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1. Setting, motivation, and main result

Discrete calculus, Ensemble
Qualitative homogenization

Estimate of random homogenization error



Gradient, (negative) divergence, coefficients

Definition 1 For u: Z¢ — R define Vu: E? — R via

Vu(b) =u(x+¢;) —u(x) ifb=[x, x4+ ¢].
For g: E¢ — R define V*g: Z% — R via

d
Vig(z) = > (g(b;—)—g(b;+)) ifb; 4 = [z, z+ei], bj— = [z—e;,2].
1=1

Definition 2
Q= {a: B = [), 1]}



Ensemble of coefficients

Definition 3 Endow € = [\, 1]E with product topology.
Consider probability measure (-) on 2.

Note: Z9 acts on € by shift:

For “shift vector” z € Z%, a(- + z) denotes shifted a € .

We call (-) stationary if
V z € Z% a and a(- 4+ z) have same distribution.

We call (-) ergodic if

VYV measurable ¢: €2 — R it holds

¢ is shift invariant (i. e. Vz € 2% ((a) = ¢(a(- + 2)))
—> ( = const.

&)



Qualitative homogenization

Theorem 1[Kozlov, Papanicolaou & Varadhan '79]

Let (-) be stationary & ergodic.

Then 3 symmetric d X d matrix Aid < apy,, < id with fol-
lowing property:

For f(:?z), T € Rd, bounded & compact support, and a € 2
consider decaying solution wuc(a; x), = € Zd, of

V*aVue = €2 f(ex).
Then
1
>

lim | 4 > ue(a; x) —a(ex)]?| =0 for ()-a.e. a€,
€0 reZ4

where @(2), Z € R%, is decaying solution of

-~

—Vap,, Vi = f.
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Estimate of random homogenization error

Theorem 2 [Marahrens & O. '12]
Let (-) be stationary & satisfy LSI with constant p > 0.
For f(i), T € Rd, bounded & compact support, and a € 2

consider decaying solution wu¢(a; x) short ue(x), x € 7%, of

V*aVue = €2 f(ex).
i) Letd>2. V2<p<oo, r<oo:

<(€dz lue(x) — <u€(x)>|p>%>7 < C(d,\, p,7,p, fe.

i) Let d > 2. V g(&), = € RY. bounded & compact support,

r < o0.
1

> < CWd, M pory G, e,

NI

(Je! Y (uea) = (ue(@)))g(ea)



Interpolating between strong and weak error

Theorem 2’. For u(a;x), f(x) with V*aVu(a;-) = f, g(x),
1 <r<oo:

(S} < c@rpnn(Sur) (S
Where]_<p,q<dWlthl+l d+2

Specify tod > 2, p= d+2 and thus ¢ =d and
f(@) = e2f(ex), g(x) = §%G(5x)
)

< C(d,\ p,r, p)e5__1<5dz |§(5$)|p>

1
=

N CIOREON

1
q

==

(3 1 Fex)|9)

T

»Qll—‘

Q

C(d A prp)s? ([ |§<£>|pdf)%( [, 1F@]%dz)7.



Scaling is natural

=

([ 3 (ue(@) — (ue(@)))g(62)

T>F
d_q 1 _ 1

< CWAprp)o? ([ 5@ WPaz)?( [ | 1F@)%z)7.

Consistent with (unproven but expected) covariance estimate

{(ue(@) — (we(@))) (ue(@’) — (ue(@)| S (2 — 2/ + 1) .

Consistent with (unproven but expected) expansion

Q

d SO A
(@) + ¢ ) dn()ohu(2),

Ue(%)
k=1

(or(@)pp(@))] S (lz—a'|+1)"
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Unpublished work by Naddaf & Spencer

Theorem 3 (Naddaf & Spencer).
(-) stationary, Spectral Gap. Suppose 1 — X\ < ¢(d).
Then for u(a; x), f(x) with V*aVu(a;-) = f:

i 2 4d
<) ;(U - <u>)f‘2>2 < C(d, P)(; |f|q)q where ¢ = T
Spectral Gap: I. h. s. < (% ( 0 Zuf)2>
N O 5\ 2b 9a(b) 4
.0 _ 2
Formula: 5a(b) %:uf = —(Vu(b))

[

Meyer’s estimate: >, (Vu(b))* < C(d)(Zx |f|q)q

Our contribution: Remove the condition 1 — X\ < ¢(d).
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2. The Logarithmic Sobolev Inequality

Why is it a natural assumption?

How do we use it?
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Logarithmic Sobolev Inequality and Spectral Gap

Definition 4 (.) satisfies LSI with constant p > O:

vV measurable ((a) >0 ((In i> < Qi(%|8§|§2>.
P

(€)

Here |0¢|2 := Sy (gag)°-

Lemma 1 Let (-) satisfies LSI with constant p > 0.
Then (-) has a Spectral Gap (SG) with constant p:

v measurable ((a)  p{(¢ — (¢))%) < (19¢]7).
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Spectral Gap encodes Central Limit Theorem scaling

Spectral Gap with constant p > 0 means

V¢(a)  p((C—(E)?) < (|o¢%).

Remark 1 Let (-) be stationary and satisfy SG with con-
stant p > 0. Let S C E? be finite; consider

c(a) = |SI72 3" (a(b) — (a)).

beS
Then

(<
P
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Tensorization principle

Lemma 2[Gross '75] Let (-)g be probability measure on
[\, 1] that satisfies LSI with constant p, i. €,
¢ 1,1.d¢ o
V¢(a) >0 ({(In——)o < —(=[-=)o.
(€)o 2p ¢ da
Let (-) denote the corresponding product measure on 2.
Then (-) satisfies LSI with constant p.

Remark 2 The uniform distribution (-)g on [\, 1] satisfies

LSI with constant p = 2(1+>\)2
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Ensemble with integrable correlations ok

LSI with constant p > 0 means

¢ 1 1
V((a) >0 <C|n®> < 2—p<z|aC|§2>-

Remark 3 Let () satisfy LSI with constant p.
For ¢ € ¢L let (-} be the push forward of ()
under a — a’' ;= ¢ x a, where a’'(b) = > pezd®(z)alz +b).

Then (-) satisfy LSI with constant ﬁ.
‘
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Our use of LSI: Reverse Jensen

LSI with constant p > 0 means

1 1
v ¢(a) >0 <<m%> < o(cloc).

Lemma 3 Let (-) satisfy LSI with constant p.
Then V ((a), p < oo, § > 0:

1

+ 1
(16172 < C(p,p, 8)(IS1) 4 3¢Ia¢|2) 7.
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3. Quenched estimates on Green’s function

optimal spatially weighted estimates
on first and second mixed derivative of Green’s

function



81

Green’s function and its derivatives

Definition 5
Green's function G(a; x,y) sort G(x,y):

V*aVG(-,y) =6( —y).

First derivative VG (b, y), second mixed derivative VVG(b, e)
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Why Green’s function and what estimates do we need?

N

< (S g (T 119
< 3(5 (S0 548 g ())”)

—VG(2,b)Vu(b) = — T, VG(x, b)VG(b,y) f(y)

Goal (| X(u — (u))g|?)

Spectral Gap |I|. h. s

bll—l

ou(x)

Formula 9a(bS

1
For HLS need (|[VG(b,y)|"% < (|b — y|+1)' ¢

Not true |VG(b,y)| < C(d,\)(|b—y|+1)' ¢

1
True (R4 ey y<or | VG(b,9)|?)2 < C(d, \) (R4 1)1 74

N

Stationarity yields (|[VG(b,y)|?)Z < C(d, \)(|b — y|+1)17¢
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Overcoming Gap: Use reverse Holder given by LSI

1

Have (|VG(b,y)I?)7 S (b — yl+1)1 <.
1

Want (VG y)|*)¢ S (b — yl+1)1.

ST

Reverse Holder (|[VG(b, y)|4>% < (IVG(b, y)|2>%—|— 5{|OVG(b,y)|,2")
Formula aai@vc;(b, y) = —VVG(b,e)VG (e, v)
Need Y.((|b—el+1)" tVVG(b,e))* < C(d,\)

Have Y..((|b — e|+1)*VVG(b,e))2 < C(d,\) for some a >

v 41



Overcoming gap: Work with VV{ instead on VG

Would need S.((|b —e|+1)?1VVG(b,e))* < C(d,\) .
Have only Y.((|b — e|4+1)2VVG(b,e))2 < C(d,\)
for some oz>%—1

Way out: apply reverse Holder to VVG(b,b)

Have Formula a%@vva(b, ) = —VVG(b,e)VVG(e,b)

Need (|[VVG(b,e)|) < C(d,N)(|b—e|+1) ¢

Get via stationarity from )
(RS g yicion R oo yj<n[VVG(b,€)2)? < C(d, \) (R41)

N
=
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Optimal spatially weighted estimate
on first and second mixed derivative

Lemma 4[De Giorgi '57] V a € Q, y € Z4%, radius R

1
(7 (V&2(b,y)? < C(d, MR,
b:R<|b—y|<2R

1
(R_dz R4y (vvc;)Q(b,e))2 < C(d, R,
b:8R<|b—y|<16R e:le—y|<R

where |b—y| denotes the distance between the midpoint of
edge b and site y.
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Suboptimal only partially spatially averaged estimate
on second mixed derivative of Green’s function

Lemma 5 3a=a(d,)\) >0V ac, ccE

S (b e+ 1)?U(VV@)2(be) < C(d,N),
b



v

4. Annealed estimates on Green’s function

optimal annealed estimates
on derivatives of Green’s function

from low to high stochastic moments

estimate of random homogenization error
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Elliptic regularity 4+ Stationarity (Delmotte & Deuschel)

From pointwise in a but averaged in x=

1
<R_d < py <2r| VG, y)lz)2 < C(d,\)(R+1)1-1
1
(B enpyoenft 100, VVG(B,€)]2)2 < C(d, \)(R+1) ¢

to pointwise in x but averaged in a
1

(IVG(b,y)|?)2 < C@,N(|b—y|l+1)1 4

(IVVG(b,e)|) < CdN(|b— e|+1)~9



Elliptic regularity 4+ Good ergodicity via LSI (M.&O.)

Ingredients (reverse Holder, formula, elliptic regularity)
1 1

(I¢[27)27) < Cp.p,8){IC1) + 8(|OC|78) 2 for all p < 00,6 > 0

aley VVG (b, V) = —VVG(b,e)VVG(e, V)

S ((|b—e|+1)0VVG(b,e))? < C(d,») for some ag(d,A) > O
Conclusion
d D\ A
sup(|b — b'|+1)¥(|VVG(b,b)|P)2r
b/

< C(d A p,p)sup(lb — b |+1)H|VVG(b,b)])  for all oo > p > po(d, A).
b,b/

N
)]
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Quick conclusion

1
sbubp(|b—b’|—|—1)d<|VVG(b, b)|2P)2p < sbubp(|b—b’|—|—1)d<|VVG(b, v)[)<1

~~—

B

From there (|VG(b,y)|*)% < |b—y|1 ¢

Spectral Gap (¢ —(¢))?)” £ (I8¢|%)°
Formula 2% — 5~ (e, b) VG (b,) f(y)

da(b)
HLS 2 = 5y lz —yl'=f )| S fla for G475 =7
1 1 1
Get (|X(u—(u))gl?)2 < (Z|glP)P(CIf19)e for 14+1=2+1

For f(x) = €2f(ex), gga:) = 64G(5x) by rescaling
1
(15w~ (u))gl?)2 S 62"
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A new twist on elliptic regularity theory

De Giorgi: Jag(d,\) >0
Vaef2 R<oo, ua-harmonic in Bop

SUP, /e By [u(a)—ula’)| < C(d, )R~ 0 supycp,,, [u(z)|

|z —a!|*0

M. & O.: V a<l, R<oo, ac€f2
3C(a; o, R) such that

1) Yu a-harmonic in Bsp

. /
SUP, /e By |u(@)_{;f|(f ) < C(a, R)R™®SUp e, , |u(x)]

2) Vp< oo (CP(a, R)) < C(d, A p,p)
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Optimal low moment annealed estimate,
estimate of vertical derivative

Lemma 6[Delmotte & Deuschel '05] Let (-) be stationary.
Then V y € Z%, b, e € E%:

C(d,\)(b—y| + 1)1

(IVG(b,y)[2)2
) < Cd,N)(b—el+1)"%

<
(IVVG(b,e)]) <

Lemma 7 3 pg =po(d,\) < oo Vp >

1
sup(|b — e| + 1)U|OVVG(b, €)|27") 7
(&

)

< C(d, A p)sup(fb — ¢ + 1)UVVE(b, )| 2)7.

Y
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Optimal high moment annealed estimates

Proposition Let (-) be stationary and satisfy LSI with con-
stant p > 0. ThenV p < oo, y € Z%, b, e € E¢:
2p\ o 1—d
(IVG (b, )| F)2r < C(d, N\ p,p)(b—y|+ 1) ¢,
1
(IVVG(b,e)|*y2r < C(d, X\, p,p)(Ib—el+1) 7.
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Estimate of random homogenization error

Theorem 2’ Let (-) be stationary and satisfy LSI with

constant p > 0. V f(x), x € 7%, compactly supported, a € 2

consider decaying solution u(a; ) *=" u(x) of

V*aVu = f.
i) Let d >2. ThenV 2 <p < oo, r < co:

1
q

(S lu—@P)? )" <c@npnn(IA7)7,

where
i) Let

<<Z(U - <u>>9>r>% < C(d,\,p,7,p) Z |g|p)%(z |f|q>

where 1 < p,q < d satisfy %—l—%z%—l—%.

1 1 1
«=rta
d>2. ThenV g(z), z € 2%, r < co:

1
q

-



