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Problem 1. (i) Let KP be the one-dimensional Poisson kernel:

KP (r, ω) =
1

2π

1− r2

1− 2r cosω + r2
.

Show that for f ∈ L1([−π, π]), f ∗KP → f in L1 as r ↗ 1.
(ii) Show that 2π-periodic C∞ functions are dense in L1([−π, π]d).

Problem 2. Consider the wave equation on a ring of length 2`. We let x be the
arclength variable along the ring, x ∈ [−`, `]. We would like to understand wave
propagation along the ring, so consider the wave equation with periodic boundary
conditions:

utt = c2uxx, u(−`, t) = u(`, t), ux(−`, t) = ux(`, t).

(i) Show that if the initial conditions are u(x, 0) = φ(x), ut(x, 0) = ψ(x),
with φ, ψ 2`-periodic Ck+1, k ≥ 2, functions then there is a solution u ∈
Ck(Rx×Rt), 2`-periodic in x of the wave equation satisfying the initial and
boundary conditions.

(ii) Show that if the initial conditions are u(x, 0) = φ(x), ut(x, 0) = ψ(x), with
φ, ψ 2`-periodic C3, then there is at most one C3(Rx × Rt), 2`-periodic in
x, solution of the wave equation.

(iii) Find the solution with initial condition

u(x, 0) = 0, ut(x, 0) = cos(2πx/`)− sin(πx/`), x ∈ [−`, `].
Problem 3. Consider the (real-valued) heat equation on a rod of length ` with
insulated ends and k > 0:

ut = kuxx, ux(0, t) = 0 = ux(`, t).

(i) Show that if the initial condition is u(x, 0) = φ(x), φ ∈ L2([0, `]), then
there is a solution u ∈ C∞([0, `]× (0,∞)) such that the family of function
U(t)(x) = u(x, t), depending on the parameter t > 0, tends to φ in L2 as
t→ 0.

(ii) Show that if φ is C1, then the convergence of U(t) to φ is uniform.
(iii) Show that if u ∈ C2([0, `] × (0,∞)) satisfying the PDE and the boundary

condition, then E(t) =
∫ `
0
u(x, t)2 is monotone decreasing. (Hint: what is

E′(t)?)
(iv) Show that if φ ∈ L2([0, `]), then there is a unique solution u ∈ C2([0, `] ×

(0,∞)) of the heat equation satisfying the boundary conditions and with
U(t)→ φ in L2 as t→ 0.

Problem 4. Do Stein-Shakarchi, vol. 3, Ch. 2, Exercise 22.

Problem 5. Do Stein-Shakarchi, vol. 3, Ch. 2, Problem 1.

Problem 6. Suppose that f ∈ L1(Rn). Throughout this problem, a ∈ Rn.
(i) Let fa(x) = f(x− a). Show that (Ffa)(ξ) = e−ia·ξ(Ff)(ξ).
(ii) Let ga(x) = eix·af(x). Show that (Fga)(ξ) = (Ff)(ξ − a).
(iii) Show that (F−1fa)(x) = eia·x(F−1f)(x).
(iv) Show that (F−1ga)(x) = (F−1f)(x+ a).

Problem 7. Use part (i) of Problem 6 to show that (F(∂jf))(ξ) = iξj(Ff)(ξ) if
f is C1 and |x|Nf , |x|N∂jf are bounded for some N > n.
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