Green’s function techniques for random regular graphs.

Theo McKenzie

Abstract

Universality is the phenomenon that many random matrix models share the same spectral statis-
tics, even when their entries come from very different distributions. Recent breakthroughs show that
this principle reaches far beyond classical matrix ensembles: although random regular graphs are
constructed from far fewer independent sources of randomness, and although the entries of their ad-
jacency matrices are dependent, the distribution of the spectral edge agrees with that of the Gaussian
Orthogonal Ensemble. This reveals a form of fully chaotic behavior in a highly constrained sparse
model and proves the existence of optimally expanding graphs of every degree, resolving a longstand-
ing open question. In this mini-course, we will explain key ideas behind this surprising analogy and
introduce the main tools connecting sparse random graphs with random matrix theory.

Preface

These notes are created for the mini-course as as part of the Clay Mathematics Institue-Heilbronn
Institute for Mathematical Research Summer School on Random Geometries and Random Matrices. I
am grateful to Emma Bailey and Laura Monk for giving me the opportunity to give a mini-course. The
goal of these notes is to introduce some of the ideas needed to find the distribution of the edge eigenvalues
of the random regular graph. As some of the ideas necessary are quite involved, I have limited myself to
a few key fundamental insights necessary to solve the question. For a description of the entire proof, I
recommend Jiaoyang Huang and Hong-Tzer Yau’s lecture notes [3].

1 Introduction

1.1 The goals of this course

Our goal is to understand the extreme eigenvalues of random regular graphs and explain why, with
positive probability, they have optimal spectral expansion. A graph is a set of vertices connected by
edges. In these notes, the vertex set will always be the set [N] := {1,2,3,..., N}. Therefore, we can
write the graph as G = ([N], E), where E is the set of edges.

There is a rich spectral theory associated with graphs, and we will focus now on graphs conditioned so
that every vertex neighbors exactly d other vertices, for some constant d > 3. Such a graph is called d-
regular. We will often identify a d-regular graph with its normalized adjacency operator Hg := Ag/vd — 1
(the reason for this normalization will be clear later), where Ag is the adjacency matrix. To be precise,
Hg is an N x N matrix where for each 1 < u,v < N,

) 1/Vd—-1 (u,v) € E
(H)uw = {O (u,v) ¢ E.

Note Hg is symmetric. Therefore, it has real eigenvalues. Moreover, its largest eigenvalue is always
d/+/d — 1, which corresponds to the all ones eigenvector. More generally, we can write its eigenvalues as

dINVT=T=M(G) 2 X(G) 2 -+ 2 A (G) = —d/Vd—1.
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Figure 1: A 3-regular graph on six vertices and its normalized adjacency operator H = A/+/2.

Similar to surfaces, the spectral theory of graphs is a richly studied subject. The purpose of this
lecture series is to introduce the techniques used to find the distribution of the spectral gap over a
randomly selected regular graph. In this work, this key quantity is the largest nontrivial eigenvalue in
absolute value,

max{A2(G), - An(9)},

which controls the expansion of the graph and the convergence behavior of random walk. There is a
natural bound on the size of these eigenvalues based just on the degree.

Proposition 1.1 (Alon-Boppana 80’s). For G an N wertex, d-reqular graph for d > 2 fixed, X2(G) >
2 — ON(I).

The size of this eigenvalue controls the spectral expansion. Therefore, people became interested in
showing this bound in the other direction. Friedman showed an almost optimal bound for a randomly
selected graph.

Definition 1.2. We define the random regular graph ensemble G(N, d) by taking the set of all N vertez,
d-regular graphs, and selecting one uniformly at random.

Theorem 1.3 (Friedman). For any fized d > 3, with probability 1 — on (1), max{X2(G), —An(G)} <
2+ on(1).

We care about Ay (G) as well as this governs the mixing time of the random walk.

A natural question is whether the on(1) error can be removed. This is known as a Ramanujan
graph.

Definition 1.4. A graph is called Ramanujan if max{\2(G), —An(G)} < 2.

Such a graph is an optimal expander, as we have removed this error term, and we cannot do any better
as the Alon-Boppana bound is tight. For many applications, Friedman’s theorem is sufficient; however,
for example, there are certain algorithms where the dependence on this error term blows up at a rate
of exp(N+/(A2 —2)). Therefore, it is advantageous to create graphs that actually satisfy this bound.
Previous constructions of Ramanujan graphs come from number theory and rely on highly structured
algebraic objects. For example, showing that there is a Ramanujan graph of degree d = 7 was an
open problem, and even for other degrees, it was unclear whether every N had a Ramanujan graph
(here we ignore the bipartite version of this problem, for which the existence result had previously been
solved [4,5]). In fact, based on computer tests, a random regular graph satisfied this Ramanujan bound
sometimes.

Definition 1.5 (GOE matrix). An N x N random symmetric matriz Z is said to be drawn from the
Gaussian Orthogonal Ensemble, written Z ~ GOEp, if its entries are independent up to the symmetry



constraint Z;j = Zj; and satisfy

1
Zij~N<O,N>, 1< 7,

2

Definition 1.6 (Tracy-Widom TW; distribution). The Tracy-Widom TW; distribution is the limiting
law of the rescaled largest eigenvalue of a GOE matriz. More precisely, if Zy ~ GOEx and Anax(Zn)
denotes its largest eigenvalue, then

and

N3 (\(Zy) - 2) = TW,
as N — oo.

This allows us to show the main theorem, which proves a conjecture of Sarnak [7] and Miller, Novikoft,
and Sabelli [6].

Theorem 1.7 (Theorem 1.2 of [1]). Define A := Elé‘:)lz) For d > 3, the following is true for any fired

seR,G~G(N,d) and X ~ TWq,
P((AN)*3 (0(G) — 2) < 5) = P(X < ) + o (1).

The same is true for —An(G), and the two random variables are independent.

As these are independent Tracy Widom distributions, as P(TW; < 0) =~ 0.83... the following is
true.

Corollary 1.8. For any fived d > 3 and sufficiently large N,
P (max{X\2(G), —An(G)} < 2) = 0.69.

This means that most, in the sense that more than 50% graphs are Ramanujan. Our goal will be to
give the techniques necessary to show the above theorem.

1.2 Green’s function analysis

The main technique that I want to discuss with you all is how to perform analysis of the Green’s
function in this model. For any self-adjoint operator H and z : Im[z] > 0, we take the Green’s function
G(z,H) := (H—2I)"!, and its normalized trace the Stieltjes transform my(z) := + Tr[G(2)]. This gives
us information about the eigenvalues, because if we split z = E'+in, Im[mn (2)] = § Xicqvg m
Therefore, if we can get sharp information about the Green’s function when |E| ~ 2 and 7 is very small,
we can track the distribution around 2 and —2.

Thus, sufficiently precise control of the Green’s function gives detailed information about the eigenvalue
distribution. If you have not seen this used before, a question may be why to choose the Green’s function,
rather than any other family of analytic functions. One large reason is because there are many formulae
associated with the inverses of matrices, which allow us to manipulate them.

An important example of these manipulations, is one often used in random matrix theory, which is the
Schur complement formula. This tells us how to decompose an inverse in terms of the original matrix.
Let

A B*
e
Then, assuming D and A — B*D~ !B are invertible,
(A— B*D-'B)~ —(A-B*D'B)"'B*D

-1 _
M= =1 _p-1p4—-B*D"'B)"! D'+ D-'B(A- B*D-'B)-'B*D-!



To apply this to the Green’s function, for any V C V, we define GY) to be the Green’s function of the
graph
gW =g\ V.

Writing H — z in block form with respect to T U T¢ for some set of vertices T,

_(Hlp—z B
HZ< B H|Tc—z)’

we obtain

-1
Gl = (Hlx -2~ B'GDB)
G(T) = G|T“ — G|TCT(G‘T)71G|TT“3
Glrre = —G2B*G™.

Our goal will be to show that the Green’s function on a random regular graph approximates that of
the d-regular infinite tree X'. The reason is that locally, most neighborhoods are tree-like.

Definition 1.9. Fiz d > 3 and 0 < ¢ < 1, R = (¢/4)log,_; N. We define By (0,G) to be the ball of
radius R around o in G. We define the event Q, where the following occur:

1. The number of vertices that do not have a tree neighborhood of radius R is at most N°.

2. The radius R neighborhood of each vertex has an excess (i.e., the number of independent cycles) of
at most 1.

The following proposition states that € holds with high probability.
Proposition 1.10 ([2, Proposition 2.1]). Q occurs with probability 1 — O(N~1=9)),

Proof Sketch. The general idea is that having a cycle is quite unlikely. For example, to find the probability
of having a triangle, the following idea basically works. There are d(d — 1) paths of depth 2. The
probability that any such path hits one of the original neighbors is (d/N). Therefore, the expected
number of such paths is like d(d — 1) - d/N. So for any fixed vertex, the probability we see one is low.
Nevertheless, the expected number of these that exist in the larger graph is at least constant.

The full argument extends this counting idea to all cycles of length at most 20R, and then to pairs of
cycles in the same radius-R ball. Since R is logarithmic with sufficiently small constant, the expected
number of bad vertices beyond the allowed threshold is small. O

The Stieltjes transform of the infinite regular tree satisfies a well-behaved self-consistent equation.
Specifically, we consider the unique solutions in the upper half plane to the following equations.

d 1

ﬁmsc(z))_ , Mee(2) = (—2 — mee(2)) L

ma(z) = (—z —

We then have the following.
Proposition 1.11. Let X be the infinite d-reqular tree, and let H = Ax/v/d — 1. For all z € Cy4,
Gz (2) = mg(2).

Moreover, if x ~ vy, then



Proof. Fix an oriented edge x ~ y. Applying the Schur complement formula in the graph X \ {z} gives
-1

G = ek
z+ ﬁ Zk,eeay\{z} Gy’

vy

After deleting both z and y, the branches rooted at the vertices k € 9y \ {z} are disconnected. Hence
the off-diagonal terms vanish, and

-1
2+ 75 Lkeoy\(z) G

(z) —
Gya;_

By homogeneity, each term ngcy) is equal to Gg(f;). Therefore m := Gg%) satisfies

-1
z4+m

The unique solution with Imm > 0 is mg.(2).

Applying the Schur complement formula at x in the full tree gives

-1
Goow = ———F—— = my(2).
24 g5 mge(z) =)
O
. oo (2) dist(z,y)
Exercise 1.12. Use the formula (H—z)G = I to show that, more generally, Gy, = mq(2) (—ﬁ)

There are two main takeaways from this. First, to find the Kesten-McKay Green’s function, it is easier
to pass to the Stieltjes transform of the semicircle law, and to find the semicircle law, we can find the
self-consistent equation.

In order to properly compare the Stieltjes transform of the finite graph with that of the infinite graph,
we will go through a similar process. Recall that we obtained the (d — 1)-ary tree by deleting a vertex
from the infinite d-regular tree and then looking at the Green’s function at one of its neighbors. We will
do the same thing in an averaged sense for finite graphs. Namely, we will deduce my =~ mgy by considering
a quantity ) that approximates the semicircle Stieltjes transform my., and then showing that Q ~ mg,
implies my = mq.

To this end, let E denote the set of directed edges of G, so that each undirected edge {o,i} contributes
the two directed edges (0,) and (i,0). We then define

Q(G.2) ;:Nid > 6o (1.1)

(o,i)eﬁ

Our general goal will be to show that Q(z) ~ m.(z). Since my. is characterized by the self-consistent
equation
Mge = (_Z - msc)_17
it is natural to prove an approximate version of Q ~ (—z — Q)~!. The reason this should be true is local:

after deleting a neighbor i of o, the Green’s function entry GS,ZD) sees, to first order, a rooted (d — 1)-ary
tree. Since random regular graphs are locally tree-like, ) should behave like my..



1.3 Generalized self-consistent equations

We now turn the tree recursion from the previous section into a finite-depth approximation. The idea
is to replace the part of the graph outside a finite neighborhood by a self-energy parameter A(z). For a
subgraph H C G, define the boundary deficit

gu(v) := degg(v) — degy (v), veV(H).

We want to show that our Green’s function is reasonably approximated after passing to this neighborhood.
Therefore, we define the Green’s function of the graph after extending with weight function A(z) as

G(Ext(H,A(z)),z) == (—z + H|y — % Z gy(v)evef)) .
vEH

(a)

Figure 2: Left: a depth-2 neighborhood of the infinite 3-regular tree, with dotted edges indicating
continuation to infinity. Right: the central vertex and its three neighbors, where each neighbor carries

A__Joops.

two —d-i-

In order to show this and create a self-consistent equation that shows that Q) ~ myg., we define Y to
be the infinite (d — 1)-ary tree with root o and X to be the infinite d-regular tree with root o. For any
function A(z) : Ct — C* and £ € Zx¢, define

Xi(A, 2) i= Goo(Ext(By(0, X), A(2)), 2),  Ya(A,2) 1= Goo(Ext(Be(0, ), A2)), 2). (1.2)

Note that Xy(ms.(z)) = ma(z) and Ye(msc(2)) = mse(2).
Moreover, we can use the following expansion.

Exercise 1.13. We have that the following Taylor expansions.

Xe(A(2),2) = malz) = = Loma(lmac( (B (=) ~ mae(2)) + OUIA(R) — mic()?),

and
Yi(A(2), 2) = mie(2) = miae(2)* T2 (A(2) = mie(2)) + O(UA(2) — mae(2)]?),



Proposition 1.14. With probability at least 1 — N=1ton () the following is true of G ~ G(N,d). Fix

any 0 < ¢ < .01, and £ := clog, | N. For every z such that Im[z] > N='+o~v() gnd |2| < 2.01, we have

that Tmfrma(2)]
m[mg(z

Imay () = Xe(@Q)1,1Q = Ye(Q) < NV (d — 1) ===,

This is enough to deduce a high probability bound.
Corollary 1.15. With high probability, the second largest eigenvalue satisfies Ay — 2 < N—2/3+on (1),

Proof. Recall we set £ = clog,_; N for some ¢ > 0. We will use the above equation to show that there is
no eigenvalue at 2 + x for Kk = N—2/3T4¢_ To do this, we compare the Green’s functions in this region.
z = 2+ k + in, for n that we set later. In order to compare the random quantity my(z,G) with the
deterministic quantity, we use the following estimations, which can be proven as a simple exercise.

L |E| > 2
Im[mg(z)] < Im[mg.(2)] < ¢ VET! (1.3)
VE+n |E| <2
Moreover, there is some constant ¢ > 0 such that for |z| < 10 and Im[z] > 0,
c < |mge(z 1—c¢
mee(2) < 1— e -,

11— mse(2)?| < VE + 1.

Therefore, the above propositions mean that |my(z) — X(Q)|,|Q — Y (Q)| < N\/W We first prove a
bound on Q — m.(2).

|Q —mse(2)] <1Q = Y(Q)| + [Y(Q) — msc(2)]
N2c ,
N Y sc - sc ’
N (Mise(2))1Q — mise(2)]
where we use that the Taylor expansion converges sufficiently quickly.

‘We can reduce this by the above approximations that Y’ (ms.) = m2.+2. Therefore, we can approximate

11— m2%2 < /k+ 31 +m2, +---+m?|, and by toggling £ by 1, we can choose it such that this last
term is at least constant. Therefore we have

N2c N2c
N\k&+1n N(K:—!-n)

|Q — mse(2)] S 11— Y/(mSC(Z))|_1
Given this, we can similarly expand

mn (z) —ma(z) = mn(z) — X(Q) + X(Q) — ma(z)
1 /
= W + X (msc)(Q - msc)
N2c
=N

Recall our goal is to deduce that there is no eigenvalue at 2+ N—2/3+4c Therefore, we set z = 2+ K +in,
where k = N=2/3+4¢ and = N—2/3+¢/2,

For our discrete operator, we always have that

1 1
Im[my (z)] = Im [N;V)\i—zl i [Xi — E[? + 12 —EI2+77

i€[N]




If there is an eigenvalue at 2 4 &, then Im[my(z)] > 1/(Nn) = N=1/37¢/2_ On the other hand, by
our above approximation, we have Im[mg(z)] < n/\/k + 1 ~ N~1/373¢/2_ In order to satisfy our given

approximation, we must have |my(z) — mq(z)| = N~1/37¢/2. However, our above calculation tells us
that

m (2) = ma(z)] S NV,
meaning such an eigenvalue does not exist. To prove the theorem, we send ¢ — 0. O

Our goal in these notes is to show a weaker bound than this, however we will show this for every
entry rather than just for the average given by the trace. Therefore, for z € C*, we define the error
parameter

Then our goal is as follows.

Theorem 1.16 ([2, Theorem 4.2]). For any 0 < ¢ < 0.25, 7 = (¢/100) log,_,(N) and any z € C*, we
define 1(z) = Im|[z], k(z) = min{|Re[z] — 2|, | Re[z] + 2|}.

We define the error parameter

£(z) := (log N)1° <(d_11)T + Imjgzgi)z)] + (Nn(lz))w)' (1.5)

With probability at least 1 — O(N~'HoN W) | for everyi,j € [N], and any z € C* with |z| < 1/¢,Im[z] >
N—1+c,

e(2),
NG

|Gij(2) = Gij (Bxt(B, ({3, j}, G), msc(2)), 2) |

Q(2) —mse(2)],  [mn(2) —ma(2)] <

RV

(1.6)

The term +/Immg(z)/(Nn) is the usual fluctuation scale for averaged Green’s function quantities,
while (d — 1)~" measures the error from replacing the full graph by a radius-r neighborhood.

1.4 Improved bound [Extra reading]

We claim that this window Im[z] /N7 is really the critical window. As we saw before, to see the effect of
an individual eigenvalue, we need the difference of the two Stieltjes transforms to be 1/N7. According to

our above calculations, the difference of the Stietjes transforms given our error bound is O(%) This

error is fine when we work further than N—2/3+o~(1) hecause of the stark difference in Green’s functions,
but when we move further in, we need a tighter bound to talk about individual eigenvalues. Nevertheless
if we can get a tighter bound, then in fact, we can learn about the entire distribution, not just N—2/3-¢,
However, to do this, we need to pass from a high probability bound to one on the distribution, as the
distribution becomes nontrivial.

However, we cannot deduce anything tighter from examining just the Stieltjes transform mg.(z). This
is because this represents the infinite limit, and there are no finite eigenvalues. Therefore, we cannot
approximate to level 1/(Nn) as desired. To make this approximate, we consider the GOE rather than
the semicircle law corresponding to the infinite limit.

To find a self consistent equation for the finite GOE matrix versus its infinite counterpart the semicircle
law, we first recall the equation for the semicircle law.

Mee(2) = (—2 — mg) L.
Moving the righthand side over the left, this is equivalent to asking that

Mee(2)? +2m +1=0.



The spectrum of the finite GOE converges to that of the semicircle law in the limit. However, as
it is a discrete distribution, for any fixed N it does not exactly satisfy the equation. Instead it has a
corresponding correction term, which is the loop equation.

Proposition 1.17. Define sy(z) to be the Stieltjes transform of Z ~ GOE(N). Then it satisfies the
following equations exactly.

9,sn(2)

E[sn(2) + zsn(2) + 1 + N

] =0.

More generally, for anyp > 1 and z1,...,2z,—1 € CT,

E[(sN(z)2+zsN( )+1+83N )HsN ZJ]

ZE sz_V(Zj)) [T s~z

We claim that it will be sufficient to show a similar term for my(z). Therefore, it will be sufficient to
show a similar equation about our ). We define our window to be

M :={weC: N30 L Im[w] < N2/3+8 _N~2/3+8 L Re[w] < N~/3+9}, (1.7)

We then define our region of interest as £2 + w for w € M.

Proposition 1.18. There is an event Q0 that occurs with probability at least 1 — N = TN () such that the
following occurs. For any z = £2 4+ w for w € M,

B [10 €0 (@0 - vtz + ZE)]

<S(d—1)""2. Im[?vl‘;(z)].

(1.8)

The focus of the course will be to show this proposition. Note that to capture all the moments, we
prove a more general statement.

Proposition 1.19. More generally, take any p > 1, and w, w1, ... wp—1 € M. We then take z = £2+w
and z; = £2 + w; for each j.

£ |10 €9 (2700 - vite @) + Z2D ) (T - mate)

j=1

n Z 2 g c Q) (mN(Z) - mN<Zj)) H(mN(Zz> . md(zz)) (1'9)

z— 2 L1
J i#]

‘O( s el

It is nontrivial to translate this into a distributional bound, but the novel technical achievement of the
recent works is the above bounds.



2 Resampling procedure

The core of much of probability theory is to split analysis into a series of independent events. The
tricky thing about the random regular graph model is that the independent events are not the entries of
the matrix. Indeed, the knowledge that any given edge exists in the graph greatly affects the probability
of existence of other edges elsewhere.

The source of randomness we exploit is not independence of matrix entries, but rather the invariance
of the uniform random regular graph under admissible edge switchings. Specifically, if the graph contains
the disjoint edges {v1, v2} and {vs,v4}, and if the proposed new edges do not already exist, then replacing
them by {v1, v4} and {vq, v3} gives another simple d-regular graph. Since the uniform measure is invariant
under this involution, the original graph and the switched graph are equally likely.

We will use this by performing the edge switch on an entire neighborhood all at once.

2.1 Resampling

For any graph G, we denote the set of unoriented edges by F(G), and the set of oriented edges by
E(G) := {(u,v), (v,u) : {u,v} € E(G)}. For a subset § C E(G), we denote by S the set of corresponding
non-oriented edges. For a subset S C E(G) of edges we denote by [S] C [N] the set of vertices incident
to any edge in S. Moreover, for a subset V C [N] of vertices, we define E(G)|y to be the set of edges of
G with both endpoints in V.

Definition 2.1. A (simple) switching is encoded by two oriented edges S = {(v1,vs), (vs,v4)} C E.
We assume that the two edges are disjoint, i.e. that |{v1,va,v3,v4}] = 4. Then the switching consists
of replacing the edges {v1,va}, {vs,va} with the edges {vi,v4},{v2,v3}. We denote the graph after the
switching S by Tz(G), and the new edges S = {(v1,v4), (va,v3)} by T(S) = §.

The key to the idea of the local resampling is that the neighborhoods of most vertices are trees.
Therefore, we can choose swappings in such a way that all the local neighborhoods are the same, the only
part that changes is how they are connected to each other.

The local resampling involves a fixed center vertex, which we now assume to be vertex o, and a radius
¢. Given a d-regular graph G, we write 7 := By(0,G) to denote the radius-¢ neighborhood of o (which
may not necessarily be a tree) and write T for its vertex set. The edge boundary dg7 of T consists
of the edges in G with one vertex in T and the other vertex in [N] \ T. We enumerate the edges of
OrT as OgT = {e1,e2,...,e,}, where eq = {lo, a0} with [, € T and a, € [N] \ T. We orient the
edges e, by defining €, = (la,aq). We notice that p and the edges eq,ez,...,e, depend on G. The
edges e, are distinct, but the vertices a,, are not necessarily distinct and neither are the vertices [,. Our
local resampling switches the edge boundary of 7 with randomly chosen edges in G(T) if the switching
is admissible (see below), and leaves them in place otherwise. We choose (by,c1),...,(bu,cy) to be
independent, uniformly chosen oriented edges from the graph G(T)| i.e., the oriented edges of G that are
not incident to T, and define

S = {Car (barca)ts S =(51,5,....5,). (2.1)
The sets S will be called the resampling data for G. We remark that repetitions are allowed in the
data (b1,c1), (ba,c2), -+, (by,cu). We define an indicator that will be crucial to the definition of the
switch.

Definition 2.2. For « € [u], we define the indicator functions I, = 1,(G,S) =1 if
1. the subgraph By 4({@a, ba,Ca}, G(M) after adding the edge {aq,ba} is a tree;
2. and distge ({aa, ba,ca}, {as,bg,cs}) > R/4 for all § € [u] \ {a}.

The indicator function I, imposes two conditions. The first one is a “tree” condition, which ensures
that a, and {ba,c.} are far away from each other, and their neighborhoods are trees. The second one

10



imposes an “isolation” condition, which ensures that we only perform simple switching when the switching
pair is far away from other switching pairs. In this way, we do not need to keep track of the interaction
between different simple switchings.

We define the admissible set
Ws :={a € [pu] : 1.(G,8)}. (2.2)

We say that the index o € [u] is switchable if o € Wg. We denote the set Wg = {b, : @ € Wg}. Let
v := |Wg| be the number of admissible switchings and a1, as, ..., «, be an arbitrary enumeration of Wg.
Then we define the switched graph by

) (9), (2.3)
and the resampling data by

—

T(S) := (T1(S1), ..., Tu(S.), Ta(Sa) =

{T@) (o € Ws). 2.0

S, (o & Wsg).

Because the admissible switching pairs are separated from one another, the corresponding switchings
do not interact; in particular, the final graph is independent of the chosen enumeration of Wg.

In the following lemma we show that typically W is very large.

Lemma 2.3. Assuming G € Q, with probability 1 — N=“~1) 1, — |W| < log N. Moreover, if o has a tree
neighborhood of radius R, and £ < R, then with probability 1 — O(N~112¢) we have |W| = p.

Proof. We only prove the first statement, as the second is analogous. By the assumption that G is PR-tangle
free, the R-neighborhood of 0 has at most one cycle. Moreover, there cannot be a cycle that is contained
in By /4(0as GM) for two different values of «, as that will create two cycles in the 9-neighborhood of o,
one in G(M and another in G containing o. Thus there is at most one a, such that By /4(0as G(M) is not
a tree.

Suppose a, has a tree neighborhood of radius J3/4. As we will see, there are at most N°¢ choices
of b, that do not have tree neighborhood of radius fR. Assuming we have not made such a choice,
all conditions of I, are satisfied if distgm (ba,aa U {bg}s£a) = :M/4 + 1. The number of vertices v
such that distgm (v, a0 U {bg}ara) < R/4 is at most d(d — 1)%d(d — 1)7'°8N < N2, As the choice
of each b, is independent, the probability that we choose at least log N — 1 many bad b, is at most

(log%_l)NflogN(lfc) < (d _ 1)logNEN7 log N(1—¢) _ waN(l)’ O

Definition 2.4. Let

g = TS (g)
For any graph-dependent quantity F = F(G, z), we write

F:=F(G,z).

In particular,

G(z):=G(2,9), Qz):=Q(G,z2).
Proposition 2.5. The joint distribution satisfies

(G.Ts(9) '® (T5(G), ).
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Proof. The map

(G,8) = (Ts(9), T(8))
is an involution on the enlarged probability space. Indeed, after performing the admissible switchings,
the transformed data T'(S) records precisely the reverse switchings. The admissibility conditions ensure
that the neighborhood 7 is unchanged by the switching, so the transformed data T'(S) is admissible
resampling data for the switched graph. Hence,

Trs)(Ts(9)) = .

Moreover, the admissibility conditions are symmetric under this transformation, and the uniform measure
on d-regular graphs together with the uniform choice of the resampling data is preserved. Therefore the
pair

(G.T5(9))
has the same distribution as

(Ts(g), g)

2.2 Resolvent Expansion After Switching
Applying the Schur complement formula with respect to the decomposition T U T¢, we obtain

GOO

= (Hlp — 21 = Hlpp-G™ H|rer) )
1 £ \—
= (Hlr — 21— d—1 Z Gt(l?aﬁela elﬁ)ool
a,B

Now assume that the local neighborhood of the graph is tree-like, which is true for most vertices. Then
e, 1s close to o only through [, so after deleting vertices, the off-diagonal terms are far away. Therefore,
as we will show, we can make the approximation

GOO

1 % \—
~ (Hlr = 21= =3 > Ghd.einel. )0

e

Therefore, up to some error term we can see G,, as a function of the directed edges (ln,as) in the
graph. We want to change this to a randomly selected set of edges. Specifically, we would like to instead

take
1

(Hlp — 21— -1 Z Gl e e )ods

for randomly selected vertices in the graph. However, we want to do so in a way that respects the
distribution of the graph. What we will show is that, in fact

E : ba —1
ooN HlT_ZH_i &ac)ﬂ( 1€ oo‘

We have succeeded in minimally changing the graph through the switch, but there are still differences,
and we need to relate the Green’s functions of the two graphs.

Our goal will be to write the previously introduced Schur complement. The key to using this formula
is to track the rank of the perturbation to our operator H after performing the switch. To do this, we
realize that we can write the change in our operator as

~ 1
H—-H= Z gaa ga = d— 1(*Alaaa - Abac(1 +Alaca +Aaaba)~

12



Figure 3: An example of the switching mechanism

Therefore this is a low rank update. Moreover, the switch is only performed on the vertex set {ln, @q, ba; Ca fa-
Looking a little more carefully, we see that every edge changed by the switch is incident to one of the
vertices in {l,ba}o. Therefore, as W = {by}a, and {lo} C T, this means that H™) = HTW) and
therefore, G(TW) = G,

Therefore, if we fix the central neighborhood, we can write this as a function of the boundary ver-
tices.

We use the Schur complement formula again to write

GD,, = GTW 4+ (GG D) G )

The main term is the first term. However, we realize that locally around ¢, and cg, the local behavior
is that their neighbors b, and bg have been deleted, whereas everything else is far away. Therefore we
write (bubs)

A (TW W a bab bab —1(bad
G = Ggacﬁ) = Geue) — (G2 (GO gy ) )TEGER0R)),
by the Schur complement formula.

This is the basic reduction. The remaining work is to show that the error terms produced by these
Schur complement expansions are small, and that the main terms can be averaged over the additional
randomness introduced by the resampling.

One important tool in doing this is the resolvent identity, allowing us to compare matrix inverses.
Specifically,
Al —-B'=AYB-AB'=BY(B-A)A"

A simple application is the Ward identity.
Lemma 2.6 (The Ward Identity). It is the case that

Y |Guyl? = Im[Gul/n. (2.5)

ye[N]
Proof. Since G = (H — z)~! and G* = (H — %)™}, the resolvent identity gives

G-G" =G((H-2) - (H-2)G" =2inGG".

13



Therefore
Im G = nGG*.

Taking the zx-entry gives
ImGyy = n Z ‘Gacy‘Za

ye[N]

which proves the claim. O

3 Concentration of the Green’s function

What we’ll do today is how to show when given a certain bound on the Green’s function, we can
improve it. This is a bootstrapping argument.

Specifically, we fix some well chosen error term.

Definition 3.1 (Choices of parameters). We fiz ¢ :== 0.02. Let R = (¢/4)logy_1 N, r = (¢/32)log;_ N
and £ € [12log,_; log N, 24log,;_, log N|. With this choice,

R/8 =r =0(logN) > ¢ =0(loglogN), (logN)? < (d—1)"< (log N)*. (3.1)

We set our error term to be

2) == (log N)100 1 Im{ma(z)] !
g(z) = (log N) <(d_ O\ TN (Nn(Z))2/3> '

We create a smaller error term

() = (log N)24\/ lmfma(2)] + e(2)/ Vi(2) + 1(e) +e(2) (3.2)

Nn( )

Notice that from our choice of parameters, on the spectral domain z € C* with Im[z] > (log N)3%° /N,
we have

1 e(z)

e(z) < (log N} p(2) < (log N)&® (3.3)

We will assume that our functions satisfy a bound given e,

Definition 3.2. Fir z such that Im[z] > N~ The event Q(z) C Q is such that for every i,j € [N],
| (EXt ({3,7},G), msc(2)), )‘ <e(2),
€ (3.4)
< —.
|Q( ) mbC( >|’ ‘mN( ) md(z)‘ = \/m

To show Theorem 1.16, we will bootstrap by showing that being in §2 implies that with high probability,
we can improve our error. This will allow us to reason about the statement for different z by using that
entries of the Green’s function are %—Lipschitz.

Definition 3.3. Define (G, z) C Q(z) to be the event that the randomly selected graph G satisfies the
stronger bounds

e(2)
1Q(G, 2) — mse(2)| < g NVr T e (3.5)

‘GOi(g7 Z) - GOi(EXt(BT({Ov i}7 g)v Q(gv Z))v Z)| <

g

W for alli € [N]. (3.6)

14



The bootstrapping follows by the following proposition.

Proposition 3.4. Assume that G € Q. We then perform the local resampling at depth £ around vertex
o. For any fized q > 0, with probability 1 — O(N~9), we have that the resampled graph G € Q. (z).

As the distribution of the random regular graph is invariant under edge swaps, taking a union bound
over all vertices immediately implies the following.

Corollary 3.5. Under the assumptions of Theorem 3./, with probability 1 — O(N~9+1),
<)
SlogNyk +nte
€

1Gi5(9,2) — Gij (Bxt(Br({i, 1}, ), Q(G, 2)), 2)| < (log N)? for alli,j € [N].

|Q(ga Z) - msc(z)

For an idea of how to use this to prove our entrywise bound, we start with |z| > 2d for which
the entrywise bound is true through the Combes—Thomas method. We then bootstrap by applying
Theorem 3.5. Entries of the Green’s function are Lipschitz with constant 1/Im[z]. Therefore, we know
that ©(z’) holds for any |z’ — z| < Im[z]/2. We then can apply Theorem 3.5 for z/ = E +in/2. We repeat
this until we reach n ~ log?’00 N/N. We apply this process to create a net of z where Theorem 3.5 is
satisfied, giving Q(z) for the entire region.

Our goal is write éoo as a series of independent terms that come from the switching, and exist in the
random graph.

The first point is to assume that everything is bounded by &, we will show the new graph has coefficients
bounded by €/log N. In order to do this, we use the series of transformations

G— G0 g™ =g g™ 5 @

We claim that in the first two steps, the entrywise bound on G translates into an entrywise bound on G,
Then, the randomness over the choice of G means that we get an improvement in the latter steps.

The basic tools we will use are as follows.

1. Distance bound: randomly selected vertices are typically far from each other in graph distance.
This means that local neighborhoods of (by, ¢) can, up to small error, be treated independently.

2. Green’s function bound: by the Ward identity (2.5), most pairs of vertices have Green’s function
entry at most ¢, for ¢ as defined in (3.2).

By the Ward identity, we have

1§ g = Gl T3]+ £/ AR
N ? Nn ™ Nn '

jev

Therefore, there are at most N/ log48 N vertices j such that |G;;| > ¢. This means that under the choice
of the switched vertices, typically no choices will have entry greater than ¢, and we can use this to signify
typical Green’s function behavior.

Proof Sketch of Theorem 5.4. We will give the simplest case here. Other cases generate other error terms,
but our goal is to give the general argument. This is the case showing that G,, approximates X,(Q),
when o has a tree neighborhood of depth £.

The first idea is that if vertices are not obviously close to each other, then the corresponding Green’s
function term is negligible. This gets rid of all off-diagonal terms.

15



~ 1
Goo = (=2 + Hlr = -— GO erer,)
a,f3

1 ~ .\
~(—z+ H|r — HZGS:E)caelaela) !
o

The next idea is that locally, from the perspective of ¢,, we have deleted its neighbor [,. This is the
same behavior in the original graph, if we have deleted its neighbor b,. Therefore, we can take

(= Z+H|T772Gcacqelaez,)il (= Z+H|T*72G£l§‘; eef) "

We then want to compare this versus the extension. We define

Pao = G(Bxt(By(0,0), Q),2) = (~2 + Hlr — 222 3 er, i)™

Note f’oo = Xg(@).
Assuming that @ ~ Q,

T
(G- P), d_ ZGoz — P Po

= ﬁ Z ﬁOla (ég)cu - é)ﬁlao

1 ~
N (Ta) _
=1 2 P (G Q)P

1
o Zpozza(Gglii) - Q).

This then becomes like a weighted average. The weights are Pfla. In the exercise session, we show that
if Q = mse(2), then these weights are of order (d — 1)~¢. Using a Taylor expansion, we can show that
this is still the case for @ close to mg.(z).

Therefore, we have a series of independent random variables, we just need to show that their expecta-
tion is 0. Up to the negligible error coming from restricting the sampled edge to G(™, the expectation of
Géi"c)a over a uniformly chosen oriented edge (by, ¢q) is Q. Indeed, reversing a uniformly chosen oriented
edge is still uniform, and @ averages GSJU over directed edges (v, u). We have

Gil) =Gl = Y GG ) G,
z,yeT

We claim that this last error term is negligible. Given that, by a standard tail bound on an independent
sum (say an Azuma bound) we recover that

(G = P)oo| <log N(d — 1)~
O

Without the assumption that the neighborhood is tree-like, the weights are more complicated, as we
have to pass from the extension at one level to the extension at another. Nevertheless, a similar method
works.

Our main tool for performing the above calculations was the resolvent identity and the Ward identity.
T’ll focus on two approximations that we made in the above argument sketch.

16



Lemma 3.6 ([2, Proposition 5.22]). Assume G € Q(z). With probability 1 — O(N~9) over the choice of
the switch, we have

< [d—1)* (Im[mg] + ¢ +¢/V/rFn+e) L N

Q(G,2) - Q(G.2) ¥

(3.7)

Proof. We can first reduce to the set of vertices j that are away from vertices involved in the sampling.
Specifically, we say x; (G(™) is the indicator that distgaw) (1, {@as bas Cas la tacu)) > R/4. Then we can
write

1 S0 _ )
Nd ZZ; G — Gy
1 ~ )
= 57 (@M@ - G + o
invj
1 PPN s . , )
= vi 2 XG@TNGE G lew)y G — GG )y Gyl)) + ONT1H).
i~g x,y€TW

The first step is to show that [(G|rw),,t| is not too large. Thus we define P := G(Ext(B,(TW,G), ms.), z)

and expand
o0

(GD|gyy) ! = Z(me)*l ((qurw - G(j)|TW)(P"Jl‘W)71>k' (3-8)
k=0

To bound this, we can approximate P
I(Ple) ™ = [ H|x — 2 — B*mse(2) B|| S 1.
Therefore, splitting (G®)|r)~! in (3.8) according to k = 0 and k > 0 gives that for z,y € T, we have
(G ]2)zy | = |(Plr)z, | +O(e) S 1 (3.9)

where we used that (P|y—G®|1),, = O(e) by Q. Since [TW| < (d—1)¢ and (d—1)’e < 1, the entrywise
error gives an operator-norm error small enough for the Neumann series to converge.

Finally, we can write the rest similar to before as

S Y GGy Y S IGul + Gyl

z,y€TW i~j z,y€TW i~j
Im[G 4]
<(d-1)f o
zeTW
< 1)Mhn[md] +e+e/yEtnte
~ N
by our assumptions on the entrywise bound.
O
The other is the bound on écaca.
Definition 3.7. The set U C W is the set of indices o such that there is no B € W, 8 # a where
distg (ba, bg) < R/4 (3.10)
or
|Gty | = 0, (3.11)

where R and ¢ are defined in Theorem 3.1.
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Proposition 3.8 (]2, Proposition 5.10, Proposition 5.18 (5.51-5.53) and Proposition 6.3]). Let G € Q.
For any fixed q > 0, with probability at least 1 — O(N~9) ower the choice of resampling data S, the
following holds.

1. W\ U| <log N, with U defined in Theorem 3.7.
2. for any fized « € W\U, at most O4(1) indices f € W satisfy (3.10) or (3.11).
3. We have for a € U

G, (2)] S (e(2)) + ¢(2), if Bel,p\U, (3.12)
G ()] S () +¢(2),  ifBeU\{a}, (3.13)
IGO(2)] S (e(2))? + 0(2), if Gico | 1Gin. | < ¢ and distge (4, aa, ba, ca) = R/4. (3.14)

4. For any index o € U, we have

G, — G S (d - 1) (3.15)

Proof of 4. We can write
&, e
- & _ G

- Z (ég)x(é(m|wv\{ba});;é$l - GEEI;Q)(G(T%)|W\{ba});3}Gg(;Eia)> :
z,yeW\{bs }

The first difference is exactly 0. Therefore, it is sufficient to show the remaining terms are sufficiently
small. To do this, we fix z,y and take

Ggl;a) (G(Tba) |W\{ba});;G(Tb"‘)~

YCa

We claim that regardless of x,y, the entries of the inverse do not blow up. Therefore, we compare
G(Tba) o P7

where

P = G(Ext(B.(W\ {ba}, G™), mec(2)), 2).

We can expand (G(Tb“) — P) according to the Schur complement of each. By the entrywise approxi-
mation, we can write

(G g (1) ™" & (P g gp3)

By the definition of the switching set, the righthand side is a diagonal matrix, where diagonal entries
are order 1. Therefore, (G(™)|y (,.1) 7! is a matrix with diagonal entries approximately 1/my(z) and
off-diagonal entries of order €. We can then upper bound this as

Z |Ggl;“)|2 te Z Gaco Gye. | < ((d —1)' +e(d- 1)22) ¢’
€W\ {ba } T#Y

as the first term dominates. O
In the general version, we make r (the depth of the extension) and ¢ the depth of the switch, different.

We then wish to obtain a bound on the entries of the Schur complement of P for which we use the
following proposition.
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Proposition 3.9. Assume that G has excess at most 1, and H is an induced subgraph such that B, ({i,j},G) C
H. Then

2r

Mse(2
GG, )~ GIBX(H, ) S VRFTA = macl)] + 1~ mec(0) + (222
Proof of Proposition 3.9. We prove this through the Schur complement formula. The key is to take the
Schur complement on vertex set H for the first graph G. We first realize that the graph of the two are
the same on H. The question therefore becomes a question of extension.

After deleting the vertex set H, the graph G is in many disconnected components. To reason about
the boundary we call the boundary edges {l«, @a }ae[,] as before. To consider the Schur complement, we
split

| Hl» B
Ext(G,A) = [ 5 D |

Given this, we can take
G(Ext(G,A)) =P, G(Ext(H,A)) = P'.

We then have the expansion
P, — P/

—1
= (—2+Hly—B(D-2)7'B) - <—z + Hlpy — dilBA]IB’)
ij

=71 > Pu, (D-2).). —A) P,

1 -1
+ d—1 Z Pu, (D — z)aaaﬁpllﬁj'

The first term is small by the fact that diagonal terms are approximated by their self-consistent equations.
The second term is small by the fact that we are tangle free: off-diagonal boundary interactions require
connections through the exterior, and the excess-at-most-one assumption limits the possible problematic
connections. All remaining terms decay like the tree Green’s function, giving the error

The error term we see here is one of the most striking ways that the random regular graph differs
from a matrix model. Namely, when we pass to small neighborhoods, there are low, but not negligible,
probability events that create error terms that are hard to deal with. Such error terms are necessary
when we consider all graphs. We can see such an error term is generated when there is a cycle in G that
does not exist in H.

O
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4 Iterated Switching

Definition 4.1. We denote by Q C Q the set of d-regular graphs for which the inequalities of Theorem 1.16
hold.

In order to show universality, we must get a much sharper error term than N~¢190  To do this, we
perform an iterated switching. Specifically, we start by wishing to control

E[1(G € 9)(Q - Ye(Q))"]

for some p > 0.

By the vertex transitivity of our model, we can write this as

E[1(G € 2)(Q - Y2(Q))"]

_ %E[l(g € Q) A, (GY) - Yi(Q)(Q — Ye(@Q)P ]
N

—E[1(G € 2)40(GL) — YUQ)(Q ~ Y@

VEL(6.G € 4G ~ Yi(@))(Q - (@) + error

doing similar calculations as before. Once again as before, we can expand this with the resolvent identity.
What we saw is that in expectation, the first term

(4~ 1) S EL(G.G € 0)4:F3 (G, - Q)@ - (@)

has expectation 0 when we take the switch. Therefore, when we do the expansion, we have the next
term N
(d—1)'—E[1(G.G € AP} (GL:), — Q)°R].

For the previous bound, we could just bound this as €2, but now we want to do something stronger.
Therefore we iterate the sampling, by doing a new sampling, this time around c,. Note that when we
did this previous sampling we picked up a new term, meaning the infinity norm bound has decreased.
Therefore, our overall process is to resample around a vertex for which there is a diagonal term. If we
can resample b times for some sufficiently large constant b, then as € is polynomial, we can make this
overall error term N2, which is always sufficiently small.

The tricky thing is that we need to do expansion in all terms, and cannot just immediately pass
to a Ward identity every time. One of the keys to the universal expansion is to do the Woodbury
formula.

4.1 Switching using the Woodbury formula

Last time we showed how to use the Schur complement can be used to bound error, but now we want to
show how to give a sharper bound. This is crucial to show universality. Instead of the Schur complement,
we use a different expansion.

Let A+ UCVT be a rank r perturbation of A. Namely, U,V € R¥*" and C € R"*". Then, the
Woodbury formula gives us

(A+UCV ) ' —A ' = A WU(C ' +VTA ) v TAL (4.1)

In this section, we introduce a novel expansion based on the Woodbury formula (4.1). In the rest
of this section, we assume that |W| = p Then the switching edges (b, Ca)ac[u) are far away from each
other, and have large tree neighborhood.
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_ We compare the normalized adjacency matrix of the switched graph to that of the original graph,
H — H. We recall

~ 1
H—-H=- Z £a7 ga = (Alaaa + Abaca - Alaca - Aaaba) .

a€gfu] d-1

i

We denote the rank of this difference as 7 = O((d — 1)¢), and rewrite
H-H=UVT,

where U,V are N x r matrices, and their nonzero rows correspond to the vertices {ln, @q, ba>ca}a€[p]]-
Then, the Woodbury formula (4.1) gives us

G-G=H-2+UV) ' —(H-2)""'=-GUI+V'GU)"'V'G. (4.2)

We now consider the subgraphs that are used in the switch.

m

F:=By(0,6) U | J{(la: aa), (barca)},  F :=Bi(0,G) U | J{(la:Ca): (@a,ba)}-

a=1
We view F, Fas subgraphs of G, G respectively. We will analyze (4.2) using local Green’s functions
P = G(Ext(F,mye(2)),2), P =G(Ext(F,ms(2)),2), (4.3)
Both P and P are simply the Green’s function of copies of d-regular trees.
Notice that when restricted to the vertex set of T (which contains the vertices {ly, q, ba, Ca }QE[M]),
Pl-Pl'=H-H=-) &=UV". (4.4)
a€lu]
We can use the Woodbury formula on P, P as well, giving
P—P=—-PUI+V PU)'VTP. (4.5)
A crucial observation is that the quantity —U(I+ VT PU)~'VT in (4.2) and (4.5) take very simple
form.
Lemma 4.2. We introduce the following matriz I, which is nonzero on the vertex set {la, G ba, Ca fac[u] s

F=3 &t Y &P (4.6)

aelu] a,Be[p]

Then
F=-UI+VT'PU)'VT. (4.7)
Proof of Theorem 4.2. The nonzero rows of U,V are parametrized by {l4, aa, ba, ca}ae[[#]]. By rearrang-

ing the above expression (4.5) (we view all the matrices as restricted on the vertex set of F1), we get
PlPP' Pl = _yU+Vv'PU)'VT. (4.8)

We can reorganize (4.8) as
—U0+VTPU)"'WT =p'ppt —pl=plpp 4 plppt—py—_p!
=P PP =P Y)=(P ' =P HYP(P =P Y4 P PP - P

=P =P H4+(P-PHP(P T P )= &t Y &P =F,
a€clu] a,Beu]

(4.9)

where in the last statement we used (4.4). O
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Our next lemma attempts to expand G — G in terms of P — P.

Lemma 4.3. We assume that G,G € Q and take G° = (G — P). Then we have:

G-G=> GF(G°F)G, (4.10)

k>0

Proof. Thanks to (3.4), max, yes{|G5,|} < € uniformly for z,y € {la,aa;ba;Ca}tacfy- We can then
expand (4.2) using the resolvent identity and (4.7) to conclude that

G—-G=-GU(I+V'GU)'V'G=-GUI+VTPU+VTGU) VTG

=-GU | I+ V'PU)' Y (-D)F(VTGUT+VTPU) ) | VTG

k>0
=Y (-n)eua+vTrU)yTN(VIGU+ VI PU) VTG
k>0
=> GF(G°F)*
k>0
This gives (4.10). O

‘We now show how to use this calculation on our above term. We write
N — G(v G(v)
Q-Q=+7 ij

Nd Z uu uv ~vv)7lévu - Guu + Guv(va)ileu)-

u~v

We then want to get rid of the inverse term. Therefore, we do the expansion

(Gt = 3 e~ Ge)

= m a(z)F+1
Therefore, by the given entrywise bounds, we can write the above as
S GG (3 =GN 5 i(m(z)—c DN 6 o),
for some sufficiently large constant b, where we have used the entrywise convergence.

We therefore have reduced to terms of the form

b
éuu —Guu = Z(GF((G - P)F)kG)uu + O(Niz)-
k=0

We take the first term, future terms can be dealt with similarly.

(GFGuuw =Y GuzFuyGyu.

z,y€S

If (x,y) are in different connected components of F, then there is some “free” index, giving an overall
expectation of 0. Therefore, we obtain another term around which it is possible to do another resampling
argument.

Future terms are smaller than the previous bound by a factor of at least N—¢/100,
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