MATH 396. MATRIX COMPUTATIONS ON THE EXTERIOR AND SYMMETRIC POWERS
1. Let V = R? be a vector space over R, eq, ey the standard basis of V and T: V — V the linear

map represented by the matrix
1 2
3 4

(i) Compute Sym?(T): Sym?(V) — Sym?(V).
(ii) Compute A2(T): A2 (V) — A2(V).

Solutions.
(1) We will compute the 3 x 3-matrix A of Sym?(T') with respect to the basis

{e1-e1,e1-e,e2- €2}

of Sym?(V). Recall that Sym?(7T") is uniquely characterized by the property Sym?(T)(v - v2)
T(v1) - T'(v2). Hence, we compute
Sym*(T)(e1 - e1) = T(er) - T(e1)
= (161 + 362) . (161 + 36’2)
=1le;-e1+3e1-e3+3e2-e1+9es - e

= 1le1 -e1 + 6eg - es + 9es - €9.

Similarly,
Sym?(T)(ey - e2) = T(e1) - T(e2)
= (lep + 3e2) - (2e1 + 4es)
= 2e1-e1+ 10eq - e + 12e5 - e5.
Lastly,

Sym?(T)(eq - €2) = T(ea) - T(e2)
= (261 + 462) . (261 + 462)
= 4eq - e1 + 16e1 - eg + 16e9 - €9.

Thus, the matrix A is given by

1 2 4
A=16 10 16
9 12 16

(i) The 1 x 1 matrix B of A%(T) is given by det(T) = —2.
2. Let V = R? be a vector space over R, eq, e, e3 the standard basis of V and T: V — V the

linear map represented by the matrix

1.7 8
4 3 6
1 0 -8

(i) Compute Sym?(7T"): Sym?(V) — Sym?(V).
(ii) Compute A2(T): A2 (V) — A2(V).

Solutions.
(i) We will compute the 6 x 6-matrix A of Sym?(T) with respect to the basis

{e1-e1,e1-€2,€e1-€3,e2-e2,€2-€3,e3- €3}
1



2
of Sym?(V'). The computation is as follows

Sym?(T)(e1 - e1) =T'(er) - T(er)
=(ley + 4eg + leg) - (leg + 4ea + les)
=ley-e1+4e1-eg+ leg - ez +4eq - e+
16e9 - e + 4es - e3 + leg - e +4esg - eo + leg - eg
=ler-e1 4+ 8e1-e9+ 2e1 - ez + 16eg - €9 + 8eg - €3 + leg - e3.

Similarly,

Sym®(T)(e1 - e2) =T (e1) - T(ex)
=(ley + 4des + leg) - (Teq + 3e2)
=Te1-e1+3e1-ea+28es-e1+ 12e9 - e9 + Tes - e1 + 3e3 - €3
=Te1-e1+ 3ley -eo + Tey - ez + 12e9 - eo + 3es - e3.

The remaining columns of A are computed in the same manner and the matrix A is given by

1 7 8 49 56 64
8 31 38 42 66 96
2 7 0 0 =56 —128
16 12 24 9 18 36
8§ 3 —-26 0 -—-24 -96
1 0 -8 0 0 64

A=

(ii) We will compute the 3 x 3 matrix B of A?(T) with respect to the basis
{61 Neg,e1 Nesg, ez N\ 63}.

Recall that the map A?(T) is characterized by the property that A%(T)(vy A ve) = T(v1) A T'(v2).
We compute

NT)(e1 Neg) =T(e1) NT(ez)
= (ley + 4es + leg) A (Ter + 3e2)
=Te1 Nep +3e1 ANeg +28es Aep + 12e9 Aeg + Tez Aerp + 3es A e
=3e1 ANey —28e1 Aeg — Tep Aeg — 3ea A eg
= —2be1 ANey —Tey ANes — 3es A es.

Similarly,

/\(T)(61 A 63) = T(el) AN T(eg)
= (leg + 4eg + les) A (8ey + Gea — 8es)
=06ey1 ANexy —8ey Aeg+ 32ea ANep — 32ea Neg +8ez ANep +6eg A1
=06e1 ANey —8ey Aeg —32e1 Aeg — 32e9 Neg — 8e; A eg — beg A eg
= —26e1 A eg — 16e; A eg — 38ea A eg



Finally,
NT)(e2 Nes) =T(e2) NT(es)
= (761 + 362) A (861 + 6ey — 863)
= 42e1 N eg — bbeq A eg + 24es A ep — 24eo A eg
= 18e1 A eg — bbey; A eg — 24es A eg
Thus, the resulting matrix B is given by

—25 —26 18
B=| -7 —-16 —56
-3 38 —-24



