to check that this
can only happen if cond(p) = O, and more work shows that it does in fact happen in this
case. Therefore, we find that

cond(m) cond(p)? cond(p) = OF
7r =
(w) otherwise
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2.6.3. Supercuspidal representation. We will use the theory of the Kirillov model. Fix an ad-
ditive character ¢: F' — C* with conductor Op. Recall that a supercuspidal representation
has a unique realization on CS°(F*) such that

(p (" Z) f) (@) = w(d)e <Za> f <%a> for all (a Z) € B(F). (2.5)

Since GLy(F) is generated by B(F) and w = (° §), the representation is completely
determined once we specify p(w).

It is more convenient to describe p(w) in terms of the Fourier transform, and it is
convenient to normalize things in the following way. For f € C°(F*) and a character
v: Of — C*, we define

fo) = | Fumw(u) du.
O

(Here the Haar measure on O is normalized to have volume 1.) Define the formal power

series

Ft) = " fav).
Since f is compactly supported, only finitely many terms can be non-zero. To get the Fourier
transform with respect to a character v of I'*, we set ¢ = v(w) and v = V| x.
F

The action of p(w) is closely related to a Fourier transform. Its effect on the Fourier
expansion is governed by the following Proposition.

Proposition 2.19 ([JL] p.48, 90-91). For every v there is a formal power series C(v,t)
such that

(p(w)f)(w,t) = Cv,t) f(v wg 't %)
for every f € C°(F™), where wy = w|0; and zg = w(w). Moreover, C(v,t) is a monomial

Co(v)t™ for some n, < —2.

Now, we want to find the v such that

p <“ Z) v = w(a)v for all <“ Z) € To('). (2.6)

c

Let H = (7(;11 (1)) Note that

—1f{a b _( a w™Mc
et g (e i)

Therefore, B(Or) and HB(Op)H ! generate I'o(w®). So (using that conjugation by H
swaps a and d), (2.6]) is equivalent to the following system of equations:

a b a b

p (c d) v = w(a)v for all < d) € B(Op). (2.7)
a b a b

Ple 4 Hv = w(d)Hv for all a) € B(Op). (2.8)

Now let’s find what constraints (2.7) imposes on f. According to the transformation
property (2.5) of the Kirillov model, (2.7) is equivalent to

w(d) (Za) 7 (50) = wlo)f(a) for an (a Z) € B(Or).
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or simplifying,

7 (%) =w(%)u (—Za) f(a) for all <“ Z) € B(OF).

Since 1 has conductor O and b/d varies freely within O, this is equivalent to:

(1) f vanishes outside O, and
(2) flua) =w(u)f(a) for all u e OF.

The second condition implies that the Fourier coefficients of I’ are supported on a particular
family of characters. Considering

f(w™u)v(u) du = f(w”)/o w(u)v(u) du

OF F
we see that (2.7) is equivalent to:
fn(v) is supported on v = W_1|o; and n > 0. (2.9)

We apply a similar analysis to (2.8)): it tells us that

w(d) (Za) (#17) (50) = w(@(H ) @), for al <“ Z) € B(Op).

which is equivalent to
(H f)n(v,t) is supported on n > 0 and v trivial. (2.10)

Let’s translate this into a statement about f. We can write

a=(2 =5 06 Y
so we can write p(H)f = p(w)([e']f). Then

(H)(1,1) = (w([=']£))(1,1)
= Co(™ (=] (w751t
——
c(1,0)
= Co(I)t™ flw™t 7 ey )tz
So what we’ve found is that (2.10]) is equivalent to:
f(v,t) is supported on v = w and n; —n —i > 0. (2.11)
Combining (2.9) and (2.11f), we find that the dimension of the space is #{i: 0 <n < i+n;}.

2.7. Local components. Let f € Sp*V(I'o(N)) be an eigenform (note that ask for trivial
nebentypus). It is natural to ask what we can say about the automorphic representation
m¢. For example, we have a classification of local representations; can we say what the local
components of w¢ are? All all the places are easy: for p = oo, the infinity type is the discrete
series of weight k. For pt N, my is spherical, and can therefore be pinpointed from its Hecke
eigenvalues.

It is difficult to say what happens at the primes p | N in general, but we now know enough
to answer this in a special case. In the course of our analysis in the proof of Theorem [2.9]
we saw the following outcomes concerning the conductors:
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Representation | Conductor
m(p1,s p2) C(#Ql)c(uz)
w(uaz) | e(u)? or ()

supercuspidal >2

Suppose N = [[p; is a product of distinct primes. Then 7y has conductor (w) at p;, so
it cannot be supercuspidal, since we saw in the proof of Theorem [2.9] that the conductor
of a supercuspidal representation is contained in w?. If T¢p, Were principal series, then its
conductor would be an even power of w since the triviality of the central character implies
cond(p1) = cond(pz). Therefore 7y, must be a special representation. In summary, we
have the following:

Theorem 2.20. Suppose N =[] p; is a product of distinct primes. If f € S(To(N)) is a
newform and T(p)f = apf for all p, then 7y has the following local components:

(1)
(2)

(3)

[Bump]

[Cass]|
[Feng]

[Gelb]
[Howel]
[Howe2]
[JL]

[Zav]

Too B8 the discrete series representation of weight k.
If (p, N) = 1 then m, is the principal series representation w(1, po) where |p;| = [¢]%
is determined by the conditions

pipz =1
k—1
ap=p 2 (p* +p*)

If p = p;, then m, is the special representation with trivial central character xy.

REFERENCES

Bump, Daniel. Automorphic forms and representations. Cambridge Studies in Advanced Mathe-
matics, 55. Cambridge University Press, Cambridge, 1997. xiv+574 pp. ISBN: 0-521-55098-X
Casselman, William. On some results of Atkin and Lehner. Math. Ann. 201 (1973), 301-314.
Feng, Tony. Whittaker models and Multiplicity One. Available at http://math.stanford.edu/
“conrad/conversesem/Notes/L22.pdf.

Gelbart, Stephen S. Automorphic forms on adAlle groups. Annals of Mathematics Studies, No. 83.
Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1975. x+4267 pp.
Howe, Sean. Discreteness for cuspidal L? for Reductive groups I. (Notes by Sean Howe and Dan
Dore.) Available at http://math.stanford.edu/ conrad/conversesem/Notes/L7.pdf

Howe, Sean. Discreteness for cuspidal L? for Reductive groups II. (Notes by Sean Howe and Dan
Dore.) Available at http://math.stanford.edu/ conrad/conversesem/Notes/L8.pdf

Jacquet, H.; Langlands, R. P. Automorphic forms on GL(2). Lecture Notes in Mathematics, Vol.
114. Springer-Verlag, Berlin-New York, 1970. vii+548 pp.

Zavyalov, Bogdan. Spherical and unitary representations. (Notes by Bogdan Zavyalov and Dan
Dore.) Available at http://math.stanford.edu/ conrad/conversesem/Notes/L15.pdf|


http://math.stanford.edu/~conrad/conversesem/Notes/L22.pdf
http://math.stanford.edu/~conrad/conversesem/Notes/L22.pdf
http://math.stanford.edu/~conrad/conversesem/Notes/L7.pdf
http://math.stanford.edu/~conrad/conversesem/Notes/L8.pdf
 http://math.stanford.edu/~conrad/conversesem/Notes/L15.pdf

	1. Hecke operators
	2. From classical modular forms to automorphic representations
	References

