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ABSTRACT. In this paper we construct a parametrix for the high-energy asymp-
totics of the analytic continuation of the resolvent on a Riemannian manifold
which is a small perturbation of the Poincaré metric on hyperbolic space. As
a result, we obtain non-trapping high energy estimates for this analytic con-
tinuation.

INTRODUCTION

Under appropriate conditions, the resolvent of the Laplacian on an asymptot-
ically hyperbolic space continues analytically through the spectrum [16]. In this
paper we obtain estimates on the analytic continuation of the resolvent for the
Laplacian of a metric that is a small perturbation of the Poincaré metric on hy-
perbolic space. In particular we show for these perturbations of the metric, and
allowing in addition a real-valued potential, that there are only a finite number
of poles for the analytic continuation of the resolvent to any half-plane containing
the physical region and that the resolvent satisfies polynomial bounds on appropri-
ate weighted Sobolev spaces near infinity in such a strip. This result, for a small
strip, is then applied to the twisted Laplacian which is the stationary part of the
d’Alembertian on de Sitter-Schwarzschild. In a companion paper [19] the decay of
solutions to the wave equation on de Sitter-Schwarzschild space is analyzed using
these estimates.

In the main part of this paper constructive semiclassical methods are used to
analyze the resolvent of the Laplacian, and potential perturbations of it, for a
complete, asymptotically hyperbolic, metric on the interior of the ball, B"+!,

95 = 9o + xs(2)H,

(1) B 4dz> B (1-1z])
go = m, xs(2) = x <6) .

Here gg is the standard hyperbolic metric, H = H(z,dz) is a symmetric 2-tensor

which is smooth up to the boundary of the ball and x € C>(R), has x(s) = 1

if |s| < 3, x(s) = 0 if |s| > 1. The perturbation here is always the same at the

boundary but is cut off closer and closer to it as d | 0. For § > 0 small enough we
show that the analytic continuation of the resolvent of the Laplacian is smooth, so
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has no poles, in the intersection of the exterior of a sufficiently large ball with any
strip around the real axis in the non-physical half-space as an operator between
weighted L? or Sobolev spaces, and obtain high-energy estimates for this resolvent
in this strip.

A special case of these estimates is as follows: Let x = }1{3, W e C>(B"t1)
be real-valued and let Rs(c) = (Ay, + 22W — 02 —n/2?)~! denote the resolvent of
A,; + z?W. The spectral theorem shows that Rs(c) is well defined as a bounded
operator in L?(B"*; dg) if Im o << 0, and the results of Mazzeo and the first author
show that it continues meromorphically to the upper half plane. Here we show that
there exists a strip about the real axis such that if § is small and a and b are suitably
chosen 7%Rs(o)x® has no poles, provided |o| is large, and moreover we obtain a
polynomial bound for the norm of #%R;(o)z’. More precisely, with HY(B"*1) the
L2-based Sobolev space of order k, so for k =0, HJ(B"™!) = L2(B"*1;dg) :

Theorem 1. (See Theorem 1.1 for the full statement.) There exist 69 > 0, such that
if 0 < 6 < dg, then °Rs(0)x® continues holomorphically to the region Imo < M,
M > 0 |o| > K(6,M), provided Imo < b, and a > Imo. Moreover, there ezists
C > 0 such that

||$aR5(U)$bU||Héc(IBn+1) < C|J|_1+%+k”v||L2(Bn+1)7 k= 0, 1, 2,

HxaRé(J)xbUHL?(IB"H) < C|U|_1+%+k||v||H0*k(]gn+1)a k=0,1,2,

—~
[\
~

This estimate is not optimal; the optimal bound is expected to be O(|o|~'+F).
The additional factor of || results from ignoring the oscillatory behavior of the
Schwartz kernel of the resolvent; a stationary phase type argument (which is made
delicate by the intersecting Lagrangians described later) should give an improved
result. However, for our application, which we now describe, the polynomial loss
suffices, as there are similar losses from the trapped geodesics in compact sets.

As noted above, these results and the underlying estimates can be applied to
study the wave equation on 1+ (n + 1) dimensional de Sitter-Schwarzschild space.
This model is given by

(3) M =Rix X, X = [rou,rst)r X S,
with the Lorentzian metric
(4) G =ca%dt?* —a ?dr? —r? dw?,

where dw? is the standard metric on S,

with A and m positive constants satisfying 0 < 9m2A < 1, and rpu, g1 are the two
positive roots of @ = 0.
The d’Alembertian associated to the metric G is

(6) O=a%D? - a?r "D, (r"a?D,) — a*r2A,).

An important goal is then to give a precise description of the asymptotic behavior,
in all regions, of space-time, of the solution of the wave equation, Ou = 0, with
initial data which are is necessarily compactly supported. The results given below
can be used to attain this goal; see the companion paper [19].
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Since we are only interested here in the null space of the d’Alembertian, the
leading factor of a2 can be dropped. The results above can be applied to the
corresponding stationary operator, which is a twisted Laplacian

(7) Ax = a2T7”Dr(a2r"DT) +r2A,,.

In what follows we will sometimes consider « as a boundary defining function of X.
This amounts to a change in the C* structure of X; we denote the new manifold
by X 1

The second order elliptic operator Ax in (7) is self-adjoint, and non-negative,
with respect to the measure

(8) Q=a%r"drdw,
with « given by (5). So, by the spectral theorem, the resolvent
(9) R(o) = (Ax —*) 7' LA(X;Q) — L*(X;Q)

is holomorphic for Imo < 0. In [21] the second author and Zworski, using methods
of Mazzeo and the first author from [16], Sjostrand and Zworski [22] and Zworski
[25] prove that the resolvent family has an analytic continuation.

Theorem 2. (Sd Barreto-Zworski, see [21]) As operators

o

R(o) : C°(X) — C*(X)

the family (9) has a meromorphic continuation to C with isolated poles of finite
rank. Moreover, there exists € > 0 such that the only pole of R(c) with Imo < € is
at 0 = 0; it has multiplicity one.

Theorem 2 was proved for n + 1 = 3, but its proof easily extends to higher dimen-
sions.

In order to describe the asymptotics of wave propagation precisely on M via
R(o) it is necessary to understand the action of R(c) on weighted Sobolev spaces
for o in a strip about the real axis as | Re 0| — oo. The results of [16] actually show
that R(c) is bounded as a map between the weighted spaces in question; the issue
is uniform control of the norm at high energies. The strategy is to obtain bounds
for R(o) for Re(o) large in the interior of X, then near the ends rpg and rg, and
later glue those estimates. In the case n + 1 = 3, we can use the following result of
Bony and Héfner to obtain bounds for the resolvent in the interior

Theorem 3. (Bony-Hifner, see [1]) There exists € > 0 and M > 0 such that if

|Imo| < € and |Reo| > 1, then for any x € 030()0() there exists C > 0 such that if
n =3 1in (3), then

(10) [IXR(o)x fllr2(x;0) < O|J|NI||fHL2(X;Q)-

This result is not known in higher dimensions (though the methods of Bony and
Héfner would work even then), and to prove our main theorem we use the results
of Datchev and the third author [5] and Wunsch and Zworski [24] to handle the
general case. The advantage of the method of [5] is that one does not need to
obtain a bound for the exact resolvent in the interior and we may work with the
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approximate model of [24] instead. We decompose the manifold X in two parts
X = X9 U X4, where
(11) Xo = [rbm, ron + 490) X S™ U (g1 — 49, r51] x S™ and
X| = (TbH =+ 5, Ts] — 5) x S™.
If ¢ is small enough and if (¢) is an integral curve of the Hamiltonian of Ax then
(see Section 8 and either [5] or [14])
d*x(t)
dt?

We consider the operator Ay restricted to X, and place it into the setting of
[24] as follows. Let X{ be another Riemannian manifold extending X1 = (rpu +
§/2,r51 —0/2,1¢1) X S™ (and thus X;) and which is Euclidean outside some compact
set, and let Ax; be a self-adjoint operator extending Ax with principal symbol

given by the metric on X which is equal to the Euclidean Laplacian on the ends.
Let

(13) P =h*Ax; —iY, he(0,1)

da(t)

(12) if (y(t)) < 49 and =0= <0.

where T € C*®(X};[0,1]) is such that T = 0 on X; and Y = 1 outside X;. Thus,
Py — 1 is semiclassically elliptic on a neighborhood of X} \ X;. (In particular, this
implies that no bicharacteristic of P; — 1 leaves X; and returns later, i.e. X is
bicharacteristically convex in X7, since this is true for X; inside Xl, and P, — 1
is elliptic outside X, hence has no characteristic set there.) By Theorem 1 of [24]
there exist positive constants ¢, C' and € independent of h such that

(14) /(P —0®) Y22 <Ch N, 0€(1—c¢,14¢) x(—c,eh) CC.

Due to the fact that 0 < 9m2A < 1, the function B(r) = 1-La?(r) satisfies
B(ror) > 0 and B(rg) < 0. Set fpu = B(rpu) and Bs = B(rsr). The weight function
we consider, & € C°([rpu, rs1]), is positive in the interior and satisfies

al/Pei near rug
15 a(r) =
(15) (r) {al/ﬁsﬂ near 7

We will prove

Theorem 4. Ifn =2, let € > 0 be such that (10) holds. In general, assume that §
is such that (12) is satisfied, and let € > 0 be such that (14) holds. If

0< Y < min(eaBbHa |6Sl|a 1)7

then for b > ~ there exist C and M such that if Ino <+ and |Rec| > 1,
(16) |&°R(0)a" fl|z2(x:0) < Clo™|If]lr2(x:0),
where Q is defined in (8).

This result can be refined by allowing the power of the weight, on either side, to
approach Im o at the expense of an additional logarithmic term, see Theorem 10.1.

Two proofs of Theorem 4 are given below. The first, which is somewhat simpler
but valid only for n + 1 = 3, is given in sections 9 and 10. It uses techniques of

Bruneau and Petkov [2] to glue the resolvent estimates from Theorem 1 and the
localized estimate (10). The second proof, valid in general dimension, uses the
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estimate (14) and the semiclassical resolvent gluing techniques of Datchev and the
third author [5]. This is carried out in section 11.

Related weighted L? estimates for the resolvent on asymptotically hyperbolic
and asymptotically Euclidean spaces have been proved by Cardoso and Vodev in
[3]. However, such estimates, combined with Theorem 3, only give the holomorphic
continuation of the resolvent, as an operator acting on weighted L2 spaces, for
|Reo| > 1, to a region below a curve which converges polynomially to the real axis.
These weaker estimates do suffice to establish the asymptotic behavior of solutions
of the wave equation modulo rapidly decaying terms (rather than exponentially
decaying) and would give a different proof of the result of Dafermos and Rodnianski
[4].

In the case of a non-trapping asymptotically hyperbolic manifold which has
constant sectional curvature near the boundary, it was shown by Guillarmou in [9]
that there exists a strip about the real axis, excluding a neighborhood of the origin,
which is free of resonances. In the case studied here, the sectional curvature of the
metric associated to A x is not constant near the boundary, and there exist trapped
trajectories. However, see [21], all trapped trajectories of the Hamilton flow of A x
are hyperbolic, and the projection of the trapped set onto the base space is contained
in the sphere r = 3m, which is known as the ergo-sphere. Since the effects of the
trapped trajectories are included in the estimates of Bony and Héafner, constructing
the analytic continuation of the resolvent of a twisted Laplacian that has the correct
asymptotic behavior at infinity, uniformly at high energies, allows one to obtain the
desired estimates on weighted Sobolev spaces via pasting techniques introduced by
Bruneau and Petkov [2]. The main technical result is thus Theorem 1, and its
strengthening, Theorem 1.1.

Theorem 1.1 is proved by the construction of a high-energy parametrix for A, +
22W. More precisely, as customary, the problem is translated to the construction
of a semiclassical parametrix for

2 2
P(h,0) = h2A, + h22?W — h?"Z — o2 =h? (Ag + W — ”Z - (”)2> .

where now o € (1 —¢,14+¢) x (—=Ch,Ch) C C, ¢,C >0, and h € (0,1), h — 0, so
the actual spectral parameter is

n? o\?2
4 + (h) ’
and Im ¥ is bounded. Note that for Imo <0,
(17) R(h,0) = P(h,o)" ' : L*(B"!) — HZ(B"H)

is meromorphic by the results of Mazzeo and the first author [16]. Moreover, while
o is not real, its imaginary part is O(h) in the semiclassical sense, and is thus not
part of the semiclassical principal symbol of the operator.

The construction proceeds on the semiclassical resolution My j, of the product of
the double space B"+1 x oB"*! introduced in [16], and the interval [0, 1), — this space
is described in detail in Section 3. Recall that, for fixed h > 0, the results of [16]
show that the Schwartz kernel of P(h,o)~!, defined for Imo < 0, is well-behaved
(polyhomogeneous conormal) on B"*! xy B"*! and it extends meromorphically
across Im o = 0 with a similarly polyhomogeneous conormal Schwartz kernel. Thus,
the space we are considering is a very natural one. The semiclassical resolution is
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already needed away from all boundaries; it consists of blowing up the diagonal at
h = 0. Note that P(h,o) is a semiclassical differential operator which is elliptic
in the usual sense, but its semiclassical principal symbol g — (Reo)? is not elliptic
(here g is the dual metric function). Ignoring the boundaries for a moment, when
a semiclassical differential operator is elliptic in both senses, it has a parametrix in
the small semiclassical calculus, i.e. one which vanishes to infinite order at h = 0
off the semiclassical front face (i.e. away from the diagonal in B"*! x o, B"*! x {0}).
However, as P(h,o) is not elliptic semiclassically, semiclassical singularities (lack
of decay as h — 0) flow out of the semiclassical front face.

It is useful to consider the flow in terms of Lagrangian geometry. Thus, the
small calculus of order —oo semiclassical pseudodifferential operators consists of
operators whose Schwartz kernels are semiclassical-conormal to the diagonal at
h =0. As P(h,o) is not semiclassically elliptic (but is elliptic in the usual sense,
so it behaves as a semiclassical pseudodifferential operator of order —oo for our
purposes), in order to construct a parametrix for P(h, o), we need to follow the
flow out of semiclassical singularities from the conormal bundle of the diagonal.
For P(h, o) as above, the resulting Lagrangian manifold is induced by the geodesic
flow, and is in particular, up to a constant factor, the graph of the differential of
the distance function on the product space. Thus, it is necessary to analyze the
geodesic flow and the distance function; here the presence of boundaries is the main
issue. As we show in Section 2, the geodesic flow is well-behaved on B"t! x, B!
as a Lagrangian manifold of the appropriate cotangent bundle. Further, for 6 > 0
small (this is where the smallness of the metric perturbation enters), its projection
to the base is a diffeomorphism, which implies that the distance function is also
well-behaved. This last step is based upon the precise description of the geodesic
flow and the distance function on hyperbolic space, see Section 2.

In Section 5, we then construct the parametrix by first solving away the diagonal
singularity; this is the usual elliptic parametrix construction. Next, we solve away
the small calculus error in Taylor series at the semiclassical front face, and then
propagate the solution along the flow-out by solving transport equations. This
is an analogue of the intersecting Lagrangian construction of the first author and
Uhlmann [18], see also the work of Hassell and Wunsch [11] in the semiclassical
setting. So far in this discussion the boundaries of My j arising from the boundaries
of B"™! x( B™t! have been ignored; these enter into the steps so far only in that
it is necessary to ensure that the construction is uniform (in a strong, smooth,
sense) up to these boundaries, which the semiclassical front face as well as the lift
of {h = 0} meet transversally, and only in the zero front face, i.e. at the front face
of the blow-up of B"*! x B"*+! that created B"T! xqB"*!. Next we need to analyze
the asymptotics of the solutions of the transport equations at the left and right
boundary faces of B"t! x o B"*!; this is facilitated by our analysis of the flowout
Lagrangian (up to these boundary faces). At this point we obtain a parametrix
whose error is smoothing and is O(h®), but does not, as yet, have any decay at the
zero front face. The last step, which is completely analogous to the construction of
Mazzeo and the first author, removes this error.

As a warm-up to this analysis, in Section 4 we present a three dimensional
version of this construction, with worse, but still sufficiently well-behaved error
terms. This is made possible by a coincidence, namely that in R? the Schwartz
kernel of the resolvent of the Laplacian at energy (A —i0)? is a constant multiple



SEMICLASSICAL RESOLVENT ESTIMATES 7
of e=™"r=1 and r~! is a homogeneous function on R?, which enables one to blow-
down the semiclassical front face at least to leading order. Thus, the first steps
of the construction are simplified, though the really interesting parts, concerning
the asymptotic behavior at the left and right boundaries along the Lagrangian, are
unchanged. We encourage the reader to read this section first as it is more explicit
and accessible than the treatment of arbitrary dimensions.

In Section 6, we obtain weighted L?-bounds for the parametrix and its error. In
Section 7 we used these to prove Theorem 1 and Theorem 1.1.

In Section 8 we describe in detail the de Sitter-Schwarzschild set-up. Then in
Section 9, in dimension 3 4+ 1, we describe the approach of Bruneau and Petkov
[2] reducing the necessary problem to the combination of analysis on the ends, i.e.
Theorem 1.1, and of the cutoff resolvent, i.e. Theorem 3. Then, in Section 10, we
use this method to prove Theorem 4, and its strengthening, Theorem 10.1. Finally,
in Section 11 we give a different proof which works in general dimension, and does
not require knowledge of estimates for the exact cutoff resolvent. Instead, it uses
the results of Wunsch and Zworski [24] for normally hyperbolic trapping in the
presence of Euclidean ends and of Datchev and the third author [5] which provide a
method to combine these with our estimates on hyperbolic ends. Since this method
is described in detail in [5], we keep this section fairly brief.

1. RESOLVENT ESTIMATES FOR MODEL OPERATORS

In this section we state the full version of the main technical result, Theorem 1.
Let go be the metric on B**! given by

B 4dz?
P =T —zpy

We consider a one-parameter family of perturbations of gy supported in a neigh-
borhood of OB"*! of the form

(1.2) gs = go + xs(2)H(z,dz),

where H is a symmetric 2-tensor, which is C* up to dB"*!, y € C>®(R), with
x(s) =1if [s| < 3, x(s) = 0if |s| > 1, and x5(2) = x((1 — |2[)6 7).

Let z = ﬁiji, W € C>®(B""1) and let Rs(0) = (Ay, +2*W —0? —12)~! denote
the resolvent of Ay, +z2W. The spectral theorem gives that Rs(c) is well defined as
a bounded operator in L?(B"*!) = L?(B"";dg) if Imo << 0. The results of [16]
show that Rs(o) continues meromorphically to C\iN/2 as an operator mapping C*>°
functions vanishing to infinite order at dB"*! to distributions in B"*!. We recall,
see for example [15], that for k € N,

HYB" ) = {u e L2(B") : (20,,0,)™u € L2(B" ), m <k},

(1.1)

and

Hy*® = {ve D' B"): there exists ug € L*(B"),v = Z (20, 0,) P ug}.
1BI<k

Our main result is the following theorem:

Theorem 1.1. There exist 6o > 0, such that if 0 < § < &y, then x°Rs(o)x®
continues holomorphically to Imo < M, M > 0, provided |o| > K(6, M), b > Imo
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and a > Imo. Moreover, there exists C > 0 such that

(1.3) ||$aR6(U)$bUHHg(Bn+1) < Clo| " 2 ¥ v 2gniry, k=0,1,2,
' |2 Rs (o) 2 ]| p2 o1y < c|a|—1+%+’f||v|\H0,k(B,LH), k=0,1,2,

If a = Imo, or b = Imo, or a = b = Imo, let pn(z) € C*((0,1)), én > 1,

on(z) =|logz|™, ifx < % ¢n(x) =1 if v > L. Then in each case the operator
Tupn(0) = 2™ ¢n(x)Rs ()2, if b > Imo,
(1.4) Top N=2"Rs(0)z™  én (), if a > Imo,
Taby = 2™ 7¢n(z)Rs(0) "™ P (),

continues holomorphically to Imo < M, provided N > %, |o| > K (6, M). Moreover
in each case there exists C = C(M, N, §) such that

T 5,5 (0)0]| g @rsny < Clo| 24 o] |2 gneny, k=0,1,2,

HTa,b,N(U)UHH(]B”H) < C|a|71+%+k||v\|HO_;«(B”+1), k=0,1,2.

(1.5)

2. THE DISTANCE FUNCTION

In the construction of the uniform parametrix for the resolvent we will make
use of an appropriate resolution of the distance function, and geodesic flow, for
the metric gs. This in turn is obtained by perturbation from § = 0, so we start
with an analysis of the hyperbolic distance, for which there is an explicit formula.
Namely, the distance function for the hyperbolic metric, gg, is given in terms of the
Euclidean metric on the ball by

distg : (B™")° x (B")° — R where
(21) 2|z;—z/|2
(1—=12P) @ = [2'?)

We are particularly interested in a uniform description as one or both of the
points approach the boundary, i.e. infinity. The boundary behavior is resolved
by lifting to the ‘zero stretched product’ as is implicit in [15]. This stretched
product, B™ xoB™, is the compact manifold with corners defined by blowing up the

intersection of the diagonal and the corner of B™ x B :
B :B" xoB" = [B" x B"; d Diag] — B" x B",
(2.2) 0Diag = DiagN (0B" x IB") = {(z, 2); |2| = 1},
Diag = {(z,2') € B" x B";z = 2}.

cosh(disto(z,2")) =1+

See Figure 1 in which (x,y) and (2/,y’) are local coordinates near a point in the
center of the blow up, with boundary defining functions z and z’ in the two factors.

Thus B™ xg B" has three boundary hypersurfaces, the front face introduced by
the blow up and the left and right boundary faces which map back to OB™ x B™ and
B™ x OB" respectively under 8. Denote by Diag, the lift of the diagonal, which in
this case is the closure of the inverse image under [ of the interior of the diagonal
in B" x B"™.

Lemma 2.1. Lifted to the interior of B™ xo B™ the hyperbolic distance function
extends smoothly up to the interior of the front face, in the complement of Diag,
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X

Diago
Diag

y-y’

FIGURE 1. The stretched product B” xq B".

where it is positive and, for an appropriate choice pr, € C*°(B™ xo B™) of defining
function for the left boundary and with pr its reflection,

Brdisto(2, 2") = —log(prpr) + F,

0 < F € C®(B" x B" \ Diagy), F? € C®(B" x, B"),

with F? a quadratic defining function for Diagy .

Proof. We show first that the square of the Euclidean distance function, |z — 2/|2,
lifts to be smooth on B™ xy B™ and to vanish quadratically on Diag, and on the
front face produced by the blow up

(2.4) B(I2 — '2) = R2f, f € C®(B" xoB").

Here f > 0 vanishes precisely at Diag, and does so quadratically. Indeed this is
certainly true away from the front face produced by the blow up. The spaces and
the distance function are invariant under rotational symmetry, which lifts under
the blow up, so me may fix the spherical position of one variable and suppose that
2z = (1 —2a',0), with 2’ > 0 and small, the blow up is then of z = 2/, 2’ = 0. The
fact that the variables are restricted to the unit ball is now irrelevant, and using
the translation-invariance of the Euclidean distance we can suppose instead that
2/ = (2/,0) and blow up z = 2/, 2’ = 0. Since |(x,0) — z|? is homogeneous in all
variables it lifts to be the product of the square of a defining function for the front
face and a quadratic defining function for the lift of the diagonal. This proves (2.4)
after restriction to the preimage of the balls and application of the symmetry.

The hyperbolic distance is given by (2.1) where 1—|z|? and 1—|z’|? are boundary
defining functions on the two factors. If R is a defining function for the front face
of B™ x¢ B™ then these lift to be of the form py R and prR so combining this with
(2.4)

f

(2.5) B* cosh(distg(z, 2")) =1 + 2 .
PLPR

Now exp(t) = cosht + [cosh2 t—1]?, for t >0, and from (2.5) it follows that

2\ 32
(2.6) exp(distg(z,2')) =1+2 f + (2 ! +4 2f 5 ) :
pror  \ pLor  PiPR
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Near Diag, the square-root is dominated by the first part and near the left and
right boundaries by the second part, and is otherwise positive and smooth. Taking
logarithms gives the result as claimed, with the defining function taken to be one
near Diag, and to be everywhere smaller than a small positive multiple of (1 —
|21%)/R. O

This result will be extended to the case of a perturbation of the hyperbolic met-
ric by constructing the distance function directly from Hamilton-Jacobi theory, i.e.
by integration of the Hamilton vector field of the metric function on the cotangent
bundle. The presence of only simple logarithmic singularities in (2.3) shows, per-
haps somewhat counter-intuitively, that the Lagrangian submanifold which is the
graph of the differential of the distance should be smooth (away from the diagonal)
in the b-cotangent bundle of MZ. Conversely if this is shown for the perturbed
metric then the analogue of (2.3) follows except for the possibility of a logarithmic
term at the front face.

Since the metric is singular near the boundary, the dual metric function on
T*B" is degenerate there. In terms of local coordinates near a boundary point, x,
y where the boundary is locally x = 0, and dual variables &, 7, the metric function
for hyperbolic space is of the form

(2.7) 2p0 = 2262 + 422 (1 — %) 2ho(w, n)

where hg is the metric function for the induced metric on the boundary.

Recall that the O-cotangent bundle of a manifold with boundary M, denoted
OT* M, is a smooth vector bundle over M which is a rescaled version of the ordinary
cotangent bundle. In local coordinates near, but not at, the boundary these two
bundles are identified by the (rescaling) map

(2.8) T*M > (z,y,&n) — (2,9, A\ 1) = (z,y,x€,an) € "T*M.

It is precisely this rescaling which makes the hyperbolic metric into a non-degenerate
fiber metric, uniformly up to the boundary, on this bundle. On the other hand the b-
cotangent bundle, also a completely natural vector bundle, is obtained by rescaling
only in the normal variable

(2.9) T*M 3 (z,y,€,n) — (z,y,\,n) = (x,y,2¢,n) € "T*M.
Identification over the interior gives natural smooth vector bundle maps
(2.10) wo : OTM — PTM, o) "T*M — °T* M.

The second scaling map can be constructed directly in terms of blow up.

Lemma 2.2. If°T*0M C OTa*MM denotes the annihilator of the null space, over
the boundary, of tpo in (2.10) then there is a canonical diffeomorphism
(2.11)
"T*M — °T*M,°T*0M]\ B# (T3, M), B: [PT*M,°T*0M] — °T* M,
to the complement, in the blow up, of the lift of the boundary:
BTy M) = 3=1(0T 5, M \ OT*0M).

Proof. In local coordinates , y;, the null space of tp in (2.10) is precisely the span
of the ‘tangential’ basis elements w0, over each boundary point. Its annihilator,
OT*OM is given in the coordinates (2.9) by u = 0 at & = 0. The lift of the ‘old
boundary’ x = 0 is precisely the boundary hypersurface near which |u| dominates
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x. Thus, z is a valid defining function for the boundary of the complement, on the
right in (2.11) and locally in this set, above the coordinate patch in M, n; = u;/x
are smooth functions. The natural bundle map PT*M — °T* M underlying (2.11)
is given in these coordinates by )\% +n-dy —> )\% +zn - d?y, which is precisely
the same map, u = xn, as appears in (2.9), so the result, including naturality,
follows. O

The symplectic form lifted to °T* M is
1 1 1
Yw==d\Adz+ —duAdy — —dz A (p - dy)
x x x
whereas lifted to PT*M it is
1
(2.12) by = —dANdx +dn A dy.

Working, for simplicity of computation, in the non-compact upper half-space
model for hyperbolic space the metric function lifts to the non-degenerate quadratic
form on °T* M :

(2.13) 2po = A* + ho(w, 1)

where hg = |u|? is actually the Euclidean metric. The 0-Hamilton vector field
of pg € C>®(°T*M), just the lift of the Hamilton vector field over the interior, is
determined by

(2.14) O%w(-,"H,) = dp.
Thus
dp Op dp dp Jp dp
OH — 22 s £ o9 _ it et N I i
p =230t ey O <“ o T an ) Tt ey, ) O
and hence
(2.15) OH,, = A2 + ) — hods + thO

is tangent to the smooth (up to the boundary) compact sphere bundle given by
po=1.

Over the interior of M = B", the hyperbolic distance from any interior point
of the ball is determined by the graph of its differential, which is the flow out
inside pg = 1, of the intersection of this smooth compact manifold with boundary
with the cotangent fiber to the initial point. Observe that H,, is also tangent to
the surface p = 0 over the boundary, which is the invariantly defined subbundle
OT*OM. Since the coordinates can be chosen to be radial for any interior point, it
follows that all the geodesics from the interior arrive at the boundary at z = 0,
u = 0, corresponding to the well-known fact that hyperbolic geodesics are normal to
the boundary. This tangency implies that H,, lifts under the blow up of °T*9M in
(2.11) to a smooth vector field on T M; this can also be seen by direct computation.

Lemma 2.3. The graph of the differential of the distance function from any interior
point, p € (B™)°, of hyperbolic space extends by continuity to a smooth Lagrangian
submanifold of *T*(B™ \ {p}) which is transversal to the boundary, is a graph over
B™\ {p} and is given by integration of a non-vanishing vector field up to the bound-
ary.
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Proof. Observe the effect of blowing up u = 0, x = 0 on the Hamilton vector field
in (2.15). As noted above, near the front face produced by this blow up valid
coordinates are given by n = u/xz, A and y, with = the boundary defining function.
Since this transforms %w to Pw it follows that °H,, is transformed to

(2.16) PH,, = 2(\0y — zhoOy + 2Hp,)

where now Hy,, is the Hamilton vector field with respect to y and 7.

The constant energy surface pg = 1 remains smooth, but non-compact, near the
boundary, which it intersects transversally in A = 1. From this the result follows
— with the non-vanishing smooth vector field being pro divided by the boundary
defining function = near the boundary. O

The logarithmic behaviour of the distance function in (2.3) with one point fixed
in the interior is a consequence of Lemma 2.2, since the differential of the distance
must be of the form adxz/x + b - dy for smooth functions a and b, and since it is
closed, a is necessarily constant on the boundary.

To examine the distance as a function of both variables a similar construction
for the product, in this case M2, M = B” can be used. The graph, A, of the
differential of the distance d(p,p’) as a function on M? is the joint flow out of the
conormal sphere bundle to the diagonal in T*M? = T*M x T*M, under the two
Hamiltonian vector fields of the two metric functions within the product sphere
bundles. As before it is natural to lift to °7*M x °T*M where the two sphere
bundles extend smoothly up to the boundary. However, one can make a stronger
statement, namely that the lifted Hamilton vector fields are smooth on the b-
cotangent bundle of MZ, and indeed even on the ‘partially b’-cotangent bundle of
M2, with ‘partially’ meaning it is the standard cotangent bundle over the interior
of the front face. This is defined and discussed in more detail below; note that the
identification of these bundles over the interior of Mg extends to a smooth map
from these bundles to the lift of 9T*M x °T*M, as we show later, explaining the
‘stronger’ claim.

Smoothness of the Hamilton vector field together with transversality conditions
shows that the flow-out of the conormal bundle of the diagonal is a smooth La-
grangian submanifold of the cotangent bundle under consideration; closeness to a
particular Lagrangian (such as that for hyperbolic space) restricted to which pro-
jection to M¢ is a diffeomorphism, guarantees that this Lagrangian is also a graph
over MZ. Thus, over the interior, (Mg)°, it is the graph of the differential of the
distance function, and the latter is smooth; the same would hold globally if the La-
grangian were smooth on 7% Mg. The latter cannot happen, though the Lagrangian
will be a graph in the b-, and indeed the partial b-, cotangent bundles over Mg.
These give regularity of the distance function, namely smoothness up to the front
face (directly for the partial b bundle, with a short argument if using the b bundle),
and the logarithmic behavior up to the other faces. Note that had we only showed
the graph statement in the pullback of °T*M x °T*M, one would obtain directly
only a weaker regularity statement for the distance function; roughly speaking, the
closer the bundle in which the Lagrangian is described is to the standard cotangent
bundle, the more regularity the distance function has.

In fact it is possible to pass from the dual of the lifted product 0-tangent bundle
to the dual of the b-tangent bundle, or indeed the partial b-bundle, by blow-up, as
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for the single space above. Observe first that the natural inclusion
(2.17) Lob X Lo : OTM x OTM — PTM? =PTM x *TM

identifies the sections of the bundle on the left with those sections of the bundle
on the right, the tangent vector fields on M?, which are also tangent to the two
fibrations, one for each boundary hypersurface

(2.18) ¢ OM x M —s M, ¢p: M x OM —s M.

Lemma 2.4. The fibrations (2.18), restricted to the interiors, extend by continuity
to fibrations ¢r,, Tesp. ¢r, of the two ‘old’ boundary hypersurfaces of M& and the
smooth sections of the lift of T M x °TM to M& are naturally identified with the
subspace of the smooth sections of YT ME which are tangent to these fibrations and
also to the fibres of the front face of the blow up, Bo : F(MEZ) — OM x OM.

Proof. 1t is only necessary to examine the geometry and vector fields near the front
face produced by the the blow up of the diagonal near the boundary. Using the
symmetry between the two factors, it suffices to consider two types of coordinate
systems. The first is valid in the interior of the front fact and up to a general point
in the interior of the intersection with one of the old boundary faces. The second
is valid near a general point of the corner of the front face, which has fibers which
are quarter spheres.

For the first case let z, y and z’, ¢’ be the same local coordinates in two factors.
The coordinates

(2.19) s=z/r', 2, yand Y = (y —y)/2'

are valid locally in MZ above the point z = 2’ = 0, y = ¢/, up to the lift of the old
boundary x = 0, which becomes locally s = 0. The fibration of this hypersurface is
given by the constancy of y and the front face is ' = 0 with fibration also given
by the constancy of y. The vector fields

20y, 20y, ¥'0y and 2’9,

lift to
$0s, sa'0y — sOy, ©'0y — s05 —Y - Oy and Oy
The basis s0s, sz'dy, 2’0, and Oy shows that these vector fields are locally precisely
the tangent vector fields also tangent to both fibrations.
After relabeling the tangential variables as necessary, and possibly switching
their signs, so that y; —y; > 0 is a dominant variable, the coordinate system

! ! .
T T Y, Y

i T T T
can be used at a point in the corner of the front face. The three boundary hyper-
surfaces are locally s; = 0, so = 0 and t = 0 and their respective fibrations are
given in these coordinates by

(220)  t=y1 -y, 1=

7>y

s1 =0, y = const.,
(2.21) sp =0, y; =y1 +1t=const., y; =y; +tZ; = const., j > 1,
t =0, y = const.
Thus, the intersections of fibres of the lifted left or right faces with the front face

are precisely boundary hypersurfaces of fibres there. On the other hand within the
intersection of the lifted left and right faces the respective fibres are transversal
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except at the boundary representing the front face. The lifts of the basis of the
zero vector fields is easily computed:

20y — 5105, ,
{anl — —Sltat + 8%851 + 8182852 + 81Z . 8Z + Sltayl,

x0y, — 8110y, — 510z,

(222) 2’0y — 590

S99
’ 2
x ayll — S9t0 — 8281351 — 82852 — 594 - 827

&'0y — $207,.
J J

The span, over C>°(M¢Z), of these vector fields is also spanned by
51851, 82852, Sgazj, 7 >1, 81<tayj —azj), 7 >1, Sl(tat—tayl —Z'az> and s9t0;.

These can be seen to locally span the vector fields tangent to all three boundaries
and corresponding fibrations, proving the Lemma. ([l

With ¢ = {¢1, #r, Bo} the collection of boundary fibrations, we denote by ¢T M2
the bundle whose smooth sections are exactly the smooth vector fields tangent to
all boundary fibrations. Thus, the content of the preceding lemma is that

B*(°TM x °TM) = *TMZ.

These fibrations allow the reconstruction of PT* Mg as a blow up of the lift of
OT*M x OT* M to M. It is also useful, for more precise results later on, to consider
the ‘partially b-" cotangent bundle of M2, »#7T*MZ2; this is the dual space of the
partially b-tangent bundle, >#7 M2, whose smooth sections are smooth vector fields
on Mg which are tangent to the old boundaries, but not necessarily to the front
face, ff. Thus, in coordinates (2.19), sds, 0yr, 0, and Jy form a basis of »#T M2,
while in coordinates (2.20), 10s,, 520s,, O¢, 9z, and J, do so. Let

Wy P PTMG — PTMG, 1§y ¢ *TMG — > T Mg
be the inclusion maps.

Lemma 2.5. The annihilators, in the lift of °T* M x°T* M to Mg, of the null space
of either L(Q)b or L%b’ﬂ over the old boundaries, as in Lemma 2.4, form transversal
embedded p-submanifolds. After these are blown up, the closure of the annihilator
of the nullspace of 12, resp. L%b’ﬁ, over the interior of the front face of M& is a
p-submanifold, the subsequent blow up of which produces a manifold with corners
with three ‘old’ boundary hypersurfaces; the complement of these three hypersurfaces
is canonically diffeomorphic to *T* M2, resp. »TT*M2.

Proof. By virtue of Lemma 2.2 and the product structure away from the front face ff
of M2, the statements here are trivially valid except possibly near ff. We may again
use the coordinate systems discussed in the proof of Lemma 2.4. Consider the linear
variables in the fibres in which a general point is [z, +v - 20y +1'2'0p + 0" - 2D,y

First consider the inclusion into bTMOQ. In the interiors of s7 = 0 and sy = 0
and the front face respectively, the null bundles of the inclusion into the tangent
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vector fields are
(2.23)
I=1'=0,v =0,

I=1'=0, v=0,
1505 + v(s2'0y — sOy ) + I'(2'0pr — 05 — YOy ) + 0’0y =0at 2’ =0, s >0
—=I=0I=0, v =sv.

The corresponding annihilator bundles, over the interiors of the boundary hy-
persurfaces of Mg, in the dual bundle, with basis

!/ /
(2.24) Adg + ud—xy + Xii, + u’i—y,
are therefore, as submanifolds,
s1=0, pu=0,
(2.25) so =0, ' =0 and

=0, p+sy =0o0rt=0, sou-+su =0.

Here the annihilator bundle over the front face is given with respect to both the
coordinate system (2.19) and (2.20).

Thus, the two subbundles over the old boundary hypersurfaces meet transversally
over the intersection, up to the corner, as claimed and so can be blown up in either
order. In the complement of the lifts of the old boundaries under these two blow ups,
the variables u/s1 and u'/so become legitimate; in terms of these the subbundle
over the front face becomes smooth up to, and with a product decomposition at,
all its boundaries. Thus, it too can be blown up. That the result is a (painful)
reconstruction of the b-cotangent bundle of the blown up manifold Mg follows
directly from the construction.

It remains to consider the inclusion into ®»#TMZ. The only changes are at the
front face, namely the third line of (2.23) becomes
(2.26)

1505 + v(sz'0y — sOy) + U'(' 0 — s0s — YOy ) + /0y =0at 2’ =0, s >0
==l vV =sv+1Y.
Correspondingly the third line of (2.25) becomes
=0, \+N+4Y =0, p+sy’ =0

(2.27) ort =0, sopt+s1p’ =0, so(A+N)+p) + Z“;’Zj = 0.
j=2

The rest of the argument is unchanged, except that the conclusion is that > 7 Mg
is being reconstructed. (I

Note that for any manifold with corners, X, the b-cotangent bundle of any
boundary hypersurface H (or indeed any boundary face) includes naturally as a
subbundle PT*H — T7, X.

Lemma 2.6. The Hamilton vector field of gs lifts from either the left or the right
factor of M in M? to a smooth vector field, tangent to the boundary hypersurfaces,

on *T*MZ, as well as on b’HT*Mg, still denoted by Hg(;, resp. Hf{s, Moreover,

Hé{s =pVE, Hg = prVE, where Vi, resp. Vi are smooth vector fields tangent to
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all hypersurfaces except the respective cotangent bundles over the left, resp. right,
boundaries, to which they are transversal, and where pr, and pr are defining func-
tions of the respective cotangent bundles over these boundaries.

Proof. Inserting the explicit form of the Euclidean metric, the Hamilton vector field
in (2.15) becomes

(2.28) OH,, = A0y + pdy) — |u?0x + zp - 0y

Consider the lift of this vector field to the product, °T*M x 9T*M, from left and
right, and then under the blow up of the diagonal in the boundary. In the coordinate
systems (2.19) and (2.20)
OHL = (805 + pd,) — |u0x + su(z'0, — Oy)
OHE = N(2/0y — 505 — YOy + 1/ Op) — |1/ [20x + 1/ Oy
OHII;O = )‘(81681 + :U’@H) - |M|28)\ + 5 Zﬂj(tayj - 82])

j=2
(2.29) 51101 (K0, — 10, + 105, + 830, + 3 Z;07,)
j=>2
PHiL = X (5205, + 1 0y) = |1 POx + 523 500,
§>2
—‘y—SQMa (tat - 51851 - 82682 - Z 27821)
§>2

Note that the bundle itself is just pulled back here, so only the base variables are
changed.

Next we carry out the blow ups of Lemma 2.5. The centers of blow up are given
explicitly, in local coordinates, in (2.25), with the third line replaced by (2.27) in
the case of tfy, 4. We are only interested in the behaviour of the lifts of the vector
fields in (2.29) near the front faces introduced in the blow ups.

Consider 2, first. For the first two cases there are two blow-ups, first of u = 0
in s = 0 and then of y + sy’ = 0 in 2’ = 0. Thus, near the front face of the first
blow up, the u variables are replaced by i = p1/s and then the center of the second
blow up is ft + ¢/ = 0, 2’ = 0. Thus, near the front face of the second blow up we
can use as coordinates s, 2, p’ and v = (i + ') /2’, i.e. substitute o = —p' + z'v.
In the coordinate patch (2.29) the lifts under the first blow up are
OHL s AsO, — s2[fil*0n + s*fi(z'0y — Oy)

0

OHR s N (2/0p — 805 — YOy + [i0g + ' O,) — |1/|*On + 1/ Oy .

0

(2.30)

Thus under the second blow up, the left Hamilton vector field lifts to
(2.31) OHL s ST, T = X0, — s|fi|*Ox + sfi(z'0y — Oy)
where T is transversal to the boundary s = 0 where \ # 0.

A similar computation near the corner shows the lifts of the two Hamilton vector
fields under blow up the fibrations of s; = 0 and sy = 0 in terms of the new
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coordinates i = u/s; and i’ = u'/ss to be
OH, =As10s, — sTIAlOn + 57 Y fi;(t0y, — Oz,)

i>2

+S%ﬂl(tay1 —t0; + 31851 - /jaﬁ + 82882 - la/aﬂ’ + Z ZjaZj)?

j>2

(2.32) OyR / 2 ~/12 2 ~1

Hp,, =X\'s20s, — s3]’ [70n + 53 Zujazj

Jj=2
2~/ ~ Y
+3f1} (t0, — 5105, + i — 5205, + [0 — Y Z;0z,).
i>2

The final blow up is that of t = 0, i + i’ = 0, near the front face of this blow-up
replacing (¢, i, ') by (¢, i, 7), v = (i + f')/t, as valid coordinates (leaving the
others unaffected). Then the vector fields above become

OyL __ L OyR __ "R
Hpo —SlT ; Hpo —SQT 3

T" =0, — s1lil*0x + 51 ) _ fi;(t0y, — 9z,)

§>2
81 (t0y, — t0; + 510, — 105 + 520s, + D Z;02,),
(233) ji>2
TR =N0,, — 5ol |?Ox + 52 Y _ ji;0z,
J>2
+32ﬂ/1(t8t — 81(981 + /18,1 — 82632 — Z ZjBZ].).

j>2
Thus both left and right Hamilton vector fields are transversal to the respective
boundaries after a vanishing factor is removed, provided A, X' # 0.

The final step is to show that the same arguments apply to the perturbed metric.
First consider the lift, from left and right, of the perturbation to the Hamilton vector
field arising from the perturbation of the metric. By assumption, the perturbation
H is a 2-cotensor which is smooth up to the boundary. Thus, as a perturbation
of the dual metric function on °T*M it vanishes quadratically at the boundary.
In local coordinates near a boundary point it follows that the perturbation of the
differential of the metric function is of the form

(2.34) dp — dpy = xQ(adf + bdy + cd\ + edy)

From (2.14) it follows that the perturbation of the Hamilton vector field is of the
form

(2.35) Hy, — Hpy = 2%(d'20, + V20, + 'O\ + €'0,,)

on OT* M. Lifted from the right or left factors to the product and then under the
blow-up of the diagonal to Mg it follows that in the coordinate systems (2.19) and
(2.20), the perturbations are of the form
L L _ 2/(.n217L QYR R _ (,N21/R /L 1R

(2.36) Hy —H, =s7(2)°V", Hy —H, = (2)°VF, VY, VE e,

HY —HL =W, HY —Hf = W h, Wi wh e,
where M}, denotes the space of smooth vector fields tangent to all boundaries. Since
the are lifted from the right and left factors, V¥ and V¥ are necessarily tangent
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to the annihilator submanifolds of the right and left boundaries. It follows that
the vector fields sz’V’ and 2/VF are tangent to both fibrations above a coordi-
nate patch as in (2.19) and s;tV% and sotV! are tangent to all three annihilator
submanifolds above a coordinate patch (2.20). Thus, after the blow ups which
reconstruct P7* M2, the perturbations lift to be of the form

(2.37) Hﬁ — H£O = prpgUL, Hff — Hfo = prpgUF

where UL and U® are smooth vector fields on PT* Mg.

From (2.37) it follows that the transversality properties in (2.31) and (2.33)
persist.

Now consider L%bﬂ. First, (2.30) is unchanged, since the annihilators on the ‘old’
boundary faces are the same in this case. In particular, we still have fi = 1/ as one
of our coordinates after the first blow up; the center of the second blow up is then
=0, A\+N+p-Y =0, i+ =0. Thus, near the front face of the second blow
up we can use as coordinates s, ', y’ and o = A+ N +p'-Y) /o', v = (a+p') /2,
i.e. substitute g = —p/ + 2'v, ie. p = —p's+2'sv, and A = - N — ' - Y + 2'0.
Thus under the second blow up, the left Hamilton vector field lifts to

(2.38) OHL s ST, T' = NOs + pi - (—v0y + 20, — Oy),

0

so T is transversal to the boundary s = 0 where A # 0.
In the other coordinate chart, again, (2.32) is unchanged since the annihilators
on the ‘old’ boundary faces are the same. The final blow up is that of

t=0, i+ i =0, N+ N+ ji} + Y _jijZ; =0,
Jj=>2
near the front face of this blow-up replacing (¢, ii, @', A, \') by (¢, i, 7, A\, &),
v=(a+ i)/t =N+ N+ + D> W7/t
Jj=>2
as valid coordinates (leaving the others unaffected). Then the vector fields above
become

OyL _ ~nL OgR __ ~R
Hpo—SlT y HPO—SQT s

Tk =A0s, — 51|ﬂ|26)\ + 81 Zﬂj(tayj — 0z, — 0;05)

J>2
+s1fir (t0y, — t0; + 5105, + 605 — V05 + 5205, — 1105 + »_ Z;0z,),
(2.39) s
TR =N0,, + 52 Y ji;0g,
Jj=2
+2fif (10, — 5104, + fi0p — 5205, — 605 — Y Z;0z7,).

Jj=2
Again, both left and right Hamilton vector fields are transversal to the respective

boundaries after a vanishing factor is removed, provided A, X’ # 0. The rest of the
argument proceeds as above. O

Proposition 2.7. The differential of the distance function for the perturbed metric
gs, for sufficiently small 6, on M = B" defines a global smooth Lagrangian subman-
ifold As, of °T*(M xo M), which is a smooth section outside the lifted diagonal and
which lies in *T* ff over the front face, f£(Mg) and in consequence there is a unique
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geodesic between any two points of (B®)°, no conjugate points and (2.3) remains
valid for dists(z, 2').

Proof. For the unperturbed metric this already follows from Lemma 2.1. We first
reprove this result by integrating the Hamilton vector fields and then examine the
effect of the metric perturbation. Thus we first consider the lift of the Hamilton
vector field of the hyperbolic distance function from °T* M, from either the left of
the right, to b’ﬁrT*Mg, using the preceding lemma.

Although the global regularity of the Lagrangian which is the graph of the dif-
ferential of the distance is already known from the explicit formula in this case,
note that it also follows from the form of these two vector fields. The initial mani-
fold, the unit conormal bundle to the diagonal, becomes near the corner of M? the
variety of those

(2.40) &(dx — da’) +n(dy — dy') such that €2 + |n|* = r=2' >0, y=1v.

272’
In the blown up manifold M2 the closure is smooth in PT*M2 and is the bundle
over the lifted diagonal given in terms of local coordinates (2.19) by

(2.41) A%—kudY, )\2+\,u|2:%7 s=1,Y =0;

the analogous statement also holds in ®*7* M2 where one has the ‘same’ expression.
Using the Hamilton flow in »#7* M2, we deduce that the flow out is a global smooth
submanifold, where smoothness includes up to all boundaries, of b’HT*Mg, and is
also globally a graph away from the lifted diagonal, as follows from the explicit
form of the vector fields. Note that over the interior of the front face, > T* M2 is
just the standard cotangent bundle, so smoothness of the distance up to the front
face follows. Over the left and right boundaries the Lagrangian lies in A = 1 and
A =1 so the form (2.3) of the distance follows.

The analogous conclusion can also be obtained by using the flow in bT*Mg. In
this setting, we need that over the front face (2.41) is contained in the image of
bT* ff to which both lifted vector fields are tangent. Thus it follows that the flow out
is a global smooth submanifold, where smoothness includes up to all boundaries, of
bT* M2 which is contained in the image of PT* ff over ff(Mg). Again, it is globally a
graph away from the lifted diagonal, as follows from the explicit form of the vector
fields. Over the left and right boundaries the Lagrangian liesin A =1 and X =1
so the form (2.3) of the distance follows.

For small ¢ these perturbation of the Hamilton vector fields are also small in
supremum norm and have the same tangency properties at the boundaries used
above to rederive (2.3), from which the Proposition follows. O

3. THE SEMICLASSICAL DOUBLE SPACE

In this section we construct the semiclassical double space, My, which will be
the locus of our parametrix construction. To motivate the construction, we recall
that Mazzeo and the first author [16] have analyzed the resolvent R(h, o), defined in
equation (17), for o/h € C, though the construction is not uniform as |o/h| — oc.
They achieved this by constructing the Schwartz kernel of the parametrix G(h, o)
to R(h,o) as a conormal distribution defined on the manifold

MO _ Bn+1 X0 ]BTL+1
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defined in (2.2), see also figure 1, with meromorphic dependence on o/h.
The manifold B"+! x B"*! is a 2n + 2 dimensional manifold with corners. It
contains two boundary components of codimension one, denoted as in [16] by

oL (BT x B"Tl) = 9B ! x B"T! and 9] (B" 1! x B"T!) =B T x 9B,

which have a common boundary 9(B"T! x B"T1) = 9B+ x 9B"*!. The lift of
o7 (B"+! x B"+1) to My, which is the closure of

ﬁ—l(a{(Bn-i-l % B"+1) \ 62(Bn+1 % Bn+1))7

with 8 : My — B™™! x B"*! the blow-down map, will be called the right face and
denoted by R. Similarly, the lift of 9 (B"*! x B"*!) will be called the left face and
denoted by L. The lift of Diag Ndy(B"T1 x B"*1), which is its inverse image under
B, will be called the front face F, see figure 1.

We briefly recall the definitions of their classes of pseudodifferential operators,
and refer the reader to [16] for full details. First they define the class W7*(B"+1)
which consists of those pseudodifferential operators of order m whose Schwartz
kernels lift under the blow-down map /3 defined in (2.2) to a distribution which
is conormal (of order m) to the lifted diagonal and vanish to infinite order at all
faces, with the exception of the front face, up to which it is C*° (with values in
conormal distributions). Here, and elsewhere in the paper, we trivialized the right
density bundle using a zero-density; we conveniently fix this as |dgs(z’)|. Thus,
the Schwartz kernel of A € W' (B" 1) is K4(z,2)|dgs(2")], with K4 as described
above, so in particular is C* up to the front face.

It then becomes necessary to introduce another class of operators whose kernels
are singular at the right and left faces. This class will be denoted by \Ifgn’a’b(IB%”“),
a,b € C. An operator P € W{"**(B"1) if it can be written as a sum P = P, + P,
where Py € Uj*(X) and the Schwartz kernel K p,|dgs(2')| of the operator P» is such
that Kp, lifts under 8 to a conormal distribution which is smooth up to the front
face, and which satisfies the following conormal regularity with respect to the other
faces

(3.1) VEB*Kp, € p3p5h L (B xoB" ™), V keN,

where V), denotes the space of vector fields on M, which are tangent to the right
and left faces.
Next we define the semiclassical blow-up of

B x B x [0, 1),

and the corresponding classes of pseudodifferential operators associated with it
that will be used in the construction of the parametrix. The semiclassical double
space is constructed in two steps. First, as in [16], we blow-up the intersection
of the diagonal Diag x[0,1) with dB"T! x 9B"*+! x [0,1). Then we blow-up the
intersection of the lifted diagonal times [0, 1) with {h = 0}. We define the manifold
with corners

(3.2) Moy = [B"™! x B"*! x [0,1]; 0 Diag x[0, 1); Diag, x{0}].
See Figures 2 and 3. We will denote the blow-down map
(3.3) Br: Mgy — B" T x B" x [0,1).
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Diag0
Diagx[0,1]

h

FIGURE 2. The stretched product B"+! xo B"! x [0,1).

FIGURE 3. The semiclassical blown-up space My obtained by
blowing-up B" 1 xo B! x [0,1) along Diag, N x {h = 0}.

As above, we can define the right and left semiclassical faces as the lift of
o (B" x B" x [0,1)) = 9B" ™' x B"™! x [0,1) and
o1 (IB%"“‘1 x B" L x [0, 1))) =B"" x 9B" ! x [0,1),
by the blow-down map 5. We will denote the lift of the diagonal under the map
Br by Diagy, i.e.
Diag, = the closure of 3; ' (Diag x(0,1) \ (DiagN(dB" " x 9B"1))).

The lift of 9 Diag %[0, 1) will be called the zero front face F, while the boundary
obtained by the blow-up of Diag, x[0, 1] along Diag, x{0} will be called the semi-
classical front face S. The face which is obtained by the lift of B"*! x B**! x {0}
is the semiclassical face, and will be denoted by A.

We wish to find a parametrix such that P(h,o) acting on the left produces the
identity plus an error which vanishes to high enough order on the right and left
faces, R and £, and to infinite order at the zero-front face F, the semiclassical front
face S and the semiclassical face A. Thus the error term is bounded as an operator
acting between weighted L?(B"*1) spaces and its norm goes to zero as h | 0.

As in [16] we define the class of semiclassical pseudodifferential operators in two
steps. First we define the space P € \Ilgfh(IB%"H) which consists of operators whose
kernel

KP(Zﬂ Zl7 h) |d/g§('zl)‘
lifts to a conormal distribution of order m to the lifted diagonal and vanishes to
infinite order at all faces, except the zero front face, up to which it is C*° (with
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values in conormal distributions) and the semiclassical front face, up to which it is
h="=1C% (with values in conormal distributions). We then define the space

(3.4)
K@ e(Mop) = {K € L (M) : V'K € p}p%phps™ L>(Mo), m € N},

where V, denotes the Lie algebra of vector fields which are tangent to £, A and
R. Again, as in [16], we define the space \Ilgf;ia’b’C(B”“) as the operators P which
can be expressed in the form P = P; + P, with P € \Ilgfh(]B%”H) and the kernel
Kp, |dgs(2")| of Py is such BiKp, € K*%¢(My 1).

4. A SEMICLASSICAL PARAMETRIX FOR THE RESOLVENT IN DIMENSION THREE

In this section we construct a parametrix for the resolvent R(h, o) defined in
(17) in dimension three. We do this case separately because it is much simpler
than in the general case, and one does not have to perform the semiclassical blow-
up. Besides, we will also need part of this construction in the general case. More
precisely, if n + 1 = 3, and the metric g satisfies the hypotheses of Proposition
2.7, we will use Hadamard’s method to construct the leading asymptotic term of
the parametrix G(o, h) at the diagonal, and the top two terms of the semiclassical
asymptotics. Our construction takes place on (B xq B3) x [0,1)y, instead of its
semiclassical blow up, i.e. the blow up of the zero-diagonal at h = 0, as described
above. This is made possible by a coincidence, namely that in three dimensions,
apart from an explicit exponential factor, the leading term in the asymptotics lives
on B3 xo B3 x [0,1). However, to obtain further terms in the asymptotics would
require the semiclassical blow up, as it will be working in higher dimensions. For
example, this method only give bounds for the resolvent of width 1, while the more
general construction gives the bounds on any strip.

We recall that in three dimensions the resolvent of the Laplacian in hyperbolic
space, Ay, Ro(0) = (Ay, — 02 —1)7! has a holomorphic continuation to C as an
operator from functions vanishing to infinite order at B> to distributions in B3.
The Schwartz kernel of Ry(o) is given by

—i0T
e 0

!/
(41) RO(O’,Z,Z ) = m,
where ro = ro(z,2’) is the geodesic distance between z and z’ with respect to the
metric go, see for example [16].

Since there are no conjugate points for the geodesic flow of g, for each 2’ €
(B3)°, the exponential map for the metric g, exp,, : T. (B?)° — (B%)°, is a global
diffeomorphism. Let (r,0) be geodesic normal coordinates for g which are valid
in (B3)°\ {2'}; 7(2,2") =: d(z,2') is the distance function for the metric g. Since
r(z,2') is globally defined, g is a small perturbation of gg and the kernel of Ry(o)
is given by (4.1), it is reasonable to seek a parametrix of R(h,o) which has kernel
of the form

(4.2) G(h,0,2,2") = e """ h2U(h,0,2,7'),

with U properly chosen.

We now reinterpret this as a semiclassical Lagrangian distribution to relate it to
the results of Section 2. Thus, —or = —od(z,2’) is the phase function for semi-
classical distributions corresponding to the backward left flow-out of the conormal
bundle of the diagonal inside the characteristic set of 2p. — 2. This flowout is the
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T

B

FIGURE 4. The manifold B*t! x; B!,

same as the forward right flow-out of the conormal bundle of the diagonal, and is
also the dilated version, by a factor of ¢, in the fibers of the cotangent bundle, of
the flow-out of in the characteristic set of 2p. — 1, which we described in detail in
Section 2.

In view of the results of Section 2, for the characteristic set of 2p. —1 (the general
case of 2p. — o2 simply gives an overall additional factor of o due to the dilation),
the lift 8*0, of O, to B3 x B? satisfies

(4.3) 8*0, = I, VX,

and thus is a C* vector field on (B? xB?)\ Diag,, which is tangent to all boundary
faces, and at the left face L = B,

(44) 87’ = 7RL+WL,

where Ry, is the radial vector field corresponding to the left face, and Wy €
prVo((B? xo B?) \ Diag).

It is convenient to blow up Diag, and lift 3*0, further to this space. We thus
define B3 x; B3 to be the manifold obtained from B3 xg B3 by blowing-up the
diagonal Diag,, as shown in Fig. 4. Let 34 : B® x1 B? — B? xqB? denote the blow-
down map and let Bqo 8 = Boq. The vector field 5,0, is transversal to the new face
introduced by blowing up the diagonal; it still satisfies the lifted analogue of (4.4).
Moreover, integral curves of 3,0, hit the left face L away from its intersection with
the right face R in finite time.

In coordinates (r,6) the metric g is given by
(4.5) g=dr’+ H(r,0,d9),
where H(r,0,df) is a C* 1-parameter family of metrics on S2. The Laplacian with
respect to g in these coordinates is given by

1 1
Ay ==07 -V, +Ap, V=—50/(g7),
lg]2
where |g|% is the volume element of the metric g and Ay is the Laplacian with
respect to H on S?. The volume element | g\% has the following expansion as r | 0,

(4.6) 192 (r,0) = r*(1 + 12g1(r, 0)),



24 RICHARD MELROSE, ANTONIO SA BARRETO AND ANDRAS VASY

see for example page 144 of [7]. So

2
(4.7) A, =07~ (= +7rA4)0, + Ay
We want U in (4.2) to be of the form
(4.8) U(h,o,2,2") = Uy(0,2,2") + hU; (0, 2, 2),
and so

(R*(Ag + 2*W —1) — o) e "2 h2U

(4.9) = e E (A + 22 W = 1)U + 2% |g| ¥, (19l To)
+ 2iolg) 10, (|g| 3 UL) + h(Ay + 22W — 1)U1>.
Here the leading term in h as h — 0 both overall, and as far as U is concerned,

is
(4.10) 2i |9l =40, (191t Vo),
and the leading term as far as U; is concerned is
(4.11) 2iolg =10, (lg|3Uh).

In the interpretation as semiclassical Lagrangian distributions, these are both the
differential operators arising in the transport equations. For Hamiltonians given
by Riemannian metrics, these operators in the interior are well-known to be Lie
derivatives with respect to the Hamilton vector field, when interpreted as acting on
half-densities. This can also be read off directly from (4.10)-(4.11), with |g|7 being
the half-density conversion factor, o is due to working at energy o (rather than 1),
and the factor of 2 is due to the symbol of the Laplacian being 2p..

To get rid of the term in h~! we solve the Oth transport equation, i.e. we impose

9 (lg1* o) =0,
and we choose Up(r,0) = = |g(r, 0)|~%. From (4.6) we have
(4.12) \g|_%(r, 0) = r~1(1 +r2ga(r,0)) near r = 0.

Therefore, near r = 0,
g%\g(r, )% =6(z,2") + %Ar‘l + %Ag(rgg).
This only occurs in three dimensions, and makes this construction easier than in
the general case. In higher dimensions the power or 7 in (4.12) is 7~ %, and does not
coincide with the power of r of the fundamental solution of the Laplacian, which,
in dimension n + 1, is 7'~ so one does not get the delta function in (4.13).

To get rid of the term independent of h in (4.9) in » > 0 we solve the first
transport equation,

2iclg| 50, (|g|TU1) + (Ay + W — 1)Uy = 0 in r > 0,
Uy =0atr=0.

(4.13) A

So

1 1 r 1 1
(4.14) U1(T,9):*8.i|9(7"70)|7/ 917 (5,0) (Ag +2®W — 1) [g] 77 (s,0) ds.
10T 0
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Since |g|7 is C* up to r = 0, and vanishes at 7 = 0, it follows from (4.13) that
9|5 Aylg|~ 7 is C°° up to r = 0. In particular the integrand in (4.14) is smooth up
to 7 = 0. With these choices of Uy and U; we obtain

(R2(Ay + 2*W = 1) — 0?) e "2 h2U(h, 0,2, 7))

(4.15) .
=08(z,2") + he "W (Ay + 22W — 1)Uy (0,2, 7))

This gives, in principle, a parametrix G(h,0,2,2') = e *s"h~2U(h,0,2,2') in
the interior of B® x B3 in the two senses that the diagonal singularity of R(h, o) is
solved away to leading order, which in view of the ellipticity of the operator means
that the error

E(h,0) = (R*(Ay + 2*W — 1) — 0?) G(h,0) —1d

is a semiclassical pseudodifferential operator of order —1 (in a large calculus, i.e.
with non-infinite order vanishing off the semiclassical front face, which did not even
appear in our calculations), and the top two terms of the semiclassical parametrix
of (R*(Ag + 2®W — 1) — 02)_1 are also found.

In fact, our parametrix is better than this. To understand the behavior of G and
the remainder

(4.16) E(h,0,2,2') = he """ (A, + 2*W — 1)U,

near the boundary of B3 x B3, we need to analyze the behavior of Uy and U,
at the left and right boundary faces. We will do the computations for arbitrary
dimensions, since we will need some of these estimates in the general case, but in
this special situation we have n = 2.

We start by noting that the asymptotics of Uy and U; follow from the transport
equation which they satisfy. Indeed, much like we analyzed the flow-out of the
conormal bundle of the diagonal, we show now that

(417) Uy € pp'p}* 2B x B, Uy € R2p) 2 p/2C= (B! 1 B 1),

here pp is the defining function of the front face of the blow-up creating B"*! x
B"t!. Note that we have already shown this claim near this front face; the main
content of the statement is the precise behavior as pr, pr — 0.

We start with Uy. First, the conclusion away from the right face, pg = 0, follows
immediately from (4.4) since integral curves emanating from the lifted diagonal hit
this region at finite time, and solutions of the Lie derivative equation have this form
near the boundary. To have the analogous conclusion away from the left face, we
remark that solutions of the left transport equation automatically solve the right
transport equation; one can then argue by symmetry, or note directly that as —3, is
the radial vector field at the right face, modulo an element of prV}, (B" 1 x o B 1),
and as integral curves of J,» emanating from the lifted diagonal hit this region at
finite time, and solutions of the Lie derivative equation have this form near the
boundary. It remains to treat the corner where both pr = 0 and pr = 0. The
conclusion here now follows immediately as integral curves of 9, reach this corner
in finite time from a punctured neighborhood of this corner, and in this punctured
neighborhood we already have the desired regularity. This proves (4.17) for Up.

To treat Uy, it suffices to prove that

(4.18) (Ag + 22W — 1)Uy € R2p}/*T2 o720 (B! x B! \ Diagy),
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for then
(4.19) Uy € R?p12p1/%Co° (B! xo B"+! \ Diag,),

by the same arguments as those giving the asymptotics of Uy, but now applied to
the inhomogeneous transport equation.
On the other hand, (4.18) follows from

B (Ag + 22W — 1) € Difff (B"+! x, B"+?)
with
B*W;g((Ag F W —1) — (A, — 1)) € R2p2 Diff2(B"+! x, B™+1);

here 7, is added to emphasize the lift is that of the differential operator act-
ing on the left factor; lifting the operator on the right factor results in an ‘error’
R?p% Difff (B"+! x o B" ). These two in turn follow immediately from the form of
the metric, namely go — g € 22C°(X;T* X ® °T* X).

This completes the proof of (4.17), and also yields that, with n +1 =3,
(4.20) 8" ((Ay +2*W —1)U;) € R2p}/*P2p}/?C™=(B"+! xo B"*! \ Diagy).

Therefore, in the case n + 1 = 3, we have proved the following

Theorem 4.1. There exists a pseudodifferential operator, G(h,o), o # 0, whose
kernel is of the form

G(h,0,2,2) = e ""h=2(Uy(h,0,2,2") + hUy(h, 0,2, 2'))

with Uy and Uy satisfying (4.17) and such that the error E(h,o) = P(h,0)G(h,0)—
Id is given by (4.16) and satisfies (4.20).

5. THE STRUCTURE OF THE SEMICLASSICAL RESOLVENT

In this section we construct the general right semiclassical parametrix G(h, o)
for the resolvent. We will prove the following

Theorem 5.1. There exists a pseudodifferential operator G(h, o), o # 0, such that
its kernel is of the form

(5.1) G(h,0,2,2) =e "% U(h,0,2,7), Ue \Ilgi’%’igil’%(]B”Jrl).
and that, using the notation of section 3,
P(h,0)G(h,0) —1d € p pF Uy x> 51 F (g1,

Now, r? is a C*® function on the zero double space away from the left and

right faces and in a quadratic sense it defines the diagonal non-degenerately; r has
an additional singularity at the zero-diagonal. Correspondingly (%)2 is C* on
My, away from £, R and A and defines the lifted diagonal non-degenerately in a
quadratic sense; 9" has an additional singularity at the zero diagonal. In particular,
e~ is C> on My away from £, R, A and the lifted diagonal, Diag,; at Diag),
it has the form of 1 plus a continuous conormal function vanishing there. Thus,
its presence in any compact subset of My 5 \ (LU R U .A) is not only artificial, but
introduces an irrelevant singularity at Diagy,, so it is better to think of G as

G(h,0,2,2) =G +e % U'(h,0,2,7),

n_n_qin
00,5, =5 ~Ly

/ —2 / -
G e\IJO’h, U e ‘I’O,h ,



SEMICLASSICAL RESOLVENT ESTIMATES 27

where G’ is supported near Diagy, (i.e. its support intersects only the boundary
hypersurfaces S and F, but not the other boundary hypersurfaces), and U’ vanishes
near Diagy,.

Indeed, the first step in the construction of G is to construct a piece of G’,
namely to find Gy € \I/g% such that Ey = P(h,0)Go(h,o) —1Id has no singularity
at the lifted diagonal, Diag,,, with G (hence Ej) supported in a neighborhood of
Diagy, in My p that only intersects the boundary of My at S and F. Thus,

(5.2) P(h,0)Go—1d = Ey, with Ey € Ug°(B").

Since P(h,o) is elliptic in the interior of B"*1, the construction of Gy in the
interior follows from the standard Hadamard parametrix construction. We want to
do this construction uniformly up to the zero front face and the semiclassical front
face in the blown-up manifold My ;. We notice that the lifted diagonal intersects
the boundary of M, 5 transversally at the zero and semiclassical front faces. Since
Diag; intersects the boundary of My s transversally at S and F, we proceed as
in [16], and extend Diag; across the boundary of My 5, and want to extend the
Hadamard parametrix construction across the boundary as well. To do that we
have to make sure the operator P(h, o) lifts to be uniformly transversally elliptic
at the lift of Diag, up to the boundary of My 5, i.e. it is elliptic on the conormal
bundle of this lift, and thus it can be extended as a transversally (to the extension
of the lifted diagonal) elliptic operator across the boundaries of My 5. Note that up
to S\ F, this is the standard semiclassical elliptic parametrix construction, while
up to F \ S, this is the first step in the conformally compact elliptic parametrix
construction of Mazzeo and the first author [16], so the claim here is that these
constructions are compatible with each other and extend smoothly to the corner
S N F near Diagy,.

To see the claimed ellipticity, and facilitate further calculations, we remark that
one can choose a defining function of the boundary x such that the metric g can
be written in the form

— ﬁ + Hf(a; W),
x x

where H, is one-parameter family of C* metrics on S™. In these coordinates the
operator P(h, o) is given by

(5.3)

2
P(h,o) = h? <—(x8x)2 +nxd, + r? Az, w)0, + mQAHE(Lw) + 22W — Z) — o2

We then conjugate P(h,o) by %, and we obtain
(54) Q(h,0) =z 2P(h,0)x? = h*(—(20,) + 2> A0, + 2*Ap, +2°B) — o2,

where B = —5 A+ W. To analyze the lift of Q(h, ) under 8 we work in projective
coordinates for the blow-down map. We denote the coordinates on the left factor of
B"*! by (z,w), while the coordinates on the right factor will be denoted by (z’,w’).
Then we define projective coordinates

Ty _wow

5.5 - X =
(5.5) z' = p, -, .

8

which hold away from the left face. The front face is given by F = {p = 0} and
the lift of the diagonal is Diag, = {X = 1,Y = 0}. The lift of Q(h, o) under the
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zero blow-down map f is equal to

Qo(h,0) = *Q(h,0) =
h? (—(X0x)* + X% Apdx + X*Apy_ (px w1pv)(Dy) — X?p*B) — o*.

In this notation, the coefficients of Ay (,x w/+pv)(Dy) depend on p,w" and Y, but
the derivatives are in Y. This operator is transversally elliptic in a neighborhood of
{X =1, Y =0}, away from h = 0.

The restriction of the lift of Qo(h, o) to the front face F = {p = 0}, is given by

N7(Qo(h,0)) = h*(=(X0x)* + X*Ap, (0.0)(Dy)) — 0.

As in [16], Nz(Qo(h, o)) will be called the normal operator of Qg (h,o) at the zero
front face F. Notice that it can be identified with Laplacian with respect to the
hyperbolic metric on the half-plane {X > 0,Y € R"} with metric X 2(dX? +
H.(0,w)) conjugated by X 3.

Now we blow-up the intersection of Diag, x [0, k) with h = 0. We define projective
coordinates

(5.6) Xp=" Yi=-

The lift of Q(h,o) under the semiclassical blow-down map (5 is given in these
coordinates by

Qn = BrQ(h,0)
= —((1 + hXp)0x,)? + (1 + hXp)?Apy. (Dy,)
— (14 hXp)?Aphdx, + h*p*(1 +hXp)?B — o2,

where H, = H.(p(1 + hX}),w’ + phYy). This operator is transversally elliptic to
{Xr =0, Yy—o} near h =0.

The restriction of the lift of @ to the semiclassical face, S = {h = 0} will be
called the normal operator of Q5 at the semiclassical face, and is equal to

(5.7) Ns(Qr) = —0%, + An.(pw)(Dy,) — 0>

This is a family of differential operators on R}E}Yh depending on p and w’, and for

each w’ and p fixed, Ns(Qp) + o2 is the Laplacian with respect to the metric
571 = dX% + Z He,z'j (p, OJ)dYﬁﬂ;dYﬁ’j,

which is isometric to the Euclidean metric under a linear change of variables
(X5, Ys) for fixed (p,w’), and the change of variables can be done smoothly in
(p,w’). Note that the fibers of the semiclassical blow-down map S on S are given
exactly by (p,w’) fixed.

Therefore, the operator Q(h, o) lifts under 8y to an operator @y, which is elliptic
in a neighborhood of the lifted diagonal uniformly up to the zero front face and
the semiclassical front face. Since the diagonal meets the two faces transversally,
one can extend it to a neighborhood of F and S in the double of the manifold
My, across S and F, and one can also extend the operator Q) to be elliptic in
that neighborhood. Now, using standard elliptic theory (or, put somewhat dif-
ferently, the standard theory of conormal distributions to an embedded subman-
ifold without boundary, in this case the extension of the diagonal), one can find
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a Gy € Uy *(B"*!) whose Schwartz kernel lifts to a distribution supported in a
neighborhood of Diagy, such that

(5.8) Q(h,0)Go —1d = Eg € Wy °(B").

Next we will remove the error at the semiclassical front face. We will find an
operator

G1 =G +e U], G € OB, Up € Uy o™ 2t
such that G/ is supported near Diag;, while U] is supported away from it, and
Q(h,0)G1 — Ey = En,
(5.9 Ei=Ei+e TR, B epFlon FepFlyy T
and with Sy Kg, supported away from £, R,

and Kp;, resp. Kp, supported near, resp. away from, Diagy,. In other words, the
the error term E; is such that the kernel of F{ vanishes to infinite order at all
boundary faces (hence from now on we can regard it as trivial and ignore it), while
the kernel of F lifts to a C* function which is supported near S (and in particular
vanishes to infinite order at the right and left faces), vanishes to infinite order at
the semiclassical front face, and also vanishes to order 4 at the boundary face A.

We will use the facts discussed above about the normal operator at the semi-
classical face, Ns(Qp). Notice that S, the semiclassical front face, is itself a C*°
manifold with boundary which intersects the zero front face, F, transversally, and
therefore it can be extended across F. Similarly, the operator Ns(Qp) can be ex-
tended to an elliptic operator across F. We deduce from (5.7) that for each p and
w’ fixed, and for Imo < 0, the inverse of Ng(Qp) is essentially the resolvent of
the Euclidean Laplacian at energy o2, pulled back by the linear change of variables
corresponding to H.(p,w’); for Imo > 0 we use the analytic continuation of the
resolvent from Imo < 0. Here is where we need to make a choice corresponding
to the analytic continuation of the resolvent of P(h,o) we wish to construct, i.e.
whether we proceed from Imo > 0 or Im o < 0; we need to make the corresponding
choice for the Euclidean resolvent.

Let Ry denote the analytic continuation of the inverse L? — H? of the family
(depending on p,w’) Ns(Qp) from Imo < 0; it is thus (essentially, up to a linear
change of coordinates, depending smoothly on p,w’) the analytic continuation of
the resolvent of the Euclidean Laplacian. Since we are working with the analytic
continuation of the resolvent, it is not automatic that one can solve away exponen-
tially growing errors which arise in the construction below (i.e. that one can apply
Ry iteratively to errors that arise), and thus it is convenient to make the follow-
ing construction quite explicit order in h we are merely in the ‘limiting absorption
principle’ regime (i.e. with real spectral parameter), thus the construction below is
actually stronger than what is needed below. Moreover, from this point of view the
construction can be interpreted as an extension of the semiclassical version of the
intersecting Lagrangian construction of [18] extended to the 0-double space; from
this perspective the method we present is very ‘down to earth’.

Via the use of a partition of unity, we may assume that there is a coordinate
patch U in B"*! (on which the coordinates are denoted by z) such that Ej is
supported in B; (U x U x [0,1)). Note that coordinate charts of this form cover

a neighborhood of S, so in particular Ey is in C® (B! x B"+! x [0,1)) outside
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these charts, hence can already be regarded as part of the final error term and we
can ignore these parts henceforth.

Now, near S, ﬂgl(U x U x [0,1)) has a product structure OTU x [0,50) = U x
B+ x [0,80), where 9TU denotes the fiber-compactified zero tangent bundle, and
[0, d0) corresponds to the boundary defining function pg. Indeed, the normal bundle
of Diag, in B"™! xo B"*! can be identified with TB" ", via lifting 0-vector fields
from on B"T xo B"™! via the left projection, which are transversal to Diag,
hence the interior of the inward pointing spherical normal bundle of Diag, x{0} in
My = B xqB"+1x[0,1) can be identified with °TB"*+!, while the inward pointing
spherical normal bundle itself can be identified with the radial compactification
of °TB"+!. However, it is fruitful to choose the identification in a particularly
convenient form locally. Namely, away from 0 Diag, x{0}, coordinates z on U give
coordinates

27y = (2= 2")/h,ps

near the interior of the front face S (here Zj, is the coordinate on the fiber of T B" 1
over z'), while near 9Diagy, x{0}, (2',w’, X, Ys,ps) (see (5.6)) are coordinates
near the interior of S (now (Xp,Y3) are the coordinates on the fiber of °Ty B!
over (z/,w’)). To obtain coordinates valid near the corner, one simply needs to
radially compactify the fibers of °TyB"t!, i.e. replace the linear coordinates Zj,
resp. (Xr, Y3) by radially compactified versions such as |Z5| and Z = Z5 /| Z5| € S™
in the former case.

Moreover, if a function, such as Ey, is supported away from A, then its support
is compact in the interior of the fibers B™*! of the fiber-compactified tangent space.
Now, the interior of B"*! is a vector space, T,U, p € U, and in particular one can
talk about fiberwise polynomials. Over compact subsets of the fibers, the boundary
defining function pg is equivalent to h, and indeed we may choose boundary defining
functions p4 and pg such that

h = paps.
Note that p4 is thus a boundary defining function of the compactified fibers of
the tangent bundle; it is convenient to make a canonical choice using the metric
ge, which is an inner product on °7,U, hence a translation invariant metric on
the fibers of YTU, namely to make the defining function p4 the reciprocal of the
distance function from the zero section (i.e. the diagonal under the identification),
smoothed out at the zero section. In particular, if U is a coordinate chart near

OB then pyg = ((X1)? + |Y1|%1€)_% . This is indeed consistent with our previous
calculations since .
pa=h((X -1 +[Y])?
and therefore it is, away from Diagy, a defining function of the semiclassical face

A.

If v € C>°(Mpy 1), then expanding v in Taylor series around S up to order N, we
have

v = Z plvy, + ', v, € C®(TU), v' € py ¢ (Mo p).
E<N
In terms of the local coordinates valid near the corner S N A over an interior
coordinate chart U,
z—2 h

pS:|Z*Z,|, |Z_Z/|’ pA = |Z_Z/|’ Z/,
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vg is a C* function of |z — 2/|, ﬁ, Z'. Tt is convenient to rewrite this as

(5.10)

v = Z h¥|z—2 |7 Fuj 0’ = Z hrug+0', vy, € pC(TU), o' € pYT1C™=(My 1),
k<N k<N

for the reason that the vector fields D, are tangent to the fibers given by constant
h, i.e. commute with multiplication by h. One can rewrite v completely analogously,

v = Z hFu 4+, vy, € pRC®(TU), v/ € pY 1™ (Mo 1),
k<N
for coordinate charts U at OB™*!.
In addition, if a € C>°(B"*! x, B"*! x [0,1)), then expanding a in Taylor series
around Diagg x {0}, shows that for any N, modulo pY T C®(U x B"+! x [0,4)), it
is of the form

S sl = Y aan) g
lal+k<N o k<N
5o k
= > aar(2)ZgpsTh,
o +k<N
where Z& = Z¢ /| Zs]!*! (except near the zero section) is C> on B™*+!. While the
last expression is the most geometric way of encoding the asymptotics at OB™*1, it
is helpful to take advantage of the stronger statement on the previous line, which
shows that the coefficients are polynomials in the fibers, of degree < N.

The vector fields hD,, resp. hDx and hDy, acting on a modified Taylor series
as in (5.10), become Dy, , resp. Dx, and Dy,, i.e. act on the coefficients v, only
(and on v, of course) so we obtain that, modulo coefficients in p§ T C> (U x B"+! x
[0,00)), P(h,o) lifts to a differential operator with polynomial coefficients on the
fibers, depending smoothly on the base variables, i.e. an operator of the form

Y aars(z)ZpRHDY
|a|+k<N,|B|<2
with an analogous expression in the (X}, Yy) variables. Here the leading term in h,
corresponding to h?, is Ns(Qn) = Ay, (2w — 02, L.e. we have
P(h,0)h™ vy,
= W™Dy, (2 ) — )0 + B > o np(2) ZERFH1 DY v,
0<|a|+k<N,|8]<2
Thus, one can iteratively solve away FEj as follows. Write
Ey=h""""Y h"Eom
as in (5.10), and note that each Ey ,, is compactly supported. Let
G1,0m = RoEo,m,
SO
P(h,o)h™ " 'G1 0,m

= h™Egm +h™ " > Qo e,5(2) ZR W1 IDE Ry By o,
0<|a|+k<N,|B|<2
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and thus we have replaced the error h"" Ey ., by an error of the form

> k5 (2) ZE R TRHI=FD DE Ry By
0<|a|+ELN,|B]<L2

— Z hm—i—f—(n—i-l) Z Z aa,f*\aL,B(Zl)ZnghROEO,m
1<U<N la|<2|B|<2
Z hm+€_(n+l)L4ROE0 m
1<¢<N

which has the feature that not only does it vanish to (at least) one order higher in
h, but the A= ("+1) term is given by a differential operator L, with polynomial
coefficients of degree < ¢ applied to RoEy ., with Ey ., compactly supported. As
the next lemma states, one can apply Ry to an expression of the form L,RoFE m,
and thus iterate the construction.

Lemma 5.2. Suppose M;, j =1,2,...,N, are differential operators with polyno-
mial coefficients of degree m; on R, Then

RoMiRoMs ... ReMy Ry : C2°(R™1) — ¢~ (R"T1)
has an analytic extension from Imo <0 to Reo > 1, Imo € R, and
RoMiRoMs ... RoyMy Ry : C°(R"HY) — e710(w) (3 =/ 2+ NFmpoo (gntly
with m =Y m;.

Proof. For Imo < 0, D,,, commutes with A — o2, hence with Ry, while commuting
D, through a polynomial gives rise to a polynomial of lower order, so we can
move all derivatives to the right, and also assume that M; = wam, al) e Nt

|a)| < mj, so we are reduced to examining the operator

(1) (2) (N)
Rowa Ro’wa ce Ro’wa Ro.

It is convenient to work in the Fourier transform representation. Denoting the
dual variable of w by (; for Ima < 0, Ry is multiplication by (|¢|?> — )’ , while
o Row™™ ... Ryw A "Rof), the

af

w*"” is the operator (— DC) . Rewriting F(Row®
product rule thus gives an expression of the form

S (CP = o) N D () (~De )P F f

18| <aM 4. 4alN)

= (P o) WOt D EG (D),
18]<a®+...4a(V)

where (o, N 5 is a polynomial in ¢. Since we are considering compactly supported f,
the differential operator Q, v 5(Dy)w? is harmless, and we only need to consider
Rév T applied to compactly supported functions. This can be further rewritten
as a constant multiple of 3N+ Ry, so the well-known results for the analytic con-
tinuation of the Euclidean resolvent yield the stated analytic continuation and the
form of the result; see Proposition 1.1 of [17]. O

Applying the lemma iteratively, we construct

Gl,m _ eficr<Zh><Z )~ n/2+N+mG1 . l17m € C>®(U x BnJrl),
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such that
P(h,a) Y BTGy~ > R R

m=0 m=0

where the series are understood as formal series (i.e. this is a statement of the
equality of coefficients). Borel summing (z)™h™G1 ,,, = p§G' ,,, and obtaining
Gy € C®(U x B"*! x [0,680)) as the result, which we may arrange to be supported
where pg is small, we deduce that (5.9) holds.

The next step is to remove the error at the semiclassical face A. We want to
construct

1n

12

Gy = e_i%TUQ, Us € p?@&?’%’_%_ 7,
such that
P(h,0)Gy — e "h"F) = By, Ey=e '5"Fy,

(5.11) oo 200,58
Fy € hp i ?e(B" xo B x [0, 1) = pwg R,

In other words, we want the error to vanish to infinite order at the semiclassical face

A and at the semiclassical front face S, and to vanish to order % at the left and right

faces; the infinite order vanishing at & means that S can be blown-down (i.e. does
not need to be blown up), which, together with h being the joint defining function
of A and S, explains the equality of the indicated two spaces. This construction
is almost identical to the one carried out in section 4. We begin by observing
that the semiclassical face A consists of the stretched product B"*+! x B"*! with
Diag, blown-up, which is exactly the manifold B"*! x; B"*! defined in section 4.
Moreover, as F; vanishes to infinite order at S, see (5.9), the latter can be blown
down, i.e. F} can be regarded as being of the form

(5.12)

F e h_"/2_1C°°(IBB"+1 xo B x [0,1)), with K, supported away from £, R,

and vanishing to infinite order at Diag, %[0, 1).
Now, F} has an asymptotic expansion at the boundary face h = 0 of the form
Py~ h™ 37N IR, Py € C°(B™ xo BYT,

=0
Fy ; vanishing to infinite order at Diag, x[0,1), supported near Diag, %[0, 1).
So we think of F} as an element of B"™! x; B"*! x [0,1), where the blow-up

B"t! x; B"t! was defined in section 4, see figure 4, with an expansion

o0
Fi~h27! Z W Fy
§=0
Fjec™ (B"'H X1 IB%”'H), vanishing to infinite order at D.

So we seek U ~ h% > hiUs ; with Us j vanishing to infinite order at D, such that

P(h, a)e_i%TUg — e TRy = e 'RTR,
R € h>®C>(B" ! x; B"™!), vanishing to infinite order at D.
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Matching the coefficients of the expansions we get the following set of transport
equations
2ic|g|~ 10, (|9|TUs,0) = —Fi 0, if 7 > 0,
Us,o=0at r=0,
and for j > 1,

2ia|g\*%8r(|g\%U27j) = (A4 2°W — %)UZJ’—l —Fyj, ifr >0,
U;=0atr=0.
Notice that Fjj o is compactly supported and, as seen in equations (4.17), U €
pL%p;éCOO(IBB"H x1B"1). Moreover, as in (4.18), one gets that (A+I2W7%2)U270 €
R2p§,p§+2co" (B™+1 x; B"*1), thus one can solve the transport equation for Us 1,
and gets that Us; € ,OL%pI%.(C'OO(IEB"Jrl x1 B,
One obtains by using induction that Us ; € pg p;éCOO(B”‘H x1 B**1), and (A +

2W — ";)UQJ IS R2pL%+2pI%;C°°(]BS”+1 x1 B™*1), for all j. Then one sums the series

asymptotically using Borel’s lemma. This gives Us and proves (5.11).
The last step in the parametrix construction is to remove the error at the zero
front face. So far we have

P(h,0) (Go — G1 + G2) —Id = Es,
with
By=e¢ TR, Fye pFu, ot ool
Now we want to construct G5 such that
(5.13) P(h,0)Gy — By = Ey € ¢ 7 pg pp Wy 02 8008 (g,
We recall from Proposition 2.7, that » = —log(prpr) + F, F > 0. So,
exp(~i77) = (prps) 7 exp(—i F).

Therefore the error term Fs in (5.11) satisfies

—~ y nyjo 9iny o
Ey = BrEa € pTpXpe "pp 2 "C™(Mop).

We write

o0
Ey~ Y By, Baj€p3FpXpt "o 2 "CO(F),
=0

and we want to construct G5 such that
> .
Bi(Ga) ~ Y prGs.j,
j=0

and that
o0 00 Q""i% +i% [ee]
Nz(Qn)Gsj = Eaj, Gs;€pEpXpp "pi " C®(F).

The asymptotic behavior in pr and py, follows from an application of Proposition
6.15 of [16], and the fact that Nx(Qp) can be identified with the Laplacian on
the hyperbolic space. Now we just have to make sure, this does not destroy the
asymptotics at the faces S and A. But one can follow exactly the same construction
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we have used above, now restricted to the zero front face instead of My 5 to construct
G3,; vanishing to infinite order at the faces S and A.
—2,n4ig, —n_1 nie

This gives a parametrix, G = Go—G1+ Gy —Gs € ‘I’o,h " that

satisfies
~ _ _ / 00 0o, — 00,2+ 5+if,00, 5 +iy n+1
(5.14) P(h,o)G —1d=R=E3+ E;3 € prp3 V¥V (B™"T).
Since
Ej € W, 5,
By = e 'iTRy, Py pFpRl, pttiees
and FE3 is supported away from Diag,. The last step in the construction is to
remove the error term at the left face and it will be done using the indicial operator
as in section 7 of [16]. Since in the region near the left face is away from the
semiclassical face, this is in fact the same construction as in [16], but with the
parameter h. Using equation (5.3) and the projective coordinates (5.5), we find
that the operator P(h, o) lifts to
2

Py(h,0) = h*(—(X0x)* + nX0x + pAX?0x + X*Ap, + p* X°W — ”Z) — o2,
In these coordinates the left face is given by {X = 0}. Therefore, the kernel of the
composition K(P(h,o)G) when lifted to B" Tt xo B"*! is, near the left face, equal

to
2

K(P(h,0)G) = (hQ(—(XaX)2 +nX0x — ”Z) - 02> K(G) +0(X?).

The operator I(P(h,0)) = h?(—(X0x)? + nX0x — "72) — 02 is called the indicial
)

niie _m_qnio
2,5 +ig, -3 L3 +if

operator of P(h,o). Since G € Uyn (B"*1), then near the left face
K(G) e KEtif—3-L5+5 (M, ). But I(P(h,0))X 2% = 0. So we deduce that
near £, K(P(h,0)G) € KE+ifi+L=5-L3+i% (M, ). That is, we gain one order of
vanishing at the left face. Since we already know from (5.14) that the kernel of the
error vanishes to infinite order A and at the front face F, and x = Rpgr, ' = Rpy,
the kernel of the error R, on the manifold B"*+! x B"*! satisfies

K(R) € h®g3 it/ 3T coo(gntl » gl

Then one can use a power series argument to find G4 with Schwartz kernel in
hoo g s T 1y 3T Coo (Bl Bntl) such that

P(h,0)Gy — R € U o%0000 3 Hif (gntly
SoG=Gy—G1+G2—G3—G4 € \Ilai’%+i%’_%_l’%+i% is the desired parametrix.

6. L2—BOUNDS FOR THE SEMICLASSICAL RESOLVENT
We now prove bounds for the semiclassical resolvent, R(h,o) = P(h,o) !

Theorem 6.1. Let M > 0, h > 0 and o € C be such that ImTU < M. Let a,b >
max{0, I‘“T”} Then there exists hg > 0 and C > 0 independent of h such that for
h e (O7 ho),

(61) ||£L’aR(h, a)xbf| |L2(Bn+1) < Ch™1=3 | |f| |L2(IBTL+1).
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As usual, we prove Theorem 6.1 by obtaining bounds for the parametrix G
and its error E on weighted L? spaces. As a preliminary remark, we recall that
elements of \IJ% on compact manifolds without boundary are L?-bounded with an
h-independent bound; the same holds for elements of \Ilg,h. Thus, the diagonal
singularity can always be ignored (though in our setting, due to negative orders of
the operators we are interested in, Schur’s lemma gives this directly in any case).

The following lemma follows from the argument of Mazzeo [15, Proof of Theo-
rem 3.25], since for the L? bounds, the proof in that paper only utilizes estimates
on the Schwartz kernel, rather than its derivatives. Alternatively, it can be proved
using Schur’s lemma if one writes the Schwartz kernel relative to a b-density.

Lemma 6.2. Suppose that the Schwartz kernel of B (trivialized by |dgs(z")|) sat-
isfies
|B(z,2')| < Coipp,
then we have four situations:
If o, B >n/2, then || B2y < C'C.
1
Ifa=n/2, B>n/2, then |||10gx|_NB||[;(Lz) <C'C, for N > 3

1
Ifa>n/2, B=n/2, then |||B|1oga:|*NH£(Lz) <C'C, for N > 7

1
If a = B =n/2, then||logz| N B|logz| ™| zz2) < C'C, N > 5

Now let B(h,o) have Schwartz kernel B(z,z’,0,h) supported in r > 1, and
suppose that

| e '
Bz, 2,0 h) = e™ /MR H 0 i Pat o) H, H € L, and =% < N.

Since from Proposition 2.7, r = —log prpr, + F, F > 0, e 77" = Piz%PiL%efi%Fv
and 122 < N, |e7""F| < C = C(N), it follows that

|B(Z,Z/,O', h)| < Ohkp’z/2+’y—lma/h+ap%/2—lma/h+bRa+b

As an immediate consequence of Lemma 6.2, if a+b > 0, §p > 0 and y—Im o /h+a >
do and —Imo/h + b > dg, then

| B||z2 < C'Ch*.

If either v — Imo/h +a = 0 or —Imo/h +b = 0, we have to add the weight
|log x|V, with N > % On the other hand, suppose now that the Schwartz kernel
of B is supported in r < 2, and (again, trivialized by |dgs(2")])

|B(2,2',0,h)| < Ch¥(r/h)~*(h/r)*, s <n+1.

Note that for fixed 2/, o, h, B is L' in z, and similarly with 2" and z interchanged.
In fact, since the volume form is bounded by Cr™ dr(z’) dw’ in r < 2, uniformly in
z, Schur’s lemma yields

2
Bl < CC’”hk/ (h/r)® (rRY =4 dr-
0
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But

/0 (/) ()~ dr

h 2
< Co (/ (h/r)r™ dr +/ (r/h)~5r" dr) = C (W 4 hY,
0 h
so we deduce that
|B||z: < CC (AR 4 ph=hy,

First, if, with n +1 = 3, G is the parametrix, with error E, constructed in
Section 4, then, writing G = G1 + G2, and provided ImT" < 1 and || > 1 (recall
that U; has a factor o~ 1), with G} supported in r < 2, G5 supported in r > 1,
then |G1| < Ch=2r71, |Gy < Ceh“”/hpzmp;;ﬂ, and thus, using Proposition 2.7,

|2%(2")° Gy (2,2, o, h)| < CR™" " (h/r)" M (r /Ry "2,
[2%(2')"Galz, 2,0, B)] < O™ (!l 27 ot g2t
On the other hand,
(62)  |e*(@) Bz 2,0, h)| < Chat () oy * 271/t g2
Thus, we deduce the following bounds:

Proposition 6.3. Suppose n+1=3. Let G(h,0) be the operator whose kernel is
given by (4.2), and let E(h,0) = P(h,0)G(h,0) —1d. Then for |o| > 1, 122 <1,

a > ImT“, a >0, and ImT" <b<2- I“,;", b > 0, we have, with C independent of h,
||xaG(h,U)xbf||L2(Bn+1) < Ch_l_%||f|‘L2(B"+1) and

e~ E(h, 0)a® f]| 2@n+1) < Chl|fl|zgnry.

(6.3)

Imo
+ h

If either a = ImT" orb= I“‘T‘T, ora=b= ImTU, one has to replace the factor x

+1
in (6.3) with (xITaHog x|_N) , N > 1, to obtain the L* bounds.
In view of (6.2) this cannot be improved using the methods of section 4. To
obtain bounds on any strip we need the sharper bounds on the error term given

by Theorem 5.1. We now turn to arbitrary n and use the parametrix G and error
FE, constructed in Theorem 5.1. Writing G = Gg + G1 + G4, with Gy € \I/g%, G,

supported in r < 2, Gy supported in r > 1, G; € e*iﬂ/h\p&zovoo%—l»oo’ Gy €
e—iar/h\y;2°7§+2,—5—175, then for |o| > 1 and ImT" <N,
z"Go(z, 7, 0,h)(z')" € U7,
|xa(x/)bG1(272/707 h)| S Ch_n_1<7’/h>_n/27
|$a($/)bG2(zazlaa7 h)| < Ch_"_lx“(x’)bpz/z_lm"/hpz/ulmU/h.

On the other hand, writing £ = E; + E5, with E; supported in r < 2, E5 supported
inr>1, E; € hwp}olll(;;o’oo’f_l’oo7 By € h‘x’p}o\I/(;ZO’DQ’_5_1’57 then for any k
and M (with C = C(M, N)),

lz=b(2") By (2, 7', 0,h)| < ChE,

o™ (@) Ba(z, 2/, 0, )| < ChFa™ (@) py 271711,
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In this case, we deduce the following bounds:

Proposition 6.4. Let G(h,o) be the operator whose kernel is given by (5.1), and
let E(h,0) = P(h,0)G(h,0) —1d. Then for |o| > 1, 12 < M, M >0, a > 22,
I“;L”, b >0, and N arbitrary, we have, wzth C' independent ofh

||xaG(th)xbf||L2(]B"+1) < Chili%HfHL?(m;nH) and
|27 E(h, 0)2" f|| 2@ 1) < CRN|| ]| L2 @nsy-

(6.4)

Imo
Imo =

If either a = I“,;” orb= ImT", ora=>b= ImT", one has to replace the factor x

+1
n (6.4) with (ac 5% | log x|~ k) , k> %, to obtain the L? bounds.

Now we can apply these estimates to prove Theorem 6.1. We know that
P(h,0)G(h,o0) =1+ E(h,0).
Since R(h, o) is bounded on L?(B"*!) for Imo < 0 we can write for Imo < 0,
G(h,0) = R(h,0)(I + E(h,0)).
Therefore we have, still for Imo < 0,
2%G(h,0)x’ = 2°R(h,0)x’(I + 2 " E(h,0)z7°).

For a,b and o as in Proposition 6.4 we can pick hgy so that

1
la™ Bk, ) Fll 2o < 5.
In this case we have
2°G(h,0)x’(I + 2 E(h,0)z~ ") = 2*R(h,0)a’

and the result is proved.

7. PROOF OF THEOREM 1.1

Now we are ready to prove Theorem 1.1. To avoid using the same notation
for different parameters, we will denote the spectral parameter in the statement of
Theorem 1.1 by A, instead of 0. We write, for | Re A| > 1,

n? 1

2 )\2
Agy +22W — A2 — ) = ReA)? | = (A, +22W — =) = 2|
( 9gs +z 4 ) (Re ) (R )\)2 gs +z 4 (Re )\)2
Thus, if we denote h = ﬁ and o =
in Proposition 6.4, we have
n? 1 A

2 2 N 2 1 A
(Agy +2°W — A )G(Re/\ Re)\) (Re ) (Id—i—E(R Y Re)\)

R 5, and E(h, o) and G(h, o) are the operators

o\ —1
Since Rs(\) = (A% + 22W — A2 — %) is a well defined bounded operator if
Im A < 0, we can write,

(%,%) = (ReM)?Rs(\) (Id—kE(Rl)\ RAA)>, for ITm A < 0.
Therefore,
PG A b (Re )2 Ry( M) (Id—i—x_bE( A )b)
ReA’ Re A ReA’ Re A
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According to Proposition 6.4, if Im A < M, we can pick K such that if |[Re \| > K,
and Im A < b then,

1 A 1
—b b
E — —.
I E(g oy o) 1< 5
Therefore (Id +27"E(gis, R’e\)\)l’b)’1 is holomorphic in Im A < M, and bounded

as an operator in L2(B3, g), with norm independent of Re A, provided b > Im A. On
the other hand, if @ > Im A, then from Proposition 6.4,
1 A
(J/G _
2 (Re A’ Re

)2l fl| paggneny < C(Re A) 2| f]| g2

Since,
1A 1A -
a b — -2, .a b I —bE b
T RN = (Red) e Glg s g3 ( B R R )
then, for and for a,b in this range, and |Re A\| > K, 2%Rs()\)z® is holomorphic and

2Ry (\)a® e,y < C(ReA)E |l 2en .

When either a = Im A or b = Im A we have to introduce the logarithmic weight
and in Proposition 6.4. This concludes the proof of the L? estimates of Theorem
1.1.

The Sobolev estimates follow from these L? estimates and interpolation. First we
observe that the following commutator properties hold: There are C>°(B?) functions
A; and Bj, i =1,2,and 1 < j <5, such that

[Ags,z%] = A1z® + Asxa Dy,
[Ay,, 2% (logz)™N] = Bia®(log x) ™ + Baz®(logz) ™V 1+
Bsz®(logz) "N "% 4 (Byz*(logz) ™V + Bsa®(logz) V1) zD,.
Hence
Ay 7" Rs(0) v = 2°A g Rs(0)x"v + A12° R (0)2%v + Aga®a D, Ry (o) xbo.

Since a,b > 0, A, is elliptic, and Ay, Rs(0) = Id+(0? +1 — 2?>W (x))Rs it follows
that, see for example [15], that there exists a constant C' > 0 such that

[l Rs(0)2"0| 2 (m)
<C (02H$bUHLz(BB) + |29 Rs (0)2"v]| 2(s9) + ||$HR6(U)$%HH3(B3)) :
By interpolation between Sobolev spaces we know that there exists C' > 0 such that
(7.2) 20|y sy < Cllaoll e lla®ol 2 o)
Therefore, for any € > 0,
(73) 2l g0y < C (elloollmgees) + € ool z2as) )

and if one takes e small enough, (7.1) and (7.3) give (1.3) with k& = 2. If one uses
(7.2) and (1.3) with k& = 2 one obtains (1.3) with k& = 1. The proof of (1.5) follows
by the same argument.

This completes the proof of Theorem 1.1.
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8. STRUCTURE OF Ax NEAR THE BOUNDARIES

We begin the proof of Theorem 4 by analyzing the structure of the operator Ax
near r = rpg and r = rg. We recall that 3(r) = %d%oﬂ(r) and that Sy = B(rpn)
and /BSI = /B(TSI)' o

We show that near these ends, after rescaling «, the operator a2z Axa™2 is a
small perturbation of the Laplacian of the hyperbolic metric of constant negative
sectional curvature fﬂgH near rpg and 75321 near rg.

Since o/(r) # 0 near r = rpg and r = rg;, Ax can be written in terms of « as a
‘radial’ coordinate

n
2

Ax = pr "aD,(Br"aD,) + a’r2A,,.

We define a C* function = on [rpm,rs] which is positive in the interior of the
interval and rescales o near the ends by

(8.1) a = 2rpgfpuz near r = rpy and a = 2ry|fal|x near r = rq.
Using « instead of o near the ends r,y and rg, we obtain
Ax = Br "zD,(Br'zD,) + 42 Biyrigr %A, near r = ryg,

(82) —n n 2p2,2, -2
Ax = Pr "aD,(frzD,) + 4x°Barar A, near r = rg.

Proposition 8.1. There exists § > 0 such that, if we identify each of the neighbor-
hoods of {x = 0} given by r € [rpm, reg+9) andr € (rs1—0,7s1], with a neighborhood
of the boundary of the ball BT, then there exist two C* functions, Wy (z) defined
near r = ryg, and Wy(x) defined near r = rg, such that

2
3 AxzF = Ag,, + 22 Wiy — ﬂlz)HnZ, near r = ryy and

(8.3) ) ,

n _n n —n 2 2 1
a?Axa™ 2 =z2Axa" 2 = Ay, +x Wslfﬂslf, near r = Ty,

where gy and gs; are small perturbations of the hyperbolic metrics with sectional
curvature —fB2, and — B2 respectively on the interior of B"*1, i.e.

4dz? 4dz?
= 4 Hyy, and gy = o+ Hy,
Joi = g2 [y T e A9l = Gy oy

where Hypr and H,p are symmetric 2-tensors C*° up to the boundary of B"+1.

(8.4)

Proof. 1t is only necessary to prove the result near one of the ends. The computation
near the other end is identical and one only needs to replace the index bH by sl.
From (8.2) we we find that near r = rpy,

z2 Axx=2 =f%(xD,)? + inf?xD, + Br " (xD,(Br"))zDy + (2Bpurvm)?r 222 A,
— iﬁﬁr_"xD (Br™) — ﬂgn—Q
2 b 4

Let gpu be the metric defined on a neighborhood of OB"t! given by
dx? Ly o dw?
(85) gbH = —5—5 + >\bI—217'2?7 where >\bH = 2|ﬁbH|7'bH~

ﬁ2$2

The Laplacian of this metric is

Agy = B%(xDy)? + inB2zDy + Bro"(x Dy (Br™))zDy + Afgr 222 A,,.
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Therefore we conclude that near the ends r = rpg
2
n _n n no, _
2 Axax” 2 = Ay, — 52Z — 2557“ "wD,(Br?).
Since r = r(z?), we can write near r,g and ry,

r = rom + 22 Apu(2?) and B(r) = Bon + 2°Bou(2?) near 7 = ryy.
Therefore, near r = rpy
1
52 B
We conclude that there exist a symmetric 2-tensor Hpyg (xz, dz,dw) near r = rpg

which is C* up to {z = 0}, and such that the metric gpu given by (8.5) can be
written near r = r,g as

+ $2§bH(.’E2).

dx? dw?
=23 2 T 532
Bou® 4fpy
Let § be the metric on the interior of B"*! which is given by
_ o Adz?
I e —py

We consider local coordinates valid for |z| > 0 given by (z,w), where w = z/|z|,

(8.6) JdbH

5 + Hyg near r = rpq.

and x = ;Iz‘l The metric g written in terms of these coordinates is given by
dax? dw?
g = +(1—2%)?2 .
9= a2 ( ) 4c2z?
Therefore, near z = 0
dx? dw?

- 2
9= 25t 12,2 + H(z*, w,dz,dw),

where H is a symmetric 2-tensor smooth up to the boundary of B**!. This concludes
the proof of the Proposition. O

9. FROM CUT-OFF AND MODELS TO STATIONARY RESOLVENT

Next we use the method of Bruneau and Petkov [2] to decompose the operator
R(0) in terms of its cut-off part x R(o)x and the contributions from the ends, which
are controlled by Theorem 1.1. For that one needs to define some suitable cut-off
functions. For 6 > 0 let x;, X}, and x;, j = 1,2, defined by

x1(r) =1ifr >rpg + 49, x1(a) =0if r < rpg + 36,
i) =1if 7> rpg + 26, xi(a) =0if 7 < rpy + 0,
x1(r)=1ifr>reg+ 66, x1(a) =0if r < rpg + 50,
xo(r) =1ifr <rg —46, x2(a)=0if r > rg — 36,
xa(r) =1ifr < rg — 25, xs(a) =0if r > ryg — 0,
X2(r) =1ifr <rg—60, Xxa2(a) =0if r > rg — 54,
and let

xs(r) =1—(1—x1)(1—x1) — (1= x2)(1 = x3).
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x3(r) is supported in [rpg + 0,751 — 6] and x3(r) = 1 if r € [rpg + 26, rsr — 20]. Let
X € Cgo(TbH,TSI) with X(T) =1lifre [TbH + 5/2,7’51 — 5/2]

Now we will use Proposition 8.1 for § small enough. Let gog and g5 be the
metrics given on the interior of B"*! given by (8.4) and let

(9.1)

4dz? ~ 4dz?
)2 + (1 — x1)Hpn, and g5 = x|

_ dd= L (1- %e)Ha
B 2P T Jepe T T

gbH,5 =

Since gpu,s = gou if X1 = 0, and gs1,6 = go1 if X2 = 0, it follows from Proposition
8.1 that, for = given by equation (8.1)

2
n n n
OKEAXaij(l - Xl).f = (Ang,é + '732WbH - Z/BgH - 02)(1 - Xl)fa and
2

n _n n
o AxaH (1= xXDS = By s + 2 Won = T — o)1~ X1/
2

n n n
QEAX07§(1 - X2)f = (AgsI,S + QSQWSI - 7B521 - 02)(1 - XQ)f7 and

4
0% AxaH (1 X = (Agu + 2™ Wa — % — o)1~ 3D
Let
Ruo(0) =a?R(0)a" 2 = (aZAxa" % — 0%}, Imo <0,
and let

2
R (0) = (Agyys + 2 Won — 0” — %551{)71 and

n2

Rsl(a) = (AgsI,é + x2WSI - 02 - Z 51)71

be operators acting on functions defined on B"*1!.

If, as in Proposition 8.1, we identify neighborhoods of r = rp,g and r = rq with
a neighborhood of the boundary of B"*!, we obtain the following identity for the
resolvent

Ra(0) = Ra(o)xs + (1= x1)Ren(0)(1 = x1) + (1 = x2) Ra(0) (1 = x3)—

9.2) X :
Ra(0)[Agyus 1 = xalRom(0)(1 = X1) = Ra(0)[Agy, 1 = x2] Rar(0) (1 = x2)-

Similarly, one obtains

Ro(0) = X3Ra(0) + (1 = x1)Rou(0) (1 — x1) + (1 — x3) Rar (o) (1 — x2)+

(9.3) : :
(1= x1) Bor(0)[Agy, 1 = x1]Ra(0) + (1 = x2) R (0)[Ag, 1 = x2] Ra(0).
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These equations can be verified by applying a2 Axa~™% — o2 on the left and on the
right of both sides of the identities. Substituting (9.3) into (9.2) we obtain

Ro(0) = My(0)xRa(o)xMa(o)+

(1= x1)Ron(0)(1 = x3) + (1 = x2)Rar(0) (1 — x3),
where
(9.4) My (o) = x5+ (1= x1) Rou(0) (1 = X1)[Agye> 1 — x1]
+ (1 - X%)RsI(J)(l - XQ)[AQSU 1- X2]7
Ms(0) = x5 — [Agy: 1 = xa](1 = X1) Ron(0)(1 - x7)
—[Agr, 1= x2)(1 = X2) Rat(0) (1 — x2)-
This gives a decomposition of R, (o) in terms of the cutoff resolvent, studied
by Bony and Héfner [1], and the resolvents of he Laplacian of a metric which are
small perturbations of the Poincaré metric in B**!. The mapping properties of such

operators were established in Section 7. Next we will put the estimates together
and finish the proof of our main result.

10. THE PROOF OF THEOREM 4 IN 3 DIMENSIONS

We now prove Theorem 4 for n + 1 = 3 using Theorem 1.1 and Theorem 3. We
first restate a strengthened version of the theorem which includes the case where
the weight b = Imo.

Theorem 10.1. Let € > 0 be such that (10) holds and suppose

0 <~ < min(e, Bom, |Bs1], 1).
Then for b >~ there exist C and M such that if Imo <+ and |Reo| > 1,
(10.1) 16" R(0)a” f| 22 (x:0) < Clo ™[ fl|z2(x:0);

where & was defined in (15) and the measure  was defined in (8). Moreover, for
N> 3 and 0 < § << 1, choose 1y (r) € C*®(rpm, msr) with ¥ (r) > 1, such that

(10.2) YN = |10ga|_N ifr—ryg <6 orrg—r <.
Then with v as above, there exists C > 0 and M > 0 such that for |Reo| > 1 and
[Imo| <~
l&"™ 7y n (@) R(0)a” fl| L2 (x:) < Clo ™[ f1] L2 (x:0),
(10.3) [a°R(0)&™ 7 (@) fll2(xs0) < Clol™ I fllL2(xs0) and
la"™ 7y (@) R(0)a™ Ty () fll L2 x:0) < Clo™ [ f]l2 (x:0)-
Proof. Recall from (9.1) that

1 1
9bH,s = 595 and gs1,6 = 22 955
bH /BSI
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where g5 is of the form (1.2). So we obtain A
B%A ;. Therefore,

_ 52 -~ _
gois = Boplys and similarly Ay o =

n? -1
RbH(U) = (ﬁ%HAgs + :I,‘QWbH — 2 - 461§H> =

(10.4)

n2

1
it (B + 22658 = 2052 = 1) = ARt lun )

Therefore, by replacing o with o|B,u|~! in (1.3) and (1.5) setting a = ﬁ, and
b = Iﬁ%\’ we deduce from Theorem 1.1 that there exists dg > 0 such that if
0<d <, for Imo < A and Imo < B and |Reo| > K(9),

0s) [ ToRT Riygt (o) ot o] o sy < Clo||[v] |z, &k = 0,1,2,
° A _B
||1‘|ﬁbH| RbHO')g';WbH U||L2(]E3) < C’|O’|k”1}||H0—k(E3), k= 0,1,2.

Of course, the same argument applied to Ry gives

06) & Rt (o) Pl o | g ey < Clol*|ollpa@s), * = 0,1,2,

Hx‘T‘:I‘RSIU)xM{ZIUHLQ(BS) < C|U|k||UHHU*k(]B;3)7 k= 07 172

When A =Imo, or B =1Imo, we define Ty, 4,5,5 and Ty 4, g, v and as in (1.4)
by replacing Rs(o) with either Rpp(o) or Rg(o), a with A and b with B. Using
(1.5) we obtain for J = bH or J = s,

107) | Ts,4,8,5(0)v] g @s) < Clol*||v]|L2@s), k =0,1,2,
' HTJ)A)B’NUHLQ(BB) < C|O’|k||1}‘|1Llofk(]}£3)7 k=0,1,2.

Now we recall that oo = 2rpgSpy near rpy and similarly a = 2rg 8 near rg;. We
will use these estimates, identity (9.4) and Theorem 3 to prove Theorem 4. Indeed,
in the case a > Imo, b > Im o we write

AR = a® My (0)aba xRy (o) xa *a’ My(o)a’+
(1= x1)@ Ron(0)a"(1 = x1) + (1 = x2)@* Ra(0)a’ (1 — x3)-

Notice that the measure in B*™! is £7"~'dxdw, which corresponds to o™ " tdadw
which in turn corresponds to o~ " "2drdw. In this case n = 2, but this part of the
argument is the same for all dimensions, and we will not set n = 2. Thus, we deduce
from Theorem 1.1 that

H(l - Xl)daRbH(J)db(l - X})||L2(X;a_"_2drdw) < C||U||L2(X;o¢_"_2drdw)7
H(l - Xz)daRsI(U)db(l - X%)UHLQ(X;a—"—erdw) < CHUHL?(X;a—"—?drdw)'
Recall that Q = a~2r2drdw. Since r € [rpm, 7s1], rom > 0, this gives
(1 = x1)@*a™  Rpu(o)a?a’(1 — xi)llzcxs0) < Cllvllr2(x0),
I(1 = x2)a"a™ 2 Ry(o)a?a’(1 — X%)UHLQ(X;Q) < Olvllp2(x50-n—20)-

Similarly, using the Sobolev estimates in Theorem 1.1, we obtain

(10.8)

(10 9) ||d“a7%M1(0)a%dbv|\Lz(X;Q) S C|O—|||v”L2(X;Q)7
||&“a*%M2(a)a%dbv|\Lz(x;g) S C|O—|||'UHL2(X;Q)~
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Since x is compactly supported in the interior of X, it follows from Theorem 3
that

(10.10) &~ X Ra(0)xa™ ]| r2(x.0) < C|lv]|L2(x.0)-
Estimates (10.8), (10.9) and (10.10) imply that
|\@_ba_%Ra(U)a%X@_bﬂ\L2(X;Q) < Ol 2 (x;50)-

But a3 R,(0)a? = R(c). This proves (10.1). O

11. THE PROOF OF THEOREM 4 IN GENERAL DIMENSION

We will outline the main steps necessary to connect to the results of [5], and
refer the reader to [5] for more details.

First choose ¢ so small (12) holds. Let X, and X; be as defined in (11), then we
recall that for ¢ small,

a~2Pa”%|x, = P(h,0),

where P(h,o) stands for model near either r,p or near rg. By Theorem 6.1 there
exists ho > 0 such that for h € (0, ho),

[|[2*(h*Py — o) " *a®||p2sp2 SChT1"% o€ (1—¢,1+¢) x (—c¢,eh) C C.

Let P; be the operator defined in (13) and let € > 0 be such that (14) holds.
Then it follows from Theorem 2.1 of [5] that there exist A1 > 0, C' > 0 and K > 0
such that for h € (0, hy),

|@’a~ % (h*Ax — o) ta%a~ 2|22 < ChTK,

(11.1)
o€ (l—c¢14¢)x(—ceh)CC.

The estimate in Theorem 4 follows by restating (11.1) in the non-semiclassical
language, i.e. multiplying it by h? and replacing ¢ by h~'o.
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