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1. Cartier duality

Let R be a commutative ring, and let G = SpecA be a commutative group scheme,
where A is a finite flat algebra over R. Let A∨ = HomR−mod(A,R) be the dual of A.
Then A∨ has the structure of an R-module, given by

(rf)(a) = rf(a) = f(ra)

for r ∈ R and a ∈ A.
If A is a free R-algebra, then

HomR−mod(A⊗ A,R) ∼= HomR−mod(A,R)× HomR−mod(A,R),

so (A⊗ A)∨ ∼= A∨ ⊗ A∨.
If A is a Hopf algebra, we have R-algebra maps

m :A⊗ A→ A

∆ :A→ A⊗ A
η :R→ A

ε :A→ R

i :A→ A.

When we dualize these maps, we get maps
m∨ :A∨ → A∨ ⊗ A∨

∆∨ :A∨ ⊗ A∨ → A∨

η∨ :A∨ → R

ε∨ :R→ A∨

i∨ :A∨ → A∨.

We can now state Cartier’s duality theorem.
Theorem 1 (Cartier duality). With the maps given above, if A is finite flat, then A∨
is again an R-Hopf algebra, with A∨ finite and flat over R. We call G∨ = SpecA∨

the dual group scheme. Furthermore, for any R-algebra S,

G∨(S) = HomS−sch(G/S,Gm/S) ∼= HomS−Hopf (S[T±1], A⊗ S).
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We also have G∨∨ ∼= G and #G∨ = #G, and there’s also the usual duality pairing
G×G∨ → Gm, given by (g, φ) 7→ φ(g).

Proof. We’ll check the bit about the functoriality of S-points. This amounts to check-
ing that

HomR−alg(HomR−mod(A,R), S) ∼= HomS−Hopf (S[T±1], A⊗ S).

By the universal property for tensor products, we have

HomS−alg(HomS−mod(A⊗ S, S), S) ∼= HomR−alg(HomR−mod(A,R), S),

which means we can reduce to the case of S = R.
We want to show now that

HomR(HomR(A,R), R) ∼= HomR(R[T±1], A) = {a ∈ A× : ∆(a) = a⊗ a}
because of the compatibility conditions. The left side can be thought of as the set
of a ∈ A so that the assignment φ 7→ φ(a) is an R-Hopf algebra homomorphism
(identifying A∨∨ with A). Thus, we need

(φψ)(a) = φ(a)ψ(a)

for all φ, ψ ∈ A∨, but
(φψ)(a) = ((φ⊗ ψ) ◦∆)(a) = φ(a)ψ(a) = (φ⊗ ψ)(a⊗ a)

if and only if ∆(a) = a⊗ a.
We need the unit element η∨ of Hom(A,R) to map to the unit element 1 of R, so

η∨(a) = 1. The antipode property gives us that

m ◦ (idA ⊗ i) ◦∆ = η,

so m(a ⊗ i(a)) = ai(a) = 1, so a is a unit, so G∨(R) ⊂ A×, which finishes off the
proof. �

Let’s write down the duality pairing explicitly. Write Gm(S) = SpecS[T±1], and let
U be a trivializing open subset of S for the locally free sheaf OG. Let e1, . . . , eg be a
basis for OG | U , and let e∨1 , . . . , e∨g be the dual basis for OG∨ | U . The corresponding
map

OS[T±1] | U → OG | U ⊗OS |U OG∨ | U
is just

T 7→
g∑
i=1

ei ⊗ e∨i .

This map is of course independent of the choice of basis {e1, . . . , eg}.
Let’s now look at some examples of Cartier duality in action.

Proposition 2. Cartier duality commutes with base change. If Y → X is a map of
schemes and G is an X-group scheme, then (GY )∨ ∼= (G∨)Y .
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Example. The dual of µn is

Hom(µn,Gm) ∼= Hom(R[T±1], R[X]/(Xn − 1)).

If φ : T 7→ p(X) with p(U)p(V ) = p(UV ), and p(X) =
∑n−1

i=0 aiX
i, we have

n−1∑
i=0

ai(UV )i =
n−1∑
i=0

aiU
i

n−1∑
i=0

aiV
i mod (Un − 1, V n − 1).

Comparing terms, we have aiaj = 0 for i 6= j and ai = a2
i , and as φ takes 1 to 1, we

have
∑n−1

i=0 ai = 1. So, the ai are orthogonal idempotents. Thus, the ai correspond to
a point in the constant scheme (Z/nZ)R = SpecR(Z/nZ), and this is the Cartier dual
to µn.

If R has positive characteristic p > 0 and n = p, we can write down the Cartier
pairing map explicitly. This is a map

R[T±1]→ R[X]/(Xp −X)⊗R[Y ]/(Y p − 1).

We have

(Z/pZ)R = SpecR[X]/(Xp −X), µp(R) = SpecR[Y ]/(Y p − 1).

We take 1, X, . . . , Xp−1 as a basis of R[X]/(Xp − X), and let f0, f1, . . . , fp−1 be its
dual basis. We find that

fi =
f i1
i!
.

Letting exp denote the truncated exponential function

exp(ξ) = 1 + ξ +
ξ2

2!
+ · · ·+ ξp−1

(p− 1)!
,

we see that Y = exp(f1). By the construction of the Cartier pairing, we have

T → exp(X ⊗ log Y ).

In slightly more down-to-earth language, if ζ ∈ µp(U) and a ∈ (Z/pZ)(U), then the
pairing (ζ, a) is given by ζa ∈ Gm(U).

Example. Let’s now show that for R of characteristic p, αp is self-dual. Recall that
for a ring S over R, αp(S) = {s ∈ S : sp = 0}. The dual is

HomR(αp,Gm) = HomR(R[T±1], R[X]/(Xp))

= {φ(X) ∈ R[X]/(Xp) : φ(U + V ) = φ(U)φ(V )}.

Write φ(X) =
∑p−1

i=0 aiX
i. Then, comparing coefficients in the equation
p−1∑
i=0

ai(U + V )i =

p−1∑
i=0

aiU
i

p−1∑
i=0

aiV
i
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tells us that a0 = 1, a1 is a free parameter, and if p is sufficiently large, then a2 =
a2
1

2!
, a3 =

a3
1

3!
, . . . , ak =

ak
1

k!
for k ≤ p − 1. We also have ap1 = 0, so φ(U) = exp(aU)

with ap = 0, which corresponds to a point in αp(R). Thus exp(aU) exp(a′U) =
exp((a+ a′)U), so αp is self-dual.

Example. If G1 and G2 are two group schemes, we have (G1 × G2)∨ ∼= G∨1 × G∨2 .
Hence, if Γ is a finite abelian group, the diagonalizable group scheme Spec(R[Γ]) is
Cartier dual to the constant scheme Spec(R(Γ)).

Here are the explicit maps for Cartier duality for the constant scheme for an abelian
group Γ. Let {eγ : γ ∈ Γ} be the canonical basis for R(Γ). We have eγ : Γ→ R given
by γ′ 7→ δγγ′ . Then the Hopf algebra maps are given by

m(eγ ⊗ e′γ) =

{
eγ if γ = γ′,

0 otherwise.

ε(eγ) = δγ0,

e(1) =
∑
γ∈Γ

eγ,

∆(eγ) =
∑
γ′∈Γ

eγ′ ⊗ eγ−γ′ ,

ι(eγ) = e−γ.

To calculate the Cartier dual, we use the formulae

m∨(e∨γ ) = e∨γ ⊗ e∨γ ,
ε∨(1) = e∨0 ,

e∨(e∨γ ) = 1,

∆∨(e∨γ ⊗ e∨γ′) = e∨γ+γ′ ,

ι∨(e∨γ ) = e∨−γ,

where {e∨γ : γ ∈ Γ} is the dual basis. If Γ = Z/nZ is the cyclic group of order
n, the above formulae imply that (R(Γ))∨ ∼= R[X]/(Xn − 1) with comultiplication
m∨(X) = X ⊗X. Thus

(Z/nZ)∨ ∼= µn.

1.1. Group schemes of order 2. A group scheme G = SpecA of order 2 over R
is of the form SpecR[X]/(X2 + αX + β). If we replace X by X − ε(X) if necessary,
we may assume that β = 0 and that ε(X) = 0. Hence, up to isomorphism, a group
scheme of order 2 is of the form SpecR[X]/(X2 +αX). The group law is a morphism

R[T ]/(T 2 + αT )→ R[U, V ]/(U2 + αU, V 2 + αV )
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given by T 7→ a+ bU + cV + dUV . The identity map tells us that a = 0, b = 1, c = 1,
so the map is really of the form T 7→ U + V + βUV for some β. We need

(U + V + βUV )2 + α(U + V + βUV ) = 0 ∈ A⊗ A.
Expanding this out shows up that (2 − αβ)(1 − αβ) = 0. the inverse map tells us
that if T 7→ γ+ δT under the inverse map, then (1−αβ)δ = −1 is a unit, so we must
have 2− αβ = 0. Since 1− αβ = −1 already, we have δ = 1 and hence γ = 0, so the
inverse map is actually the identity (which shouldn’t be too surprising for a group
scheme of order 2!). These conditions are also sufficient. We can now classify group
schemes of order 2 completely.

Proposition 3. The scheme Gα,β = SpecR[T ]/(T 2 + αT ) with group law T 7→
U + V + βUV and αβ = 2 is a group scheme. The schemes Gα,β and Gα′,β′ are
isomorphic if and only if α = uα′ and β = u−1β′ for some u ∈ R×. The Cartier dual
of Gα,β is Gβ,α.

Since Cartier duality is a functor, it is possible to dualize maps. If k = Fp and G
is a k-group scheme, we have a Frobenius map σ : G → G which is the identity on
points and the pth power map on sections. Let G(p) be the fiber product

G(p) //

��

G

��
Spec k

σSpec k// Spec k

The induced map F : G → G(p) coming from σ : G → G and X → Spec k is the
(relative) Frobenius map.

Of course, we also have a Frobenius map on G∨, namely F : G∨ → (G(p))∨.
Dualizing this gives us a map V : G(p) → G, which we call the Verschiebung. The
compositions V ◦ F and F ◦ V are both multiplication by p.

Example. (1) For G = αp, F and V are both zero.
(2) For G = µp, F is zero and V is an isomorphism.
(3) For G = Z/nZ, F is an isomorphism.

2. Quotients for finite flat group schemes

Let R be a ring with S = SpecR, G a finite flat (commutative) R-group scheme,
and H a finite flat R-subgroup scheme of G. We’d like to construct a quotient G/H
that has reasonable properties that quotients typically have.

In the finite flat case, there’s a neat trick that allows us to construct the quotient
more easily than we would be able to do in full generality. We first prove a lemma:

Lemma 4. Let f : H → G be a map of R-group schemes. Then f is a closed
immersion if and only if the Cartier dual f∨ is faithfully flat.
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Proof. Suppose that f is a closed immersion. We apply the fibral flatness theorem to
show that f∨ is flat.

Theorem 5 (Fibral Flatness Theorem). Suppose g : X → S and h : Y → S are
locally of finite presentation and φ : X → Y is an S-morphism. Then the following
are equivalent:

(1) g is flat and φs : Xs → Ys is flat for all s ∈ S.
(2) h is flat at all points of φ(X) and φ is flat.

Hence we must show that fs : H∨s → G∨s is flat for all s ∈ S. In other words, we’ve
reduced to the case in which S is Spec of a field k.

If G = SpecA and H = SpecB, then the underlying ring map A → B is surjec-
tive, so the map on duals Hom(B, k) → Hom(A, k) is injective. Now, the desired
result follows from a Theorem proven in Waterhouse’s Introduction to Affine Group
Schemes :

Theorem 6. Let A ⊂ B be Hopf algebras over a field. Then B is faithfully flat over
A.

�

Now, the construction of quotients is as follows. Let f : H → G be a closed
immersion of finite flat commutative group schemes. Then since f∨ : G∨ → H∨ is
faithfully flat, its kernel K is also finite flat, so we have a sequence

0→ K → G∨ → H∨

of finite flat group schemes. We define K∨, together with the map G → K∨, to be
the cokernel of f , and we write G/H instead of K∨.

Definition 7. Let
0→ G′

f→ G
g→ G′′ → 0

be a sequence of finite flat group schemes. We say that this sequence is exact if
(1) f is a closed immersion, and
(2) G′′ is the cokernel of f .

It’s important to verify that G/H has the desired properties of quotients. In
particular, it should satisfy the universal mapping property of quotients, and we
should have |G/H| × |H| = |G|.

Proposition 8. The composite map H → G → G/H is zero. The group scheme
G/H satisfies the universal mapping property for quotient, namely that if G→M is
a map of group schemes so that H → G→ M is the zero map, then G→ M factors
through G/H.
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Proof. By construction, (G/H)∨ is the kernel of G∨ → H∨, so the composite map
(G/H)∨ → G∨ → H∨ is zero. Dualizing, we see that H → G → G/H is also zero.
Now suppose we have a map G → M so that H → G → M is zero. Dualizing,
we have that M∨ → G∨ → H∨ is zero. Hence M∨ → G∨ factors through (G/H)∨,
as (G/H)∨ is the kernel of G∨ → H∨. Dualizing again, G → M factors through
G/H. �

Proposition 9. H = ker(G
π→ G/H).

Proof. It suffices to check the result on Z-points. In this case, the proof is virtually
identical to that for abelian groups. �

Proposition 10. If f : H → G is a closed immersion, then π : G → G/H is
faithfully flat.

Proof. See Shatz, page 39. �

Theorem 11. |G/H| × |H| = |G|.

Proof. Consider the map G ×G/H G → G ×S H given by (x, y) 7→ (x, x−1y). (This
map does actually land in G×SH because x and y must be in the same coset modulo
H if (x, y) ∈ G ×G/H G.) This map is an isomorphism, whose inverse is given by
(a, b) 7→ (a, ab). Hence, by counting ranks in this isomorphism, we have

|G|2

|G/H|
= |G| × |H|,

or
|G/H| × |H| = |G|,

as desired. �

Proposition 12. Suppose we have an exact sequence

0→ G1 → G2 → G3 → 0,

where the Gi are finite flat commutative group schemes. Then Cartier duality gives
us another exact sequence

0→ G∨3 → G∨2 → G∨1 → 0.

3. The connected-étale sequence

Let G = SpecA be a finite flat group scheme over k. Then A is a product of local
k-algebras, A =

∏
iAi, so G = SpecA =

⊔
i SpecAi. The unit section A→ k factors

through some A0 as A→ A0 → k.

Definition 13. For ε : A→ A0 → k, G0 = SpecA0 is called the connected component
of the identity.
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If G0 is the connected component of G, then G0 is a finite flat subgroup scheme of
G.

If G = SpecA is finite flat over a henselian local ring R, we can still define the
connected component G0 in a similar manner. In this situation, G0 is the spectrum
of a henselian local R-algebra with the same residue field as R and is a finite flat
subgroup scheme of G.

We’ll now discuss étale algebras and schemes. First, we’ll work over a field k.

Definition 14. A finite k-algebra A is said to be étale if A =
∏

i ki, where each ki/k
is a finite separable field extension. A finite affine k-group scheme G = SpecA is
étale if A is an étale algebra.

Let Γ be the absolute Galois group of k. We have a functor

{finite étale algebras} → {finite Γ-sets}

given by
A 7→ Homk(A, k)

(or Homk(A, k
sep)). In fact, this functor induces an equivalence of categories. Simi-

larly, we have an equivalence of categories between the category of finite étale affine
commutative k-group schemes and finite Γ-modules.

Under this equivalence, the constant group schemes correspond to the Γ modules
with trivial Galois action.

Example. Take k = R, and look at µ3 = SpecA, where A = R[X]/(X3−1) ∼= R×C.
Then µ3(C) = HomR(R × C,C) = {f1, f2, f3}, where f1 : R → C,C → 0, f2 : R →
0,C → C, and f3 : R → 0,C → C. If σ is complex conjugation, then σ fixes f1 and
switches f2 and f3.

Theorem 15 (Cartier). If k is a field of characteristic 0, then every finite group
scheme is étale.

We also need to discuss étale group schemes over a ring. Let R be a connected
noetherian base ring, and let G be a finite R-group scheme. Then G = SpecA is étale
if it is flat, and A ⊗ k is étale for any residue field R → k → 0. Equivalently, G is
étale if the discriminant of A is a unit, or if it is nonzero on any special fiber.

Theorem 16. Let R be a henselian local ring or a field with S = SpecR, and let G
be a commutative affine group scheme, flat and of finite type over R. Then there is
an exact sequence

0→ G0 → G→ Gét → 0,

where G0 is a connected, finite flat subgroup scheme over R, and Gét = G/G0 is an
étale finite group scheme over R.
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Proof. We’ll start with some generalities. Let T be a scheme finite over S. Then
T = SpecB for some finite R-algebra B. Then B =

∏
Bi, where each Bi is a local

henselian ring. Hence T =
⊔
Ti is a finite disjoint union of connected open subschemes

Ti = SpecBi. The Ti are the connected components of T . For each i, let ti be the
closed point of Ti with residue field ki. Let s ∈ S be the closed point with residue
field k. Let α be the geometric point of S corresponding to an algebraic closure k of
k. Let Γ be the absolute Galois group of k. Then Γ acts on

T (α) = Hom(A, k) =
⊕

Homk(ki, k)

by its action on k. The functor T 7→ T (α) from finite S-schemes to finite Γ-sets
commutes with products and disjoint unions. From this, we can deduce a few things:

(1) The Ti(α) are the orbits for the action of Γ on T (α), so T is connected if and
only if Γ acts transitively on T (α).

(2) Ti×STj is connected if and only if at least one of Ti(α) and Tj(α) is a singleton
if and only if at least one of ki and kj is purely inseparable over k.

(3) The connected components of the closed fiber Ts are the closed fibers (Ti)s of
the connected components of T .

Now, suppose G is a finite S-group scheme. Let G0 be the connected component
of G which contains the image of the identity section ε : S → G. Then S is a closed
subscheme of the connected scheme G0 so they have the same residue field k. By
(2) from the above, we see that for each connected component Gi of G, Gi ×S G0 is
connected. Its image GiG

0 under the multiplication map G ×S G → G is connected
and contains GiS = Gi, so it’s equal to Gi. Hence, G0G0 = G0. The inverse map
also preserves G0 because it is an automorphism of S preserving the identity section.
Thus G0 is an open and closed subgroup scheme of G.

Since G is finite flat over S, every component of G is finite flat, so we can take
the quotient S-group scheme Gét = G/G0, and Gét is again finite flat, and |G| =
|Gét|×|G0|. Since G0 is open in G, the unit section G0/G0 = S is open in G/G0 = Gét,
so Gét is étale.

Note now that there are no nontrivial homomorphisms from a connected S-group
scheme to an étale one, because such a map would factor through the identity com-
ponent of the étale one, which is the unit section. Hence, a map of G into an étale
S-group H has kernel containing G0 and hence factors through G/G0. �

Suppose R is a henselian local ring with fraction field K, and let G be a finite flat
commutative group scheme. Then we have the connected-étale sequence

0→ G0 → G→ Gét → 0.

If we make a local base change R′/R, then G0
R′ = G0 ×R R′ and Gét

R′ = Gét ×R R′,
so in this case, the connected-étale sequence is well-behaved. Under non-local base
changes, however, the story is much more complicated.
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Proposition 17. If the residue characteristic of R is zero, then G0 = S, and G = Gét.
If it’s p > 0, then [G0 : S] is a power of p. Furthermore, if |G| is invertible in S, then
G = Gét and G0 = S.

Proof. See Tate, §3.7.II, pages 138–141. �

Definition 18. An affine finite group scheme G = SpecA over a field k is called an
infinitesimal group scheme if A is a local k-algebra with maximal ideal m, and there
is some r ∈ N so that xpr

= 0 for all x ∈ m.

Proposition 19. If R = k is a perfect field, the map G→ Gét has a unique section,
so that G is a semidirect product G = G0 oGét.

Proof. The only interesting case is that of char k = p > 0, for the characteristic zero
case is taken care of by the previous result. Let G = SpecA be a finite k-group
scheme. Let N be the nilradical of A, so that Gred = Spec(A/N). Since k is assumed
perfect, Gred is étale over k. Then Gred ×Gred is reduced, so the map

Gred ×Gred ↪→ G×G→ G

factors through Gred and hence induces the structure of a k-group scheme on Gred. Let
α = Spec(k) be a geometric point of S. Then the isomorphisms Gred(α) = G(α) =
Gét(α) show that the restriction to Gred of the map G → Gét is an isomorphism.
Thus we have a section Gét → G and thus a semidirect product decomposition G ∼=
G0 oGred = G0 oGét. Uniqueness of the section follows because a map from an étale
scheme to an infinitesimal scheme with a rational point is constant. �

We sometimes call a group scheme local rather than connected. We say G is of
type (l, e) (and so forth) if G is local and G∨ is étale (and so forth). For any such G
over a perfect field k, there is a unique decomposition

G = Ge,e ×Ge,l ×Gl,e ×Gl,l,

where the notation is what one would expect it to be.

Example. Let k be algebraically closed of characteristic p > 0. Then we can partially
classify the four basic types of commutative groups.

(1) The αpn are local-local. (There are others as well.)
(2) The only étale-étale groups are reduced of order prime to p.
(3) Étale-local groups are direct products of Z/pniZ’s.
(4) Local-étale groups are the duals of p-groups, and hence direct products of

µpni ’s.

Definition 20. We say that the Frobenius (resp. Verschiebung) is nilpotent if some
iterate F n (resp. V n) is zero.

Proposition 21. Let G be a finite flat commutative group scheme, and let F and V
be the Frobenius and Verschiebung maps, respectively.
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(1) G is étale-étale if and only if F and V are both isomorphisms.
(2) G is étale-local if and only if F is an isomorphism and V is nilpotent.
(3) G is local-étale if and only if F is nilpotent and V is an isomorphism.
(4) G is local-local if and only if F and V are both nilpotent.

4. Torsion in abelian varieties

Let A be an abelian scheme. We consider the group scheme G = A[n]. It fits into
a connected-étale sequence

0→ G0 → G→ Gét → 0.

Let’s investigate the connected component and the étale quotient. Suppose we’re
working over a complete dvr R with fraction field K, residue field k, and with n
invertible in K. Then every K-point of G lives in some finite extension K ′/K with
valuation ring R′/R and residue field k′/k, and integrality considerations show that
actually G(R′) = G(K ′). Since SpecR′ is connected, a point in G(R′) lies in G0(R′)
if and only if its specialization in Gk(k

′) vanishes. Hence G0(K) consists of those
points in G(K) whose specializations into the geometric points of Ak are 0.

So, that’s the story for the connected component of the identity. Now we need to
understand the étale quotient.

The geometric points of the n-torsion of Ak are in bijection with the geometric
points of the special fiber of the maximal étale quotient A[n]ét. If n is not divisible
by the characteristic of K and K ′/K is a large enough finite extension to contain all
the coordinates of AK [n], then A[n]ét

R′ is a constant scheme.
Suppose E is an elliptic curve over a p-adic dvr R. If E has supersingular reduction,

then E[p] = E[p]0, and the étale quotient is trivial.
If E has ordinary reduction, then E[p]0 and E[p]ét each have order p. To see that

the connected part has order p, note that the connected part commutes with passage
to the geometric special fiber, where the connected part has order p. On the other
hand, E[p] has order p2 since [p] : E → E is finite flat of degree p2.

Now, let E0 be an ordinary elliptic curve over a finite field k of characteristic p,
and let G = E0[p]. Then G = G0×Gét with G0 local of order p and Gét étale of order
p. Passing to a finite extension k′/k if necessary so that Gét as a Galois module has
trivial Galois action, we have Gét = (Z/pZ). By a result of Cartier and Nishi, the
N -torsion of an elliptic curve is always self-dual (in any characteristic), so the local
Cartier dual (Gét)∨ = (Z/pZ)∨ = µp must be G0. Mike and Brandon will discuss
how to lift E0 to an elliptic curve E over W (k) so that E[p] ∼= µp × Z/pZ as W (k)-
group schemes. If F is the fraction field of W (k)[ζp], we get a point E[p](F ) defining
(Z/pZ)F → EF whose scheme-theoretic closure in EW (k)[ζp] is µp, which is local.
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