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A and B diffuse, A+ B — 2A
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A and B diffuse,

A4+ B — 2A

Let h(x,t) = proportion of A around x at time t
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A and B diffuse,

A+ B —2A

Let h(x,t) = proportion of A around x at time t

In the limit of infinite concentration:

Och = 92h + h(1 — h)
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A and B diffuse, A+ B — 2A

1
Let h(x,t) = proportion of A around x at time t \
0 X

In the limit of infinite concentration:

Oth = 92h+ h(1 — h)  Fisher-KPP equation

For large but finite concentration:

dth = 2h+h(1—h)+(small noise term)  Stochastic Fisher-KPP equation
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Before starting...

| am a physicist

There won't be any rigorous proof

but only. ..

Heuristics Arguments Ideas Hand-waving
Conjectures Theories Plausible explanations Intuitions
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Diffusive processes
dep+divj=0, j=-Dgradp = 9;p= DAp; (x?) = 2Dt
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| am a physicist

There won't be any rigorous proof

but only. ..

Heuristics Arguments Ideas Hand-waving
Conjectures Theories Plausible explanations Intuitions

Diffusive processes
dep+divj=0, j=-Dgradp = 9;p= DAp; (x?) = 2Dt

The mathematician’s convention The physicist’'s convention
(x3) =t D=1
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Outline

@ Deterministic Fronts
1 h

dch = 07h + h(1 — h)

h(x,t+1) = min [I,Z/Ide h(x —, t)]
0
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Outline
@ Deterministic Fronts

1 h
deh = 02h + h(1 — h)
1
h(x,t+1) = min [1,2/ de h(x — ¢, t)]
0 ¥ 0
© Stochastic Fronts
1 h
deh = 82h + h(1 — h) + (small noise term)
1
h(x,t+1) = min [1,2/ de h(x—e,t)+...]
0 X 0
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Outline

@ Deterministic Fronts
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© Stochastic Fronts

1

0

h

h

X

dth = 82h+ h(1 — h)

h(x,t+1) = min [1,2/1de h(x —, t)]

deh = 82h + h(1 — h) + (small noise term)

1
h(x,t+1) = min [1,2/ de h(X—e,t)—l—---]
0

© Fronts and Branching Brownian Motion
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Deterministic fronts

Oth = 02h+h — h?

h(x, t) = 0 is an unstable solution

h(x,t) =1 is an stable solution

] —
what if h(x,0) = ( ) 7
0
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Deterministic fronts

Oth = 02h+h — h?
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Deterministic fronts

Oth = 02h+h — h?

h(x, t) = 0 is an unstable solution
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Questions

If h(x,0) = (1_ 0),

0

h(Xe + 2, t) ——— f(2)

with
Xt = (position of the front)
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Questions

If h(x,0) = (1_ 0),

0

h(Xe + 2, t) ——— f(2)

with
Xt = (position of the front)

h(Xe,t) = 1/2
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Questions

If h(x,0) = (1_ 0),

0

h(Xt + z, t) t—>—oo> f2(Z)

with
Xt = (position of the front)

h(Xe, t) =1/2  h(X;, t) = 10710

Eric Brunet (Paris) FKPP Equation

Banff 2010

6 / 50



Questions

If h(x,0) = (1_ 0),

0

h(Xe + z,t) —— f(2)

with
Xt = (position of the front)

h(Xet) =1/2  h(Xet) =107 | X, = — / dx xOxh(x, t)

Eric Brunet (Paris) FKPP Equation Banff 2010 6 / 50



Questions

If h(x,0) = (1_ 0),

0

h(Xe + z,t) —— f(2)

with
Xt = (position of the front)

h(Xet) =1/2  h(Xet) =107 | X, = — / dx xOxh(x, t)

h(z) = <1> = (final shape of the front)

Eric Brunet (Paris) FKPP Equation Banff 2010 6 / 50



Questions

If h(x,0) = (1_ 0),

0

h(Xe + z,t) —— f(2)

with
Xt = (position of the front)

h(Xet) =1/2  h(Xet) =107 | X, = — / dx xOxh(x, t)

h(z) = <1> = (final shape of the front)

| What is X, 7 What is £(z) ?

Eric Brunet (Paris) FKPP Equation Banff 2010 6 / 50



Questions

If h(x,0) = (1_ 0),

0

h(Xt + z, t) m fz(Z)
with
Xt = (position of the front)

h(Xet) =1/2  h(Xet) =107 | X, = — / dx xOxh(x, t)

h(z) = <1> = (final shape of the front)

| What is X, 7 What is £(z) ?

Answer:

3 3ym  a az/2
Xt:2t—§Int+ao—%+Tl+t3—;2+--- for large t
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Questions

If h(x,0) = (1_ 0), or if h(x,0) = (1_/\\_0)

0

h(Xt + z, t) m fz(Z)
with
Xt = (position of the front)

h(Xet) =1/2  h(Xet) =107 | X, = — / dx xOxh(x, t)

h(z) = <1> = (final shape of the front)
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Answer:
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Many equations, same kind of behavior

3 37
h=08%h+h— h X, =2t — = | Vo
Oth = 95 h + : ¢ =2t—Int+a \/_+ St
o = = > =
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Many equations, same kind of behavior

3 3ﬁ dai
h=08%h+h— h Xy =2t — =1 IV L2
Oth = 03h + , ¢ =2t—3Int+a \/?+t+
h h(x — —2h
B, t +€) = h(x, £) + ¢ (x +s,t)+ h(x —s,t) (X’t)+h—h2

52
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Och = 92h+h—h>,
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Many equations, same kind of behavior

3 3ﬁ dai
h=0d?h+h—h X, =2t—=Int B
O dxh+ ) t t 5N + ao G + . +
h h(x — —2h
h(X,t—l—E):h(X,t)—l-é (X—|—S,t)—|— ();2 Sat) (X’t)—|—h—h2
Och = 92h+h—h>, drh(x,t) = 2h(x—1,t)— h(x, t) — h(x —1, t)?
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Many equations, same kind of behavior

3 3ﬁ dai
h=0d?h+h—h X, =2t—=Int B A
O dxh+ ) t t 5N + ao G + . +
h h(x — —2h
Och = 92h+h—h>, drh(x,t) = 2h(x—1,t)— h(x, t) — h(x —1, t)?

h(x,t+ 1) = min [1,2/01 dy h(x — vy, t)]
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Many equations, same kind of behavior

Oth=02h+h— h?, Xt:2t—g|nt+ao—ﬁ+a—;+---

Vit
h(x,t+€) = h(x,t) +€ {h(x Tt h(;— 8 Z2h6t) |y hZ}
Och = 92h+h—h>, deh(x,t) = 2h(x—1,t)— h(x, t) — h(x —1, t)?

h(x,t+ 1) = min [1,2/01 dy h(x — vy, t)]

Fronts propagating into an unstable state
h =0 and h =1 are solutions
h = 0 is unstable (growth term), h = 1 is stable (saturation term)
First order equation in time, some mixing (diffusion) in space
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Many velocities

Oth=02h+ h— h?
Uniformly translating front such that h(x,t) = f,(x — vt)

O2f, + vOf, + f, — 2 =0
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Many velocities

Oth=02h+ h— h?
Uniformly translating front such that h(x,t) = f,(x — vt)

02, + vOf, + f, — £2 =0

Look in the unstable region, where f,(z) < 1
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Many velocities

Oth=02h+ h— h?
Uniformly translating front such that h(x,t) = f,(x — vt)

O, + v, + f, £ fF =0
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Many velocities

h(x,t) = f,(x — vt) < 1, linear equation, f,(z) ~ e 7% or h ~ e 7x=v1)
dth = 82h+ h — h?

=

ywh=~*h+h =
1
h(x,t+ 1) = min [1,2/deh(x—e, t)
0

1
] = e“"’h:2/d
0

1
ee’”h = v(y)=—1In

Vo) =7+ =

o]
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Many velocities

h(x,t) = f,(x — vt) < 1, linear equation, f,(z) ~ e 7% or h ~ e 7x=v1)

1
Oth=0lh+h—h = wh=~vh+h = v(7)=7+-
5

1 1 1
h(x,t+ 1) = min [1, 2 /ie h(x — €, t)] = e"h=2 /de e*h = v(v) = 1 In [2 /de e“’6:|
2l
v 0 0 0

A
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Many velocities
h(x,t) = f,(x — vt) < 1, linear equation, f,(z) ~ e™7% or h~ e Y(x~Vt)
dh=32h+h—h = vh=~*h+h = v(»y):»y+l
5

1 1 1
h(x,t+1) = min [1, 2 /ie h(x — e, t)] = ee"h=2 /de e’h = v(y)= 1 In [2 /de e“’6:|
2l
v 0 0 0

A

h
1

.
f, ~ Ay 4 Aye= 2 Vv

nY
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Many velocities

h(x,t) = f,(x — vt) < 1, linear equation, f,(z) ~ e 7% or h ~ e 7x=v1)

1
Oth=0lh+h—h = wh=~vh+h = v(7)=7+-
5

1 1 1
h(x,t+1) = min [1, 2 /ie h(x — e, t)] = ee"h=2 /de e’h = v(y)= 1 In [2 /de e“’{|
2l
v 0 0 0

A h
1
.
f, ~ Aje "M% + Aye 712? v
0 3
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Many velocities
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Many velocities

h(x,t) = f,(x — vt) < 1, linear equation, f,(z) ~ e 7% or h ~ e 7x=v1)

1
Oth=0lh+h—h = wh=~vh+h = v(7)=7+-
5

1 1 1
h(x,t+1) = min [1, 2 /ie h(x — e, t)] = ee"h=2 /de e’h = v(y)= 1 In [2 /de e“’6:|
2l
v 0 0 0

A h
1
f, =~ Aje™MZ 1 Aye™ 722 v> v
0 {
h
v* 1
f, ~ (Az + B)e "7 v=yv’
Y 0
7 ]
Fronts with v < v* are unstable )
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Linear perturbation

ath:a§h+h7£/77,
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Linear perturbation

Och=02h+hihd, h(x,0)= <l_n_o>

h(x,t) =
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Linear perturbation

Och=02h+hihd, h(x,0)= <l_n_o>

h(x,t) =

2

€
e exp | — o+t
Vart p[ 4t ]

At a position x = vt + y

2 2
€ "4 Vv
h(vt+y,t) = \/mexp [(1_T>t_?y_i_t]
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Linear perturbation

Och=02h+hihd, h(x,0)= <l_n_o>

%2
]

€
h(X, t) = mexp — 4t

At a position x = vt + y
2 2
€ % vy oy
h(vt+y,t) = e exp [(1 — T)t -~ 4_t]

A linear perturbation moves
at velocity v = v* (= 2)

h(2t +y,t) =

e %)
47t > 4 4t
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Linear perturbation

Och=02h+hihd, h(x,0)= <l_n_o)

%2
]

€
h(X, t) = \/ﬁexp — 4t

At a position x = vt + y

h(vt+y,t) =

2 2

€ v vy oy
1—— Jt— = —=—
Vit P [( 4 > 2 41’]

A linear perturbation moves B2t +y, t) = € o y_2
at velocity v = v* (= 2) y,t) = \/mexp y T

At a positionx:2t—%|nt+z

1 1 1 2
h(2t—§|nt+z):e exp —z+§|nt_i_t+...}

VAt
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Linear perturbation

Och=02h+hihd, h(x,0)= <l_n_o)

€ X2
h(X,t):\/ﬁeXp —E‘i‘t

At a position x = vt + y

h(vt+y,t) =

2 2
€ v vy y
l1—— |t — = —>—
Vart P [( 4 > 2 4t]
A linear perturbation moves € y?
at velocity v = v* (= 2) e ) = VATt P [_ Y~ 4t
At a position x = 2t — lInt+z

e[ AT
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Shape and velocity

Och = 02h+ h £ 3,
For v > v*,

fv ) Al e A2e_72z

*<

T A
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Shape and velocity

Och = OZh+ h— 1,
For v > v*,

1%
A
fv ~ Ale_’Y1z + Aze_,bz . |
Apre 212 4+ Appe= (47202 4 Ayye=2027 4 v L
YY"

72
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Shape and velocity

Och = OZh+ h— 1,
For v > v*,

fv ~ Ale_’Y1z +
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Shape and velocity
Oth=02h+ h— h?,

For v > v*, f, ~Aje "% +...

A fast front decays slowly in space
A slow front decays quickly in space
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Shape and velocity
Oth=02h+ h— h?,

For v > v*, f, ~Aje "% +...

A fast front decays slowly in space
A slow front decays quickly in space

log h

What is ahead wins |
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Shape and velocity
Oth=02h+ h— h?,

For v > v*, f, ~Aje "% +...

A fast front decays slowly in space
A slow front decays quickly in space

log h

_ ) If h(x,0) ~ e " with v <~*,  then v = v(y)
What is ahead wins | If h(x,0) < J then v — v*. J
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When it does not work — pushed fronts
For v > v* and z large
f, ~ Aje” % + Aye 7?7 4 A11e72'ylz + -

~ A1 e M?

A fast front decays slowly in space
A slow front decays quickly in space
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When it does not work — pushed fronts
For v > v* and z large
f, ~ Aje” % + Aye 7?7 4 A11e72'ylz + -
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A fast front decays slowly in space
A slow front decays quickly in space

v

What if Ay <07
Ah

! A >0
T o
\‘:* Al‘ f/(m
A1 depends on v : ‘* : 5
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When it does not work — pushed fronts
For v > v* and z large

f, ~ Aje” % + Aye 7?7 4 Allefzfylz + -
~ Ale_%z

A fast front decays slowly in space
A slow front decays quickly in space J

v
What if Ay <07
4h A >0

' h(x,0) ~ e~

sz, =Y i n

L V= ve if h(x,0) < e ¥

V" op

0

A1 depends on v
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Summary

Pulled fronts propagating into an unstable state
h h
1 1

A\ > 0
*
v < v*, unstable v > v*, stable

X

Pushed fronts propagating into an unstable state
h h
1 1

\ Lo

0 50

v < v*, unstable v* < v < v€, unstable v > v©, stable

X

An initial condition decaying fast enough leads to the slowest stable front
A pulled front goes at the same speed as a linear perturbation

A pushed front goes faster than a linear perturbation

A front can be pushed only if the non-linearities increase the growth rate
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An example

Oth = 02h + (h — h*)(1 + ah)

h = 0 unstable, h =1 stable, v(y) =~v+ % y*=1and v =2

Eric Brunet (Paris)

FKPP Equation
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An example

Oth = 07h+ (h— h*)(1 4 ah) i

2

h = 0 unstable, h =1 stable, v(y) =~v+ % v*=1land v* =2 ey
We look for uniformly translating solutions h(x,t) = f,(x — vt)
The solution is known for one value of v:
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1 1
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An example

dch = 92h + (h— K)(1 + ah) R

h = 0 unstable, h =1 stable, v(y) =~v+ % v*=1land v* =2
We look for uniformly translating solutions h(x,t) = f,(
The solution is known for one value of v:

1 1
For7:\/§andV=’Y+jY fv(z):—{l—tanh%]

72

ny
X — vt)

2
But fv(z) —e 7% e—2’yz + 6_372 _
instead of f,(z) = Are ™ "% + Age 2% ...

Either 7 or 77 is missing (A1 =0 or A, =0)
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An example

Oth = 02h+ (h — h?*)(1 + ah) v p

h = 0 unstable, h =1 stable, v(y) =~v+ % ~v*=1and v* =2 ey
We look for uniformly translating solutions h(x,t) = f,(x — vt)
The solution is known for one value of v:

1 1
Forry:\/gandv:fy+7y fv(z):—{l—tanh%]

72

2
But fv(z) —e 7% e—2’yz + 6_372 _
instead of f,(z) = Are ™ "% + Age 2% ...

Either 7 or 77 is missing (A1 =0 or A, =0)
If & > 2, then v = 7,, and A; = 0, and the front is pushed with

a+ 2
Ve =1/—= —
¢ 2 o
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Bramson's result
| —
For h(x,0) = (

with

X
), Tt — v*and h(X; + z,t) = v+ (2)
0 —00
0

f,-(z) = (Az+ B)e 7'? for large z
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Bramson's result
| —
For h(x,0) = <

X
), Tt — v* and h(X; + z, t) = v(2)

. 0 O
with
f«(z) ~ (Az+ B)e 7 * for large z
120 T T T T T

No100 f E
© 80 X

= - N\ 1
N 60 | RN % 1
oot N, ]
x & 7

= 20t \s Q E

0 Il I L

0 20 40 60 80 100 120
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Bramson's result

— X
For h(X,O):( )v Tt_>v* and h(Xt+Zat)t—> v(2)
0 —00
0
with
f,-(z) = (Az+ B)e 7'? for large z
120 —_—
~100 ] z\ .,
o8 N ] h(XH'Z)%\/ES(W)ﬁ'7
- | & 0
:i 4612 I e\é \\%\0 R S(u) = u for small u (z < V't)
T ol ”\\\f @ 1 S(u) decays fast for large u (t < z2)
0 L I L

0 20 40 60 80 100 120
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Bramson's result
| —
For h(x,0) = <

X
), Tt — v* and h(X; + z, t) = v(2)

0
with
f,-(z) = (Az+ B)e 7'? for large z
120 T T T T T
N 100 F R *
% g0 h(Xe+2) ~ VES (i) e
= i N i Vit
N 60 L Q % S(u) ~ u f | Vi
ol S % (u) = u for small u (z < Vt)
T a0l ”\\\f @ 1 S(u) decays fast for large u (t < z2)
0 L I L

0 20 40 60 80 100 120

u 3
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Bramson's result

— X
For h(X,O):( )v Tt_>v* and h(Xt+Zat)t—> v(2)
0 —00
0
with
f,-(z) = (Az+ B)e 7'? for large z
120 T
~ 100 z\ .,
= 80 N h(XH'Z)%\/ES(W)ﬁ'7
N 60 L Q % ] S(u) ~ u f | Vi
+ 0 S % | (u) = u for small u (z < Vt)
3 2 N4 1 S(u) decays fast for large u (t < z2)
0 L I L

40 60 8 100 120

2

u 3
S(u) = ue” 4= and Xt:v*t—ﬁlnt—}----

Solution of the linearized equation 0;h = 02h + h

h(2t +y,t) = {

Y
eV w,

1
Vart

Eric Brunet (Paris) FKPP Equation Banff 2010 15 / 50



Bramson's result

1— X, .
For h(x,0) = < 0 0), 2t and KX+ 2, ) e (2)
with
f,-(z) = (Az+ B)e 7'? for large z
120 T T T T T
No100 | 1 z\ .
o8 . ] h(Xr+Z)%\/ES<W)eVZ
N 60 L Q % S(u) ~ u f | Vi
ol S % (u) = u for small u (z < Vt)
T a0l ”\\\f @ 1 S(u) decays fast for large u (t < z2)
0 L I L

0 20 40 60 80 100 120

2

u 3
S(u) = ue” 4= and Xt:v*t—ﬁlnt—}----

Solution of the linearized equation 0;h = 02h + h

1
h(2t +y,t) = {\/4_me‘y‘i—r,
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Bramson's result

— X
For h(X, 0) = < )v AL and h(Xt + z, t) _ V*(z)
o 0 t t—o00
with
f,-(z) = (Az+ B)e 7'? for large z
120 T T T T T
N 100 F R *
% g0 h(Xe+2) ~ VES (i) e
= i A i Vit
N 60 N S(u) ~ u f | Vi
a0l O (u) =~ u for small u (z < Vt)
T a0l ”\\\f @ 1 S(u) decays fast for large u (t < z2)
0 L I L
0 20 40 60 8 100 120
V4 u2 3
S(u) = ve 4= and X; = v*t—ﬁlnt—}----
Solution of the linearized equation 0;h = 02h + h
1 2 1+ L ¥ y v
h(2t+y,t) = eV Tw, —2leVm, L __e V¥V m
( v 1) {\/47rt VATt VAart3/2
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Outline

1 h
Bch = 02h + h(1 — h)
1
h(x,t+1) = min [1, 2/ de h(x — ¢, t)]
0 S 0
© Stochastic Fronts
1 h
deh = 82h + h(1 — h) + (small noise term)
1
h(x,t+1) = min [1,2/ de h(x—e,t)+...]
0 X 0
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Why the noise 7
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Why the noise ?
A and B diffuse, A+ B — 2A
Let h(x, t) = proportion of A. In the limit of infinite
concentration; d:h = 92h + h(1 — h)
What to write for a finite concentration ?
N particles on one site, n; = number of A, and N — n; = number of B
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Why the noise ?

A+ B —2A with rate 1/N
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Let h(x, t) = proportion of A. In the limit of infinite
wweniteiltl concentration; d:h = 82h 4 h(1 — h)

Ve What to write for a finite concentration ?
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) ) n: +1 with probability %nt(N — ng)
Assuming n; given, neyq: = ) N d
n: with probability 1 — 5 n:(N — ny)
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Why the noise ?

A and B diffuse, A+ B —2A with rate 1/N
Let h(x, t) = proportion of A. In the limit of infinite
aieet concentration; Och = O2h+ h(1 — h)
* %% .tees]  \What to write for a finite concentration ?
N particles on one site, n; = number of A, and N — n; = number of B

) ) ne +1 with probability 4 S ne(N — ng)
Assuming n; given, niyqr =
ng with probability 1 — Wnt(N — )

(Negar) = ne + 57 nt(N —n¢), Variance(nyqe) = %nt(N — Ny)
nt+dt = nt—i—%nt(N—nt)—i—Rt %nt(N — nt) Wlth <Rt> = 0 and <R§> =1

Oene = W + e W with (nene) = 6(t — t')

_ n h(1— h
With h:Nt, dth = h(1 — h) 4+ n: (N)
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Why the noise ?

A and B diffuse, A+ B —2A with rate 1/N
Let h(x, t) = proportion of A. In the limit of infinite
aieet concentration; Och = O2h+ h(1 — h)
* %% .tees]  \What to write for a finite concentration ?
N particles on one site, n; = number of A, and N — n; = number of B

) ) ne +1 with probability 4 S ne(N — ng)
Assuming n; given, niyqr =
ng with probability 1 — Wnt(N — )

(Negar) = ne + 57 nt(N —n¢), Variance(nyqe) = %nt(N — Ny)
nt+dt = nt—i—%nt(N—nt)—i—Rt %nt(N — nt) Wlth <Rt> = 0 and <R§> =1

Oene = W + e W with (nene) = 6(t — t')

h(l—h
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Other examples

N (= 3) particles, at each time step a particle at x gives two offspring at
positions x + €1 » with € € [0, 1] random. Keep only the N rightmost.

W
Time
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Other examples

N (= 3) particles, at each time step a particle at x gives two offspring at
positions x + €1 » with € € [0, 1] random. Keep only the N rightmost.

Position number of particles on the right of x
h(x,t) =
N
Time

1
h(x,t+ 1) = min [1,2/ dy h(x —y, t) + noise
0
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Other examples

N (= 3) particles, at each time step a particle at x gives two offspring at
positions x + €1 » with € € [0, 1] random. Keep only the N rightmost.

Position number of particles on the right of x
h(x,t) =
N
Time

1
h(x,t+ 1) = min ll, 2/ dy h(x — y, t) + noise
0

Branching Brownian Motion plus saturation

@ Particles do a Brownian motion

@ With rate 1, they split
plus
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Other examples
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positions x + €1 » with € € [0, 1] random. Keep only the N rightmost.
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N
Time

1
h(x,t+ 1) = min ll, 2/ dy h(x — y, t) + noise
0

Branching Brownian Motion plus saturation

@ Particles do a Brownian motion

@ With rate 1, they split
plus
o When a (N + 1)t particle
appears, remove the leftmost to
keep only N
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Other examples

N (= 3) particles, at each time step a particle at x gives two offspring at
positions x + €1 » with € € [0, 1] random. Keep only the N rightmost.

Position number of particles on the right of x
h(x,t) =
N
Time

1
h(x,t+ 1) = min ll, 2/ dy h(x — y, t) + noise
0

Branching Brownian Motion plus saturation

@ Particles do a Brownian motion

@ With rate 1, they split
plus
o When a (N + 1)t particle
appears, remove the leftmost to
keep only N
@ Or two particles crossing have a
1/N chance of coalescing
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The noise term

, h
growth term ~ h noise term ~ N

(Mx,¢) = 0
(Nx,exre) = 0(t — )3(x — x')

Och = O2h+h(1—h)+7 W with{
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The noise term

Oth = 8>2<h+h(1—h)-|—77 h(ll\7 h) with {<77x,t>

growth term = h

[ h
noise term ~ {/ —
N

=0

(Mx,txr ) = 8(t — t')5(x — x')

The front (almost surely) reaches 0 and 1

4

1

+h
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The noise term

, h
growth term ~ h noise term ~ N

Ok = it h(1— k)t TP {<””> =0

N <nx,t77x’,t’> =0(t — t/)5(x - X,)

The front (almost surely) reaches 0 and 1

4

1

+h

G

Eric Brunet (Paris) FKPP Equation Banff 2010 19 / 50



The noise term

, h
growth term ~ h noise term ~ N

h(1—h) (Mx,e) =0
O:h = 82h+h(1—h == with :
t X + ( )+77 N Wi {<T)x7t'r]x’,t’> — 6(t _ t/)(S(X _ X,)

The front (almost surely) reaches 0 and 1

sh

his continuouskj h is discrete
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The noise term

, h
growth term ~ h noise term ~ N

Ok = it h(1— k)t TP {<”va> =0

N <nx,t77x’,t’> =0(t — t/)5(x - X,)

The front (almost surely) reaches 0 and 1

4

1

+h

his continuouskj h is discrete

Nh ~ number of particles
if h#0, then h>1/N
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The noise term

, h
growth term ~ h noise term ~ N

h(1—h) . [(nxe) =0
deh = O2h+h(1—h)+ny/ ———~  with ’
f A=y = ™ {<nx,mxl,tf> = 5(t — t)5(x — x)

The front (almost surely) reaches 0 and 1

sh

his continuouskj h is discrete

For O:h = h +17t\/%, if h(0) <1/N, Nh ~ number of particles
then, probably, h(t) — 0 if h#0, then h>1/N
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The cutoff approximation

{8th = 2h+ h— 1 L AT Y

Wherever h is of order ﬁ it should go quickly to zero

Eric Brunet (Paris) FKPP Equation Banff 2010 20 / 50



The cutoff approximation
Oeh = 02h+ h— 0% A /o JH0h FIEY
Wherever h is of order ﬁ it should go quickly to zero

a(Nh) =1 if Nh>1

Oth = 92h+ (h — h*)a(Nh)  with
‘ (h= ) a(NR)with { Sovm)y <1 if Wb < 1
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The cutoff approximation
Och = %h+ h— 1P AJ(f /P
Wherever h is of order % it should go quickly to zero

a(Nh) =1 if Nh>>1

Oth = 92h+ (h — h*)a(Nh)  with
‘ (h=R7)a(Nh) with 3 ) <1 if b < 1

Other example in the discrete

1
h(x,t+ 1) = min [1,2/ dy h(x —y,t)+ noise}
0

replaced by

2[01 dy h(x —y,t) if that number is between 1 and 1
h(x,t+1) =<1 if the number above is larger than 1

0 if the number above is smaller than %
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The cutoff approximation
0ch = O2h+h— £ A Y
Wherever h is of order ﬁ it should go quickly to zero

a(Nh) =1 if Nh>1

Oth = 92h+ (h — h*)a(Nh)  with
‘ (h= ) a(NR)with { Sovm)y <1 if Wb < 1

Other example in the discrete

1
h(x,t+ 1) = min [1,2/ dy h(x —y,t)+ noise}
0

replaced by

2[01 dy h(x —y,t) if that number is between 1 and 1
h(x,t+1) =<1 if the number above is larger than 1

0 if the number above is smaller than %
It looks likely that viPise ~ vHteff J
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The cutoff approximation

{VKIUtOff < v

The shape of the front should “reach” h =10
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{VKIUtOff < v

The shape of the front should “reach” h =10
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v < v*

A 4o
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The cutoff approximation

{VKIUtOff < v

The shape of the front should “reach” h =10

With cutoff

=}
A Lo
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The cutoff approximation

{VKIUtOff < v

The shape of the front should “reach” h =10

1 7:7R+I’Y/ v = V(")/) (real)
= i —YRZ
With cutoff f,(z) = Csin(y,z + ¢)e
'
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The cutoff approximation

{VKIUtOff < v

The shape of the front should “reach” h =10

1 Yy=9r +iv1 v=v(y) (real)
With cutoff f(z) = Csin(yiz %%)e_wz
0 >
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The cutoff approximation

{VKIUtOff < v

The shape of the front should “reach” h =10

. y=9r+in v =v(y) (real)
. f,(z) = Csi ~RZ
With cutoff (2) = Csin(y1z %%)e
Let L > 1 the value of z where the
. cutoff happens

0 » 1
L~ —RL =
yk~=n e N

Eric Brunet (Paris) FKPP Equation Banff 2010 21 /50



The cutoff approximation

VKIUtOff < v*
{The shape of the front should “reach” h =0

. Yy=9r+iv v=v(y) (real)

. f,(z) = Csi ~RZ
With cutoff (2) = Csin(y1z %7{)6
Let L > 1 the value of z where the
. cutoff happens

yiL~ e R~

=~

v <1 = g ~~" to have v(v) real

In N AL TZ «
L~ f(z) ~ —sin|— |e 7 7%
~ (2) 7Tsm<L)e
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The cutoff approximation

In N AL .
L~ f,(z) = —sin <E> e’ ?

v T L
4 T T T T T T T T T
-~ N=10"
35 F . N = 1015 B
3L N= 101? i
- N=10
N L .
* 2.5 - N =10°
22 -
X
< 1.5+ i
1t J
0.5 | i
0 1 1 1 1 1
-4 -2 0 2 4 Z6 8§ 10 12 14

L 212

2 M (A%
v,cvutofF: v(v) = V(,y*_i_,'z) — v TV ()
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Beyond the cutoff approximation

Cutoff:

. T(")/*Z —~v*z toff * a 1
f,(z) ~ Csteln N'sin ( ) e 7 and vyt = v — +0 (—)
(2) In N N In2 N In3 N

u}
)
I
il
tht
n
5
Py
Pl
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Beyond the cutoff approximation

Cutoff:

*

. Yy Z Ak toff * a 1
f,(z zCsteInNsm( )e 72 and vyttt = v — —1—(9(—)
(2) In N N In2 N In3 N
Deterministic equation = no fluctuation, no diffusion
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Beyond the cutoff approximation

Cutoff:

*

. Ty Z —~v*z toff * a 1
f,(z) ~ Csteln N'sin e 7 and vyt = v — +0 (—)
() | (mm) W 2N \in3 N

Deterministic equation = no fluctuation, no diffusion

Noisy equation:

Position of the front fluctuates:
(Position) ~ vyt and Variance(Position) ~ D¢ t
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Beyond the cutoff approximation

Cutoff:

*

. Ty Z —~v*z toff * a 1
f,(z) ~ Csteln N'sin e 7 and vyt = v — +0 (—)
(2) '(MN> W 2N \in3 N

Deterministic equation = no fluctuation, no diffusion
Noisy equation:

Position of the front fluctuates:

(Position) ~ vi®s® t  and  Variance(Position) ~ DR t
i a , b
VR10|5e ~ v — and DR,OIse ~

(InN +31Inln N)2 In® N
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Beyond the cutoff approximation

Cutoff:

*

. Ty Z —~v*z toff * a 1
f,(z) ~ Csteln N'sin e 7 and vyt = v — +0 (—)
(2) '(MN) W 2N \in3 N

Deterministic equation = no fluctuation, no diffusion
Noisy equation:

Position of the front fluctuates:

(Position) ~ vi®s® t  and  Variance(Position) ~ DR t
i a . b
VPRt vt — and phoise ~
N (InN +3Inln N)2 N
2 %2 (% A % ([ %
s 14 T v
with a= fy—(f}/) b= v (7 )
2 3
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Watching the fluctuations
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Main scenario

@ A Sine shape. Cutoff approximation mostly correct
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A Sine shape. Cutoff approximation mostly correct
Dynamics dominated by rare and large fluctuations

Fluctuations relax almost deterministically

A fluctuation relaxes before another occurs

Let...
@ J be the size of a fluctuation
@ p(d) the probability per unit time of observing a fluctuation of size §
@ R(J) the long term effect on the position of the front of a fluctuation
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Main scenario

A Sine shape. Cutoff approximation mostly correct
Dynamics dominated by rare and large fluctuations

Fluctuations relax almost deterministically

A fluctuation relaxes before another occurs

Let...
@ ¢ be the size of a fluctuation
@ p(9) the probability per unit time of observing a fluctuation of size &
@ R(J) the long term effect on the position of the front of a fluctuation
Then, with (time to relax) <« At < (time between two fluctuations)

R(6) proba. Atp(d)dd

% — X, + vcutofFAt+
t At t N 0 proba. 1 — At [ p(d)do
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Main scenario

A Sine shape. Cutoff approximation mostly correct
Dynamics dominated by rare and large fluctuations

Fluctuations relax almost deterministically

A fluctuation relaxes before another occurs
Let...
@ J be the size of a fluctuation
@ p(9) the probability per unit time of observing a fluctuation of size &
@ R(J) the long term effect on the position of the front of a fluctuation
Then, with (time to relax) <« At < (time between two fluctuations)

R(6) proba. Atp(d)dd

% — X, + vcutofFAt+
t At t N 0 proba. 1 — At [ p(d)do

VRIOise _ VX/UtOfF+/d5 p(5)R(5), DRIOise — /d5 p(5)R(5)2
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What does a fluctuation look like 7

Ah(x)
1
hoo 1/N
0 < ><—> x=
[ =N 0

v
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What does a fluctuation look like 7

h(x)
1
ho< 1/N
0 —% < ;/ >
__InN
L="5Y ]
4 Nh(x)
he<1/N
0 > ><—> x=
— N
L=735 o
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What does a fluctuation look like 7

Nh
hx) (x)
1
he<1/N hoc1/N
0 —3 s >0 b
_ InN _ InN
L=14 ) L="1% §
4 h(x)e?™
0 > re—> ;
_ InN
L= 7 1)
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Distribution of ¢

PO~ G

Eric Brunet (Paris)

FKPP Equation
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Distribution of 9

p(6) ~ Cre™ "0 for large 0

@ Fluctuations build up at the tip of the front
@ Fluctuations build up quickly
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Distribution of 9

p(6) ~ Cre™ "0

for large ¢

@ Fluctuations build up at the tip of the front

@ Fluctuations build up quickly
—> We can ignore saturation rule

A diffuse, A — 2A,
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Distribution of 9

p(6) ~ Cre™ "0 for large §

@ Fluctuations build up at the tip of the front
@ Fluctuations build up quickly
—> We can ignore saturation rule

A diffuse, A — 2A, satlration yule
Branching Brownian Motion
Fluctuations of

0 = Xrightmost — (position of the tip of the BBM)
given by a Gumbel

Eric Brunet (Paris)
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Value of R(9)
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Value of R(9)

Eric Brunet (Paris)

L=ty 5 =
x e VZ
L =N z
2

FKPP Equation

N

p)



Value of R(J)

h(Xe +2,t) —— x e 1'?

z t *
j— - +X_X_cuot
h(Xt+z,t)_LG<z,p>e 7" (24 Xe—Xo— Veuofrt)
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Value of R(J)

v
R(5) ~ ,yi In (1 4 Cze—>

In® N
h(Xo 4+ z,0) = /\/‘ xe V=[G (i, 0) e’z
L="1 5 *
h(X: + z, t) xe TZ=1G (i, oo) e 1RO g=7"z
L="0Y 2

z t —*(z+ Xt —Xo— Veutofft
h(Xt—i—zt)—LG(L L2>e 7 0~ Veutofrt)
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Value of R(6)

v
R(5) ~ ,yi In (1 4 Cze—>

In® N
h(Xo 4+ z,0) = /\/‘ xe V=[G (i,O) e’z
L="1 5 *
h(X: + z, t) xe TZ=1G (i, oo) e 1RO g=7"z
L="0Y 2

z t —*(z+ Xt —Xo— Veutofft
h(Xt—i—zt)—LG(L L2>e7( 0~ Veutofrt)

G~ G"+7°G, G(0,7) ~ 0, G(1,7)~0
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Value of R(6)

e
R(5) ~ ,yi In (1 4 Cze—>

In* N
h(Xo +z,0) = /\/\ xe VZ=1G (io) e V7
L=ty 5 =
h(X: + z, t) - xe TZ=1G (i, oo) e 1RO g=7"z
L="0Y :

_ z t —v*(z4+Xt—Xo— Veuto
h(X: +z,t) = LG (z, ﬁ) e 0 irt)
G~ G"+7%G, G(0,7) ~ 0, G(1,7)=~0

1 o
G(y,0) = sin(my) + perturbation of width o< n and height o eT

G(y, 00) = sin(my)e” )
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Value of R(6)

v
R(5) ~ ,yi In (1 4 Cze—>

In3 N
h(Xo +z,0) = /\/\ xe VZ=1G (io) e V7
L="1 5 *
h(X: + z, t) - xe TZ=1G (i, oo) e 1RO g=7"z
L="0Y 2

z t *
j— - +X_X_cuot
h(Xt+z,t)_LG<z,p>e 7" (24 Xe—Xo— Veuofrt)

G~ G"+7°G, G(0,7) ~ 0, G(1,7)~0

1 V"o
G(y,0) = sin(my) + perturbation of width o< n and height o eT
1
Gy, 00) = sin(ry)e” R &) =2 [ dy sin(my)G(y.0)
0
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Putting things together

RO~ L (1465 (6) = Cre™™
e I3 N Pos=
leoise — VIC\/UtOfF+/d5 p((;)R((S), DRIOise _ /d6 p(5)R(5)2
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Putting things together
24 y
R() ~ % In (1 + C2|63—> p(0) = Cre™°

n> N
P = i 4 [ d5 p(O)R() D> = [ a5 p(O)R(Y:
This gives )
Vnoise ~ chtoff GG 3Inin N noise GG
N N v2 3N N 3 3Ind N
Timescales

@ Relevant values of § are ~ 7l*3ln In NV

o Time between two relevant fluctuations is In3 N
@ Relaxation time is In2 N
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Putting things together
24 y
R() ~ % In (1 + C2|63—> p(0) = Cre™°

n> N
P = i 4 [ d5 p(O)R() DF* = [ 48 plO)R(6)
This gives )
noise cutoff GG 3Inin N noise GG 7
VN ~ VN 5 T 38, 0 DN ~ 3 5130
y* In° N ¥* 3In° N
Timescales

@ Relevant values of § are ~ 7l*3ln In NV

o Time between two relevant fluctuations is In3 N
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Putting things together
24 y
R() ~ % In (1 + C2|63—> p(0) = Cre™°

n> N
P = i 4 [ d5 p(O)R() DF* = [ 48 plO)R(6)
This gives )
noise cutoff GG 3Inin N noise GG 7
VN ~ VN 5 T 38, 0 DN ~ 3 5130
y* In° N ¥* 3In° N
Timescales

@ Relevant values of § are ~ 7l,,<3ln In NV

o Time between two relevant fluctuations is In3 N
@ Relaxation time is In2 N

GG 7
2 (%
. ™V .
@ Cutoff theory gives v = v* — % with L = % In N
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Putting things together
1 o .
R() ~ po In <1 + Czli3> p(0) = Cre™°

N
leoise — vlc\lutoff+/d5 p((;)R((S), DRIOise — /d5 p(5)R(5)2
This gives
yhoise | cutoff GG 3IninN noise . GG 2
VU Ty e T T e
Timescales

@ Relevant values of § are ~ 7%3In In N

o Time between two relevant fluctuations is In> N
e Relaxation time is In> N

GG ?

7r2v”('y*)
212

@ Use instead the effective length L = 7% [InN+3IninN]

o Cutoff theory gives v = v* — with L = 7% In N
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Relation between N and L

A diffuse, A — 2A, keep jorily the/ M rightmbst
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Relation between N and L

A diffuse, A — 2A, a wall moving at velocity v absorbs the particles

replaced by

@ Start with one particle at x > 0

e Condition on the fact that there
is one living particle at large
time T

@ How many particles at an
intermediate time 7
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Relation between N and L

A diffuse, A — 2A, a wall moving at velocity v absorbs the particles

replaced by

@ Start with one particle at x > 0 @ Starts with a density looking like

o Condition on the fact that there the actual front X
: —X
is one living particle at large h(x,0) o< Lsin L €
time T

@ How many particles at an
intermediate time 7

[L~InN+3IninN|
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replaced by

@ Start with one particle at x > 0 @ Starts with a density looking like

o Condition on the fact that there the actual front X
: —X
is one living particle at large h(x,0) o< Lsin L €
time T

@ Populate with N particles
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intermediate time ?
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Relation between N and L

A diffuse, A — 2A, a wall moving at velocity v absorbs the particles

replaced by

@ Start with one particle at x > 0 @ Starts with a density looking like

o Condition on the fact that there the actual front X
: —X
is one living particle at large h(x,0) o< Lsin L €
time T

@ Populate with N particles
e How many particles at an @ Proba to survive ~ 1 — e~ KNLPe™t
intermediate time ?

[L~InN+3IninN|
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Conclusion

V,I’\‘IIOI se

=V

*

7.‘.2 ’7*2 v

(")

~ 2(InN+31Inln

N+...)2

noise __
Dy =

7T4,Y* V”(’}/*)
3(InN+---)3

@ A phenomenological theory gives a prediction for vy and Dy

o Agrees with simulations

@ We still need a clean derivation

Eric Brunet (Paris)

FKPP Equation

» Exponential model
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Outline

{ h
Bch = 02h + h(1 — h)
1
h(x,t+1) = min [1, 2/ de h(x — ¢, t)]
0 ¥ 0
1 h
deh = 82h + h(1 — h) + (small noise term)
1
h(x,t+1) = min [1,2/ de h(x—e,t)+...]
0 X 0

© Fronts and Branching Brownian Motion
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The models
Branching Random Walk

@ At each time step, particles split into
two

@ The positions of the offspring are shifted
by random uncorrelated amounts

v >

oy lell
Position

Eric Brunet (Paris) FKPP Equation Banff 2010 33 /50



The models
Branching Random Walk

@ At each time step, particles split into
two

@ The positions of the offspring are shifted
by random uncorrelated amounts

t

\ >
oy Ll
Position

Branching Brownian Motion

@ Particles do a Brownian motion
o With rate 1, they split
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The models
Branching Random Walk

@ At each time step, particles split into
two

@ The positions of the offspring are shifted
by random uncorrelated amounts

t

\ >
oy Ll
Position

Branching Brownian Motion

@ Particles do a Brownian motion
o With rate 1, they split

Also: directed polymer on a Caley tree,
evolution,
GREM (?)
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The models
Branching Random Walk

@ At each time step, particles split into
two

@ The positions of the offspring are shifted
by random uncorrelated amounts

t

\ >
oy Ll
Position

Branching Brownian Motion

@ Particles do a Brownian motion
o With rate 1, they split

Also: directed polymer on a Caley tree,
evolution,
GREM (?) : 3,

‘ Positions of the rightmost particles 7 (Energy spectrum ?)‘
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The rightmost particle

Branching Brownian Motion
@ Particles do a Brownian motion
@ With rate 1, they split
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The rightmost particle

@ Distribution of the rightmost
Branching Brownian Motion
Qo(x, t) = Proba[Xi(t) < x]

@ Particles do a Brownian motion
o With rate 1, they split
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The rightmost particle

@ Distribution of the rightmost
Branching Brownian Motion

@ Particles do a Brownian motion Qo(x, t) = Proba[Xy(t) < x]

@ With rate 1, they split Qo(x, t) = ( Il)
0 (Xa(t)

1
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The rightmost particle

@ Distribution of the rightmost
Branching Brownian Motion

@ Particles do a Brownian motion Qo(x, t) = Proba[Xy(t) < x]

@ With rate 1, they split Qo(x, t) = ( Il)
0 (Xa(t)

1

0:Qo = Q%Qo — Qo+ Q?
1
Qo(X,O): (0 ! )

FKPP equation! (h=1- Q)
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The rightmost particle

@ Distribution of the rightmost
Branching Brownian Motion

@ Particles do a Brownian motion Qo(x, t) = Proba[Xy(t) < x]

@ With rate 1, they split Qo(x, t) = ( Il)
0 (Xa(t)

1

0:Qo = Q%Qo — Qo+ Q?
1
Qo(X,O): (0 ! )

FKPP equation! (h=1- Q)
@ Position of the rightmost

Xi(t) = 2¢ — g Int +O(1)
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Why the FKPP equation 7

In general, for any well-behaved function ¢, let

Hy(x, t) = <H olx — Xf(t)]>
What does happen between times 0 and dt ?

Hy(x, t +dt) = <(1 — dt)Hg (x — npv2dt, t)> + dt Hy(x,t)?
n

the initial particle did not branch the initial particle did branch
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Why the FKPP equation 7

In general, for any well-behaved function ¢, let

Hy(x, t) = <H olx — Xf(t)]>
What does happen between times 0 and dt ?

Hy(x, t +dt) = <(1 — dt)Hg (x — npv2dt, t)> + dt Hy(x,t)?
n

the initial particle did not branch the initial particle did branch

O¢Hy = OZHs — Hy + H;

Eric Brunet (Paris) FKPP Equation Banff 2010 35/ 50



Why the FKPP equation 7

In general, for any well-behaved function ¢, let

Hy(x, t) = <H olx — Xf(t)]>
What does happen between times 0 and dt ?

Hy(x, t +dt) = <(1 — dt)Hg (x — npv2dt, t)> + dt Hy(x,t)?
n

the initial particle did not branch the initial particle did branch

O¢Hy = 03Hy — Hg + H3 Hg(x,0) = ¢(x)

Eric Brunet (Paris) FKPP Equation Banff 2010 35/ 50



Why the FKPP equation 7

In general, for any well-behaved function ¢, let

Hy(x,t) = <H olx — X,-(t)]>
What does happen between times 0 and dt ?

Hy(x, t +dt) = <(1 — dt)Hg (x — npv2dt, t)> + dt Hy(x,t)?
n

the initial particle did not branch the initial particle did branch

diHg = O3Hg — Hy + H3 Hy(x,0) = ¢(x)
1 H, is the probability Qg that all the
_ @ p y o
For ¢(x) = (o ) particles are on the left of x
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Why the FKPP equation 7

In general, for any well-behaved function ¢, let

Hy(x,t) = <H Plx — X,-(t)]>
What does happen between times 0 and dt ?

Hy(x, t +dt) = <(1 — dt)Hg (x — npv2dt, t)> + dt Hy(x,t)?
n

the initial particle did not branch the initial particle did branch

diHg = O3Hg — Hy + H3 Hy(x,0) = ¢(x)
1 H, is the probability Qg that all the
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Hy(Xe+2z,t) — Fo(z) with X; = 21&—5 In t+ao—\/\€+tl+t3;2+- -
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In general, for any well-behaved function ¢, let

Hy(x,t) = <H Plx — X,-(t)]>
What does happen between times 0 and dt ?
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Why the FKPP equation 7

In general, for any well-behaved function ¢, let

Hy(x,t) = <H Plx — X,-(t)]>
What does happen between times 0 and dt ?

Hy(x, t +dt) = <(1 — dt)Hg (x — npv2dt, t)> + dt Hy(x,t)?
n

the initial particle did not branch the initial particle did branch

diHg = O3Hg — Hy + H3 Hy(x,0) = ¢(x)
1 H, is the probability Qg that all the
_ @ p y o
For ¢(x) = (o ! ) particles are on the left of x
. 3 37T a az /o
Hy(Xe+2z,t) — Fo(z) with X; = 21&—5 In t+ao—\/\€+tl+t3;2+- -

B N\ Hg(Xe + z,t) — Fa(2),
For ¢(x) = (0_\/,_ ) Hz(Xt t2z,t)—> Fz(z + 0[¢])
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Position, shape and delay

1 0.8 — 4
For ¢(x) = < ) 06 | ]
0 0 t=0
0.4 - 4
H¢(Xt + z, t) — FQ(Z) 0o L

0 1
50 5 10

Hy (Xt 4+ z,t) — Fo(z + 6[¢)])
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Position, shape and delay

1 1
| 0.8 —| 1 ost 1
For ¢(x) = ( ) 06 { 06 :
0 0 t=0 t=1
04 + 4 04t B
Hy(Xe + z, t) — F2(2) 02| 1 o2l

Hy (Xt 4+ z,t) — Fo(z + 6[¢)])
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Position, shape and delay

1 1 1
. 08 — 1 osl 1 ost ]
For ¢(X) = < )v 06 1 06 106l i
0 0 t=0 t=1 t=2
04 4 04t 1 o4l
H¢>(Xf +z, t) - F2(Z) 02 | 1 02l 1 o2l

Hy(Xe + 2, t) — F2(z + 6[¢))
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Position, shape and delay

1 1 1
| 0.8 1 osl 1 o8l i
For ¢(X) = < )v 06 1 06 106l i
0 0 t=0 t=1 t=2
0.4 4 04+ 4 04t |
H¢(Xf +z, t) - F2(Z) 02 | 1 02l 1 o2l
0 0 ‘ 0
P 0 510 5 0 510 50 510
0.8
1
For ¢(x) = <x—|_ ) 06
0 0.4 e
H¢(Xt+z, t) — Fa(z+0[0]) o2l
0

¢
50 5 10 15 20 25 30 35 40 45
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Position, shape and delay

1 1 1
| 0.8 1 osl 1 o8l i
For ¢(X) = < )v 06 1 06 106l i
0 0 t=0 t=1 t=2
0.4 - 4 04 - 4 04t -
H¢(Xf +z, t) - F2(Z) 02 | 1 02l 1 o2l
0 0 ‘ 0
P 0 510 50 510 50 510
0.8
1
For ¢(x) = <x—|_ ) 06
0 0.4
H¢(Xt+z, t) — Fa(z+0[0]) o2l
0

{ S T S
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Position, shape and delay

1 1 1
. 08 — 1 osl 1 ost ]
For ¢(X) = < )v 06 1 06 106l i
0 0 t=0 t=1 t=2
0.4 - 4 04 - 4 04t -
H¢(Xf + 2, t) - FQ(Z) 02 1 o2l 1 o2}
0 0
-5 0 5 10 5 0 0 5 10
1
08
1
For ¢(x) = <x—|_ ) 0.6
0 0.4
Hy(Xe + z,t) — Fo(z 4+ 0[¢]) o2l
0

{ P P
50 5 10 15 20 25 30 35 40 45
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Universality

Branching Random Walk

<H¢[X N t)]> @ At each time step, particles split into
two

@ The positions of the offspring are shifted
by random uncorrelated amounts ¢

\ >

Position
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@ The positions of the offspring are shifted
by random uncorrelated amounts ¢
Suppose € is uniform in [0, 1]

2
1
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Universality

Branching Random Walk
Hy(x. t) = H¢[X - Xi(t)] @ At each time step, particles split into
two

@ The positions of the offspring are shifted
by random uncorrelated amounts ¢
Suppose € is uniform in [0, 1]

v >

. .V
Position

2
' H¢(X,t+1): |:/01d6 H¢(X—6,t)1

v =0.815172... v =5.26208. ..
Binary search tree

@ During dt, a particle at position x is replaced with probability dt by
two particles at position x + 1

OeHy(x, t) = —Hy(x, t) + Hg(x — 1, t)?
v —431107... ~—0.768039...
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Average distances

Hy(x,t) = <H olx - x,-(r>1>
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Average distances

0

Hy(x, t) <H¢[X—X(t)]> with ¢ = (x_!_l)

Hy gives the average positions of the rightmost particles
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right of x at time t
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Average distances

0

Hy(x, t) <H¢[X—X(t)]> with ¢ = (x_!_l)

Hy gives the average positions of the rightmost particles

Hy(x, £) = <)\N(X’t)> with N(x, t) = [Number of particles on the]

right of x at time t

Hy(x, t) = Qo(x, t) + AQi(x, t) + )\ZQQ(X, t) +
with Qn(x, t) = proba to find n particles on the right of x
OtHy = 0FHy — Hy + H3  0:Qo = 0;Q0 — Qo + @}
{ Q@ =RAU - Q1 +2QQ 9:Q =0Q — Q@ +2QQ +
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Average distances

0

Hy(x, t) = <]‘[ olx — X,-(t)]> with ¢ — (x—!_l)

Hy gives the average positions of the rightmost particles

Hy(x, t) = <)\N(x,t)> with N(x, t) = [Number of particles on the]

right of x at time t
Hy(x, t) = Qo(x, t) + AQi(x, t) + )\ZQQ(X, t)+---
with Qn(x, t) = proba to find n particles on the right of x
OHy = 03Hy — Hy + H; 2:Qo=92Q0 — Qo + @
{ 0Q=02Q1 — Q1 +2QQ Q@ =02Q— QL +2Q@+ &
Then  0xQn(x, t) = pat1(x,t) — pn(x,t)
with pn(x, t) = proba to find the n" rightmost particle at x
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Average distances

Summary

= Hy(x, t) obeys the FKPP equation
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Average distances

Summary ¢ = (x—|_1>

= Hy(x, t) obeys the FKPP equation
= deduce the equations on Qn(x, t) (proba n particles on the right of x)
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Average distances

Summary ¢ = (x—|_1>
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= Hy(x, t) obeys the FKPP equation ’

= deduce the equations on Qn(x, t) (proba n particles on the right of x)
= compute pp(x,t) (proba n™ rightmost particle at x)
= compute <Xn(t)> (average position of n™ particle)
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Average distances

Summary ¢ = (x—|_1>

=

=
=
=
=

Hy(x, t) obeys the FKPP equation

deduce the equations on Qn(x, t) (proba n particles on the right of x)
compute pp(x,t) (proba n™ rightmost particle at x)
compute <Xn(t)> (average position of n™ particle)

compute (dy n11(t)) (average distance between n*" and (n+ 1)* particles)

‘ Measure the average distances by integrating p.d.e. ‘

Possible to reach large times (¢ &~ 3000), no statistical noise
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Summary ¢ = <X_|_1>

= Hy(x,t) obeys the FKPP equation

= deduce the equations on Qn(x, t) (proba n particles on the right of x)
= compute pp(x,t) (proba n™ rightmost particle at x)
= compute <Xn(t)> (average position of n™ particle)
= compute (dp nt1(t)) (average distance between n™" and (n+ 1)™ particles)

‘ Measure the average distances by integrating p.d.e. ‘
Possible to reach large times (¢ &~ 3000), no statistical noise
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Average distances

Summary ¢ = (x—|_1>

= Hy(x,t) obeys the FKPP equation

= deduce the equations on Q,(x,t) (proba n particles on the right of x)
= compute pp(x,t) (proba n™ rightmost particle at x)
= compute (X,(t)) (average position of n'" particle)
= compute (dp p+1(t)) (average distance between n™" and (n+ 1)™ particles)

‘ Measure the average distances by integrating p.d.e. ‘

Possible to reach large times (¢ &~ 3000), no statistical noise

S A dp (1)) = / dx x0[Qo(x, t) — Hy(x, 1)] = Xe — K¢

n>1

a1

Xe=2t—3Int+a)— 2T

A
S A (dn i ( >—5[<z>]+f+ St
n>1
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Numerical results: average distances

The results: average distances as a function of 1/t

0.503 0.309 0.924
0.502 |
0-308 1 0.223 -
0.501 + <d1,2> 0307 L
0.500 |- 0.222 |
0.306
ol ) 0.221 -
0.498 L 0.305
0.497 - 0.304 | 0.220 -
0.496 £+ 0.303 L 0.219
o L 1 1 1 o 1 1 1 1 o
200 100 65 50 200 100 65 50

In the long time limit

<d1’2>5t ~ 0.496 <d2’3>5t ~ 0.303 <d3’4>5t ~ 0.219
(das)st = 0.172 (dsg)st =~ 0.142 (dp7)st =~ 0.121
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P.d.f. of the distances between two particles

Holx, ) = <H ol - x,-(t)1>
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P.d.f. of the distances between two particles

Hy(x, t) = <H olx — X,-(t)]> with ¢ = (qu1>

a’o
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P.d.f. of the distances between two particles

Hy(x, t) = <H olx — X,'(t)]> with ¢ = <xu_)‘l_!_l)

-a 0

Hy(x, t) = <)\N(x,t)MN(x+a,t)> with N(x, £) = [Number of particles on the}

right of x at time t
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Hy(x, t) = <H olx — X,'(t)]> with ¢ = (xu_)‘l_!_l)

-a 0

Hy(x, t) = <)\N(x,t)MN(x+a,t)> with N(x, £) = [Number of particles on the}

right of x at time t

= Qmn(x,a,t) = Proba [N(x,t)=n and N(x+a,t)=m|
= Rmn(x,a,t) = Proba [N(x,t) <n and N(x+a,t) < m|
= (Ox —02)Rmn(x, a, t)dx = Proba [X,(t) € dx and N(x+a,t) < m]
= (Ox — 0a)Rmn(x, a, t)dx = Proba [X,(t) € dx and Xn(t) < x + 4]
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P.d.f. of the distances between two particles

Hy(x,t) = <H ¢lx — Xf(t)]> with ¢ = (%H ])

-a 0

Number of particles on the}

— N(x,t), N(x+a,t) . —
Ho (x, 1) <)\ H > with N(x, 1) [right of x at time t

= Qmn(x,a,t) = Proba [N(x,t)=n and N(x+a,t)=m|
= Rmn(x,a,t) = Proba [N(x,t) <n and N(x+a,t) < m|
= (Ox —02)Rmn(x, a, t)dx = Proba [X,(t) € dx and N(x+a,t) < m]
= (0x — 02)Rmn(x, a, t)dx = Proba [X,(t) € dx and Xn(t) < x + a

;» / dx (9 — 02)Rn(x, 2, t) = Proba [Xm(t) — Xa(t) < a]

H, gives the p.d.f. of the distance between m™ and nt" particles
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Numerical results: p.d.f. of the distances

As of function of a, density of probability that X; — X5 = a
2.0 T T T T
1.8 | datagzlfg i

0 05 1 15 2 25 3
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Numerical results: p.d.f. of the distances

As of function of a, density of probability that X; — X, = a
2.0 T T T T T 1
\ datapoints

T T
datapoints

1.8 26723 b . 2 —2a i 10—50
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10—400
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Density at a distance a

Holx, 1) = <H ol - x,-(r)1>
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Density at a distance a

Hy(x, t) <H B[x — X; (r)]>

with ¢ = (Oif_l>

0 a

u}
o}
I
il
tht
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Density at a distance a

botoet) = (Lot =) wino= (=)

0 a

Hy(x, t) = <e_>\N(X_a’t)]lN(x,t):0>

u}
o}
I
il
tht
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Density at a distance a

H¢<x,t):<1i1¢[x—x,-(r>1> wiho = ()

0 a

Hy(x, t) = <e_>\N(X_a7t)]lN(x,t):0>

= (8X + 83)H¢(Xa t)dX = <e_)\N(X_a7t)ILX1(t)€dx>
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Density at a distance a

H¢<X,t):<1i1¢[x—x,-<r>1> wiho = ()

0 a

Hy(x, t) = <e_>\N(X_a7t)]lN(x,t):0>

= (8x + 83)H¢(X, t)dX = <e_)\N(X_a7t)ILX1(t)€dx>

= 1+ /dx OaHp(x, t) = <e—)\N(X1(t)—a,t)>

Hy gives the generating function of the number of
particles within a distance a of the rightmost particle

Eric Brunet (Paris) FKPP Equation Banff 2010 43 / 50



Numerical results: density at a distance a

p1(X1 — a)e™? as a function of a
20 C T T T T T
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N = O
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(X1 — ) = 1 /Average number of particles in an interval da
P ~ da \at a distance a of the rightmost particle
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Analytical result: average distances

OtHy = O2Hy — Hy + H3, Hg(x,0) = ¢(x)
1

Xt is the position for ¢(x) = (
0

~ —_—1
X: is the position for ¢(x) = <}”
0-ceeep
Z/\ dnn1 (1)) = Xe — X md[ﬁb]
n>1
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For \ close to 1, 0[¢] =7 — InTa + O(1)
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Analytical result: average distances

OHy = O2Hy — Hy + H3,  Hy(x,0) = ¢(x)
1

Xt is the position for ¢(x) = (
0

~ —_—1
X: is the position for ¢(x) = <}”
0-ceeep
Z/\ dnns1(t)) = Xe — Xe md[ﬁb]
n>1

For \ close to 1, 0[¢] =7 — InTa + O(1) with 7y = —In(1 — )

1 1
<dn,n+1>st - - -

n nlnn

for large n
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Analytical result: average distances

8tH¢ = 8)2<H¢ — H¢ + H; with H¢(X, 0) = (
0 --------

For A >~ 1, d[¢] =7n —InTn + O(1) with 7\ = —In(1 — A)
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Analytical result: average distances

—r]
OtHy = 8)2<H¢ — Hy + Hq% with H¢(X, 0) = (k : )
0 --------

For A >~ 1, d[¢] =7n —InTn + O(1) with 7\ = —In(1 — A)

e 7, =time needed for Hy(—00,0) to “reach” 0
@ Aslongast < 7y, onehasl—H, <1

o 1— Hy(x,t) ~ 5

X
et erfc (—) for t < 7\

VAt
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Analytical result: average distances

8tH¢ = 8)2<H¢ — H¢ + Hq% with H¢(X, 0) = (k
0 --------

For A >~ 1, d[¢] =7n —InTn + O(1) with 7\ = —In(1 — A)

e 7, =time needed for Hy(—00,0) to “reach” 0
@ Aslongast < 7y, onehasl—H, <1

1-A
o 1— Hy(x,t) ~ e’ erfc <L> for t <« 7) or x large enough

2 Vat
o X, is the position, let v; = d: X be the velocity. For t large enough,
Hy(x,t) ~ Fu(x — X¢)

O2F, + vOF, — F, + F2 =0
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Analytical result: average distances

8tH¢ = 8)2<H¢ — H¢ + Hq% with H¢(X, 0) = (k
0 --------

For A >~ 1, d[¢] =7n —InTn + O(1) with 7\ = —In(1 — A)

e 7, =time needed for Hy(—00,0) to “reach” 0
@ Aslongast < 7y, onehasl—H, <1

1-A
o 1— Hy(x,t) ~ e’ erfc <L> for t <« 7) or x large enough

2 Vat
o X, is the position, let v; = d: X be the velocity. For t large enough,
Hy(x,t) = Fu(x — Xp) = 1 — Ap(vy)e tx=%0)

1 _1
Vi = ﬁyt + ’}/7’ ’Yt < ]-7 1 - FV(Z) - Al(Vt)e_’YtZ _|_ A2(Vt)e 'Ytz
t
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Analytical result: average distances

8tH¢ = 8§H¢ — H¢ + Hq% with H¢(X, 0) = (k
0 --------

For A >~ 1, d[¢] =7n —InTn + O(1) with 7\ = —In(1 — A)

T\ =time needed for Hy(—00,0) to “reach” 0

Aslong as t < 7y, onehas1 - H, <1

1 — Hp(x,t) >~

— X
e’ erfc (—) for t < T or x large enough

2 Vat
X is the position, let vy = d:X; be the velocity. For t large enough,
Hy(x,t) = Fi(x — X¢) = 1 — Ap(vg)e 7=X0)

Matching in the range 1 < x — X; < /t gives the result

As a bonus: X; ~ 2t/1 — T/ t.
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Analytical result: average distances

S
OtHy = 8)2<H¢ — Hy + Hq% with H¢(X, 0) = (k )
07779
For A ~ 1, Hor =—In(1-X)
12}

Ty = time nee

Y,
As long as t <; o3|

o 1—Hy(x,t) 2 oulf 1 x large enough

X, is the posil 0.0
H¢(X, t') ~ Fv,
Matching in the range 1 < x — X; < /t gives the result

As a bonus: X; ~ 2t/1 — T/ t.

PR r t large enough,
3.5
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Analytical result: distance and density
P.d.f. of the distances:

0 gy

Number of particles on the right of Xi(t) —a: ¢ = ( if_l) = ...
0

0 a
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Analytical result: distance and density

P.d.f. of the distlances:
6= (T ) = Quilx,at) = Rm(x.2,t) = ...

-a 0

Number of particles on the right of Xi(t) —a: ¢ = (

:

9Q=02Q - Q+ Q with Q(x,0) =

0

0

3tRa=3)2<Ra—Ra+2QRa with Ry(x,0) =d(x + a) = (
OcRy = 2Ry — Ry + 2QR, with Ry(x,0) = o(x — a) = (

UH

0

Eric Brunet (Paris) FKPP Equation Banff 2010 47 / 50



Analytical result: distance and density

P.d.f. of the distlances:
6= (T ) = Quilx,at) = Rm(x.2,t) = ...

-a 0

Number of particles on the right of Xi(t) —a: ¢ = (

:

9Q=02Q - Q+ Q with Q(x,0) =

0

0

3tRa=3)2<Ra—Ra+2QRa with Ry(x,0) =d(x + a) = (
OcRy = 2Ry — Ry + 2QR, with Ry(x,0) = o(x — a) = (

UH

0

Proba[Xy(t) — Xa(t) > a] = /dx Ro(x, t)

(N(X(£) — a, 1)) = /dx Ralx, )
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Analytical result: distance and density

P.d.f. of the distlances:
6= (T ) = Quilx,at) = Rm(x.2,t) = ...

-a 0

Number of particles on the right of Xi(t) —a: ¢ = ( l) = ...
:Q=0;Q-Q+ @ with Q(x,0) =

(_l_
OtRy = 8?R, — Ry 4+ 2QR, with Ry(x,0) = §(x + a) = (0 )
(4|_

OtR, = 02R, — R, +2QR, with R,(x,0) = 6(x — a) =

Proba[Xy(t) — Xa(t) > a] = /dx Ri(x,t)| ~ e-(1+vDa 7

(N(X1(t) — a,t)) = /dx Ra(x,t) ~ ae? ?
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Analytical result: distance and density

P.d.f. of the distlances:
6= (T ) = Quilx,at) = Rm(x.2,t) = ...

-a 0

Number of particles on the right of Xi(t) —a: ¢ = ( l) = ...
:Q=0;Q-Q+ @ with Q(x,0) =

(_l_
OtRy = 8?R, — Ry 4+ 2QR, with Ry(x,0) = §(x + a) = (0 )
(4|_

OtR, = 02R, — R, +2QR, with R,(x,0) = 6(x — a) =

Proba[Xy(t) — Xa(t) > a] = /dx Ri(x,t)| ~ e-(1+vDa 7

(N(X1(t) — a,t)) = /dx Ra(x,t) ~ ae? ?

Ra(x,t) = X\aQ'(x,t)  for t large
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Thank you |

Eric Brunet (Paris)

FKPP Equation



Exponential model

@ N particles, discrete time

@ Each particle has infinitely many offspring
given by a Poisson process of density : for
each dx, there is an offspring with probability
w(x - Xparent) dx

@ One only keep the N rightmost particles of a given generation

Eric Brunet (Paris) FKPP Equation Banff 2010 49 / 50



Exponential model

@ N particles, discrete time

@ Each particle has infinitely many offspring
given by a Poisson process of density : for
each dx, there is an offspring with probability
w(x - Xparent) dx

@ One only keep the N rightmost particles of a given generation

Usually a Fisher equation

v(y) = %In (/ de¢(e)e%>
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Exponential model

@ N particles, discrete time

@ Each particle has infinitely many offspring
given by a Poisson process of density : for
each dx, there is an offspring with probability
w(x - Xparent) dx

@ One only keep the N rightmost particles of a given generation

Usually a Fisher equation

v(y) = %In (/ de¢(e)e%)

But not always: 1(e) = e~
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Exponential model vs Fisher

Exponential model Fisher case
1 A
In(InN+InlnN)4+O | — -
N n(in V- Inin V) + <InN> (n Nt 3Inin Ny
2
s 1 B
D o
N 3N+ IninN) T (|n2 N) (In N+777)3
p(9) e™? Cie 77
5 *§
€ 1 e’
R(6 In|14— —In{1+C
Q ”<+|n/v> *n<+2I3N>
Relaxation time | 1 In%> N
1
Fluctuation size | InIn —3InIn N
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